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Preface to Third Edition

This revision is derived from personal experiences in teaching introductory and
advanced level nuclear engineering courses at the undergraduate level. In keeping
with the original intent of John Lamarsh, every attempt is made to retain his style
and approach to nuclear engineering education. Since the last edition, however,
considerable changes have occurred in the industry. The changes include the devel-
opment of advanced plant designs, the significant scale-back in plant construction,
the extensive use of high speed computers, and the opening of the former Eastern
Block countries and of the Soviet Union. From a pedagogical view, the World Wide
Web allows access to many resources formerly only available in libraries. Attempts
are made to include some of these resources in this edition.

In an attempt to update the text to include these technologies and to make
the text useful for the study of non-western design reactors, extensive changes are
made to Chapter 4, Nuclear Reactors and Nuclear Power. The chapter is revised to
include a discussion of Soviet-design reactors and technology. The use, projection,
and cost of nuclear power worldwide is updated to the latest available information.

In Chapter 11, Reactor Licensing and Safety, the Chernobyl accident is dis-
cussed along with the latest reactor safety study, NUREG 1150. A section is also
included that describes non-power nuclear accidents such as Tokai-Mura.
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The basic material in Chapters 2-7 is updated to include newer references and
to reflect the author’s experience in teaching nuclear engineering.

Throughout the text, the references are updated were possible to include more
recent publications. In many topic areas, references to books that are dated and
often out of print had to be retained, since there are no newer ones available. Since
these books are usually available in college libraries, they should be available to
most readers.

Chapter 9 is retained in much its same form but is updated to include a more
complete discussion of the SI system of units and of changes in philosophy that
have occurred in radiation protection. Since many of these changes have yet to
reach general usage, however, the older discussions are still included.

As in the second edition, several errors were corrected and undoubtedly new
ones introduced. Gremlins never sleep!



Preface to Second Edition

At his untimely death in July 1981, John R. Lamarsh had almost completed a revi-
sion of the first edition of Introduction to Nuclear Engineering. The major part of
his effort went into considerable expansion of Chapters 4, 9, and 11 and into the
addition of numerous examples and problems in many of the chapters. However,
the original structure of that edition has been unchanged.

Chapter 4, Nuclear Reactors and Nuclear Power, has been completely restruc-
tured and much new material has been added. Detailed descriptions of additional
types of reactors are presented. Extensive new sections include discussion of the
nuclear fuel cycle, resource utilization, isotope separation, fuel reprocessing, and
radioactive waste disposal.

In Chapter 9, Radiation Protection, considerable new material has been added
on the biological effects of radiation, and there is a new section on the calculation
of radiation effect. The section on the sources of radiation, both artificial and nat-
ural, has been expanded, and the sections on standards of radiation protection and
computation of exposure have been brought up to date. A section on standards for
intake of radionuclides has also been added.

In Chapter 11, Reactor Licensing, Safety, and the Environment, the sections
on dispersion of effluents and radiation doses from nuclear facilities have been con-
siderable expanded to cover new concepts and situations. Included in this chapter is

v



vi Preface to Second Edition

a discussion of the 1979 accident at Three Mile Island. The structure of this chapter
has been kept as it was in the first edition in spite of the earlier suggestion that it be
broken up into two chapters treating environmental effects separately from safety
and licensing.

Several errors that were still present in thelast printing of the first edition have
been corrected, including those in Example 6.7 and in the table of Bessel functions
in Appendix V.

We are indebted to many of John Lamarsh’s friends and colleagues who
helped in many ways to see this revision completed. Particularly, we wish to thank
Norman C. Rasmussen, Raphael Aronson, Marvin M. Miller, and Edward Melko-
nian for their assistance in the final stages of this revision.

Finally, we are grateful for comments and suggestions received from users of
the earlier edition of this book. Although all their suggestions could not be incor-
porated, the book is greatly improved as a result of their comments.

November 1982 Addison-Wesley Publishing Company
Reading, Massachusetts



Preface to First Edition

This book is derived from classroom notes which were prepared for three courses
offered by the Department of Nuclear Engineering at New York University and
the Polytechnic Institute of New York. These are a one-year introductory course
in nuclear engineering (Chapters 1-8), a one-term course in radiation protection
(Chapters 9 and 10), and a one-term course in reactor licensing, safety, and the
environment (Chapter 11). These courses are offered to juniors and seniors in the
Department’s undergraduate program and to beginning graduate students who have
not had previous training in nuclear engineering.

Nuclear engineering is an extremely broad field, and it is not possible in a
book of finite size and reasonable depth to cover all aspects of the profession.
Needless to say, the present book is largely concerned with nuclear power plants,
since most nuclear engineers are currently involved in the application of nuclear
energy. Nevertheless, I have attempted in Chapter 1 to convey some feeling for the
enormous breadth of the nuclear engineering profession.

In my experience, the courses in atomic and nuclear physics given by physics
professors are becoming increasingly theoretical. I have found it necessary, there-

vii



viii Preface to First Edition

fore, to review these subjects at some length for nuclear engineering students.
Chapters 2 and 3 are the substance of this review. Chapter 4 begins the considera-
tion of some of the practical aspects of nuclear power, and includes a description
of most of the reactors currently in production or under development.

Neutron diffusion and moderation are handled together in Chapter 5. Moder-
ation is treated in a simple way by the group diffusion method, which avoids the
usually tedious and relatively difficult calculations of slowing-down density and
Fermi age theory. While such computations are essential, in my judgment, for a
thorough understanding of the fundamentals of neutron moderation, they are prob-
ably not necessary in a book at this level. Chapters 6, 7, and 8 are intended to give
sufficient background in reactor design methods to satisfy the needs of nuclear en-
gineers not specifically involved in design problems and also to provide a base for
more advanced courses in nuclear reactor theory and design.

Chapters 9 and 10 deal with the practical aspects of radiation protection. Both
chapters rely heavily on the earlier parts of the book.

Chapter 11 was originally intended to be two chapters—one on safety and
licensing, and a second on all of the environmental effects of nuclear power. How-
ever, in order to meet a publication deadline, the discussion of environmental ef-
fects had to be confined to those associated with radioactive effluents.

When the book was first conceived, I had planned to utilize only the modern
metric system (the SI system). However, the U.S. Congress has been more reluc-
tant to abandon the English system than had been expected. Especially, therefore,
in connection with heat transfer calculations, I have felt compelled to introduce
English units. A discussion of units and tables of conversion factors is given in
Appendix 1.

Most of the data required to solve the problems at the end of each chapter
are given in the body of the relevant chapter or in the appendixes at the rear of the
book. Data which are too voluminous to be included in the appendixes, such as
atomic masses, isotopic abundances, etc., will generally be found on the Chart of
Nuclides, available from the U.S. Government Printing Office. It is also helpful if
the reader has access to the second and third editions of ”Neutron Cross Sections,”
Brookhaven National Laboratory Report BNL-325. Title 10 of the Code of Fed-
eral Regulations should be obtained from the Printing Office in connection with
Chapter 11.

I would like to acknowledge the assistance of several persons who read and
commented upon various parts of the manuscript. I especially wish to thank R.
Aronson, C. F. Bonilla, H. Chelemer, W. R. Clancey, R. J. Deland, H. Goldstein,
H. C. Hopkins, F. R. Hubbard III, R. W. Kupp, G. Lear, Bruno Paelo, R. S. Thorsen,
and M. E. Wrenn. I also wish to thank the personnel of the National Neutron Cross
Section Center at Brookhaven National Laboratory, especially D. I. Garber, B. A.
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Magumo, and S. Pearlstein, for furnishing various nuclear data and plots of neutron

cross sections.
Finally, I wish to express my gratitude to my wife Barbara and daughter

Michele for their priceless assistance in preparation of the manuscript.

Larchmont, New York J.R.L.
January 1975
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Nuclear Engineering

Nuclear engineering is an endeavor that makes use of radiation and radioactive
material for the benefit of mankind. Nuclear engineers, like their counterparts in
chemical engineering, endeavor to improve the quality of life by manipulating basic
building blocks of matter. Unlike chemical engineers, however, nuclear engineers
work with reactions that produce millions of times more energy per reaction than
any other known material. Originating from the nucleus of an atom, nuclear energy
has proved to be a tremendous source of energy.

Despite its association with the atomic bombs dropped during World War
II and the arms race of the cold war, nuclear energy today provides a significant
amount of energy on a global scale. Many are now heralding it as a source free from
the problems of fossil fuels—greenhouse gas emissions. Despite these benefits,
there is still the association of nuclear power with the tremendous destructive force
exhibited by the bombings in Japan.

With the end of the cold war, nuclear engineering is largely focused on the
use of nuclear reactions to either generate power or on its application in the medical
field. Nuclear power applications generally involve the use of the fission reactions
in large central power stations and smaller mobile power plants used primarily for
ship propulsion. The world demand for electricity is again increasing and with it
the need for new generation facilities. For those areas of the world that have little

1



2 Nuclear Engineering Chap. 1

in the way of fossil fuels or have chosen to use these for feedstock in the petro-
chemical industry, nuclear power is considered the source of choice for electricity
generation. In the United States alone, nuclear power generates nearly 22.8% of the
electricity. In other countries, notably France, the proportion approaches 100%.

Recent concerns over the emission of nitrous oxides and carbon dioxide have
increased the concern about continued use of fossil fuels as a source of energy.
The Kyoto accords, developed in 1997, require a reduction in emissions below
current values. These targets can be reached in the United States only by lowering
the living standards or by continuing use of nuclear power for the generation of
electricity. A typical 1,000-megawatt coal-burning plant may emit in 1 year as
much as 100,000 tons of sulphur dioxide, 75,000 tons of nitrogen oxides, and 5,000
tons of fly ash. Nuclear power plants produce none of these air pollutants and emit
only trace amounts of radioactive gasses. As a result, in 1999, the use of nuclear
power to generate 20% of the electricity in the United States avoided the emission
of 150 million tonnes of CO,.

To date, the widest application of nuclear power in mobile systems has been
for the propulsion of naval vessels, especially submarines and aircraft carriers. Here
the tremendous advantages of nuclear power are utilized to allow extended opera-
tions without support ships. In the case of the submarine, the ability to cruise with-
out large amounts of oxygen for combustion enables the submarine to remain at
sea underwater for almost limitless time. In the case of an aircraft carrier, the large
quantity of space that was taken up by fuel oil in a conventionally-powered aircraft
carrier can be devoted to aviation fuel and other supplies on a nuclear-powered
aircraft carrier.

In addition to naval vessels, nuclear-powered merchant ships were also de-
veloped. The U.S. ship Savannah, which operated briefly in the late 1960s and
early 1970s, showed that nuclear power for a merchant ship while practical was
not economical. Other countries including Japan, Germany, and the former Soviet
Union have also used nuclear power for civilian surface ship propulsion. Of these,
the German ore carrier, Otto Hahn, operated successfully for 10 years but was re-
tired since it too proved uneconomical. The icebreaker Lenin of the former Soviet
Union demonstrated another useful application of nuclear power. The trial was so
successful that the Soviets built additional ships of this type.

Nuclear power has also been developed for aircraft and space applications.
From 1949 to 1961, when the project was terminated, the United States spent ap-
proximately $1 billion to develop a nuclear-powered airplane. The project, the Air-
craft Nuclear Propulsion Project (ANP), was begun at a time when the United
States did not have aircraft that could fly roundtrip from the United States main-
land to a distant adversary. Because of the enormous range that could be expected
from a nuclear-powered airplane, the range problem would have been easily re-
solved. With the advent of long-range ballistic missiles, which could be fired from



Chap. 1 Nuclear Engineering 3

the mainland or from submarines, the need for such an aircraft disappeared and the
program was terminated.

Nuclear-powered spacecraft have been developed and are in use today. Typ-
ically, a nuclear reaction is used to provide electricity for probes that are intended
for use in deep space. There, photovoltaic systems cannot provide sufficient energy
because of the weak solar radiation found in deep space. Typically, a radioactive
source is used and the energy emitted is converted into heat and then electricity us-
ing thermocouples. Nuclear-powered rockets are under consideration as well. The
long duration of a manned flight to Mars, for example, suggests that nuclear power
would be useful if not essential. The desirability of a nuclear rocket for such long-
distance missions stems from the fact that the total vehicular mass required for a
long-distance mission is considerably less if the vehicle is powered by a nuclear
rocket, rather than by a conventional chemical rocket. For instance, the estimated
mass of a chemical rocket required for a manned mission from a stationary park-
ing orbit to an orbit around Mars is approximately 4,100,000 kg. The mass of a
nuclear rocket for the same mission is estimated to be only 430,000 kg. Nuclear
rockets have been under active development in the United States for many years.

The application of radiation and nuclear reactions is not limited to nuclear ex-
plosives and nuclear power. Radiation and radioactive isotopes are useful in a wide
range of important applications. The production of radioisotopes, whether from
reactors or accelerators, is a major industry in its own right. The applications of
radiation and radioisotopes range from life-saving medical procedures to material
characterization to food preservation.

Radioactive tracing is one such method. In this technique, one of the atoms in
a molecule is replaced by a radioactive atom of the same element. For example, a
radioactive carbon atom may be substituted for a normal carbon atom at a particular
location in a molecule when the molecule is synthesized. Later, after the molecule
has reacted chemically, either in a laboratory experiment or a biological system, it
is possible to determine the disposition of the atom in question by observing the
radiation emanating from the radioactive atom. This technique has proved to be of
enormous value in studies of chemical reaction processes and in research in the
life sciences. A similar procedure is used in industry to measure, and sometimes to
control, the flow and mixing of fluids. A small quantity of radioactive material is
placed in the moving fluid and the radiation is monitored downstream. By proper
calibration, it is possible to relate the downstream radiation level with the fluid’s
rate of flow or the extent of its dilution. In a similar way, radioactive atoms may
be incorporated at the time of fabrication into various moving parts of machinery,
such as pistons, tool bits, and so on. The radioactivity observed in the lubricating
fluid then becomes an accurate measure of the rate of wear of the part under study.

A related technique, known as activation analysis, is based on the fact that
every species of radioactive atom emits its own characteristic radiations. The chem-
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ical composition of a substance can therefore be determined by observing the radia-
tion emitted when a small sample of the substance is caused to become radioactive.
This may be done by exposing the sample to beams of either neutrons or charged
particles. Because it is possible to determine extremely minute concentrations in
this way (in some cases, one part in 10'2), activation analysis has proved to be a
valuable tool in medicine, law enforcement, pollution control, and other fields in
which trace concentrations of certain elements play an important role.



2

Atomic and Nuclear Physics

A knowledge of atomic and nuclear physics is essential to the nuclear engineer
because these subjects form the scientific foundation on which the nuclear engi-
neering profession is based. The relevant parts of atomic and nuclear physics are
reviewed in this chapter and the next.

2.1 FUNDAMENTAL PARTICLES

The physical world is composed of combinations of various subatomic or funda-
mental particles. A number of fundamental particles have been discovered. This
led to the discovery that these fundamental particles are in turn made up of quarks
bound together by gluons.

In current theory, particles of interest to the nuclear engineer may be divided
into leptons and hadrons. The electron, positron, and neutrino are leptons. Hadrons
of interest are the proton and neutron, which belong to a subclass of hadrons called
baryons. The leptons are subject to the weak nuclear forces, whereas hadrons and
baryons in particular experience both the weak and strong nuclear forces. It is the
hadrons that are composed of quarks, and it is the exchange of gluons between
collections of quarks that is responsible for the strong nuclear force.
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. Photon

Chap. 2

I Photon

Figure 2.1 The annihilation of a negatron and positron with the release
of two photons.

For the understanding of nuclear reactors and the reactions of interest to their
operation, it is only important to consider a class of these particles and not explore
their structure. Of these, only the following are important in nuclear engineering.

Electron The electron has a rest-mass? m, = 9.10954 x 107! Kg* and
carries a charge e = 1.60219 x 107! coulombs. There are two types of electrons:
one carrying a negative charge —e, the other carrying a positive charge +e. Except
for the difference in the sign of their charge, these two particles are identical. The
negative electrons, or negatrons as they are sometimes called, are the normal elec-
trons encountered in this world. Positive electrons, or positrons, are relatively rare.
When, under the proper circumstances, a positron collides with a negatron, the two
electrons disappear and two (and occasionally more) photons (particles of elec-
tromagnetic radiation) are emitted as shown in Fig. 2.1. This process is known as
electron annihilation, and the photons that appear are called annihilation radiation.

Proton This particle has a rest mass m, = 1.67265 x 10~%" Kg and carries
a positive charge equal in magnitude to the charge on the electron. Protons with
negative charge have also been discovered, but these particles are of no importance
in nuclear engineering.

' A discussion of quark theory may be found in several of the particle physics references at the
end of this chapter.

2According to the theory of relativity, the mass of a particle is a function of its speed relative
to the observer. In giving the masses of the fundamental particles, it is necessary to specify that the
particle is at rest with respect to the observer—hence, the term rest mass.

3A discussion of units, their symbols, and abbreviations, together with tables of conversion
factors, are found in Appendix I at the end of this book. Tabulations of fundamental constants and
nuclear data are given in Appendix L.
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Neutron The mass of the neutron is slightly larger than the mass of the
proton—namely, m, = 1.67495 x 10727 Kg, and it is electrically neutral. The
neutron is not a stable particle except when it is bound into an atomic nucleus. A
free neutron decays to a proton with the emission of a negative electron (f-decay;
see Section 2.8) and an antineutrino, a process that takes, on the average, about 12
minutes.

Photon It is a curious fact that all particles in nature behave sometimes
like particles and sometimes like waves. Thus, certain phenomena that are normally
thought of as being strictly wavelike in character also appear to have an associated
corpuscular or particlelike behavior. Electromagnetic waves fall into this category.
The particle associated with electromagnetic waves is called the photon. This is a
particle with zero rest mass and zero charge, which travels in a vacuum at only one
speed—namely, the speed of light, c = 2.9979 x 10® m/sec.

Neutrino This is another particle with zero rest mass and no electrical
charge that appears in the decay of certain nuclei. There are at least six types of
neutrinos, only two of which (called electron neutrinos and electron antineutrinos)
are important in the atomic process and are of interest in nuclear engineering. For
most purposes, it is not necessary to make a distinction between the two, and they
are lumped together as neutrinos.

2.2 ATOMIC AND NUCLEAR STRUCTURE

As the reader is doubtless aware, atoms are the building blocks of gross matter
as it is seen and felt. The atom, in turn, consists of a small but massive nucleus
surrounded by a cloud of rapidly moving (negative) electrons. The nucleus is com-
posed of protons and neutrons. The total number of protons in the nucleus is called
the atomic number of the atom and is given the symbol Z. The total electrical
charge of the nucleus is therefore +Ze. In a neutral atom, there are as many elec-
trons as protons—namely, Z—moving about the nucleus. The electrons are re-
sponsible for the chemical behavior of atoms and identify the various chemical el-
ements. For example, hydrogen (H) has one electron, helium (He) has two, lithium
(L1) has three, and so on.

The number of neutrons in a nucleus is known as the neutron number and is
denoted by N The total number of nucleons—that is, protons and neutrons in a
nucleus—is equal to Z + N = A, where A is called the atomic mass number or
nucleon number.

The various species of atoms whose nuclei contain particular numbers of pro-
tons and neutrons are called nuclides. Each nuclide is denoted by the chemical sym-
bol of the element (this specifies Z) with the atomic mass number as superscript
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(this determines N, since N = A — Z). Thus, the symbol 'H refers to the nuclide
of hydrogen (Z = 1) with a single proton as nucleus; *H is the hydrogen nuclide
with a neutron as well as a proton in the nucleus (*H is also called deuterium or
heavy hydrogen); “He is the helium (Z = 2) nuclide whose nucleus consists of two
protons and two neutrons; and so on. For greater clarity, Z is sometimes written as
a subscript, as in |H, 2H, jHe, and so on.

Atoms such as 'H and 2H, whose nuclei contain the same number of protons
but different numbers of neutrons (same Z but different N—therefore different A),
are known as isotopes. Oxygen, for instance, has three stable isotopes, 160, 170,
80 (Z = 8; N = 8, 9, 10), and five known unstable (i.e., radioactive) isotopes,
130, 140, °0, 1°0,and 0 (Z = 8; N = 5,6, 7, 11, 12).

The stable isotopes (and a few of the unstable ones) are the atoms that are
found in the naturally occurring elements in nature. However, they are not found
in equal amounts; some isotopes of a given element are more abundant than oth-
ers. For example, 99.8% of naturally occurring oxygen atoms are the isotope 'O,
.037% are the isotope "0, and .204% are '80. A table of some of the more im-
portant isotopes and their abundance is given in Appendix II. It should be noted
that isotopic abundances are given in atom percent—that is, the percentages of the
atoms of an element that are particular isotopes. Atom percent is often abbreviated
asajo.

Example 2.1

A glass of water is known to contain 6.6 x 10** atoms of hydrogen. How many atoms
of deuterium (*H) are present?

Solution. According to Table I1.2 in Appendix II, the isotopic abundance of 2H is
0.015 a/o. The fraction of the hydrogen, which is 2H, is therefore 1.5 x 10™* The
total number of 2H atoms in the glass is then 1.5 x 107* x 6.6 x 10** = 9.9 x 10%
[Ans.]

2.3 ATOMIC AND MOLECULAR WEIGHT

The atomic weight of an atom is defined as the mass of the neutral atom relative
to the mass of a neutral '>C atom on a scale in which the atomic weight of 12C is
arbitrarily taken to be precisely 12. In symbols, let m(4Z) be the mass of the neutral
atom denoted by 4Z and m ('2C) be the mass of neutral '>C. Then the atomic weight
of 4Z, M(4Z), is given by

m(“2)

A —
M('2) =12 x S5

(2.1
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Suppose that some atom was precisely twice as heavy as '2C. Then according to
Eq. (2.1), this atom would have the atomic weight of 12 x 2 = 24.

As noted in Section 2.2, the elements found in nature often consist of a num-
ber of isotopes. The atomic weight of the element is then defined as the average
atomic weight of the mixture. Thus, if y; is the isotopic abundance in atom percent
of the ith isotope of atomic weight M;, then the atomic weight of the element is

M= Z ¥: M; /100. (2.2)

The total mass of a molecule relative to the mass of a neutral '>C atom is
called the molecular weight. This is merely the sum of the atomic weights of the
constituent atoms. For instance, oxygen gas consists of the molecule O,, and its
molecular weight is therefore 2 x 15.99938 = 31.99876.

Example 2.2

Using the data in the following table, compute the atomic weight of naturally occur-
ring oxygen.

Isotope Abundance (a/o) Atomic weight
150 99.759 15.99492
170 0.037 16.99913
130 0.204 17.99916

Solution. From Eq. (2.2), it follows that

M(0) = 0.01[y ("*0)M(""0) + y ("O)M('70) + y (**0)M (%0)]
= 15.99938. [Ans.]

It must be emphasized that atomic and molecular weights are unitless num-
bers, being ratios of the masses of atoms or molecules. By contrast, the gram
atomic weight and gram molecular weight are defined as the amount of a sub-
stance having a mass, in grams, equal to the atomic or molecular weight of the
substance. This amount of material is also called a mole. Thus, one gram atomic
weight or one mole of '2C is exactly 12 g of this isotope, one mole of O, gas is
31.99876 g, and so on.

Since atomic weight is a ratio of atomic masses and a mole is an atomic
weight in grams, it follows that the number of atoms or molecules in a mole of any
substance is a constant, independent of the nature of the substance. For instance,
suppose that a hypothetical nuclide has an atomic weight of 24.0000. It follows
that the individual atoms of this substance are exactly twice as massive as '*C.
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Therefore, there must be the same number of atoms in 24.0000 g of this nuclide
as in 12.0000 g of 12C. This state of affairs is known as Avogadro’s law, and the
number of atoms or molecules in a mole is called Avogadro’s number. This number
is denoted by N4 and is equal to N4 = 0.6022045 x 10?4

Using Avogadro’s number, it is possible to compute the mass of a single atom
or molecule. For example, since one gram mole of '>C has a mass of 12 g and
contains N, atoms, it follows that the mass of one atom in '*C is

12

= 1.99268 x 102 g.
0.6022045 x 1024

m(lZC) —

There is, however, a more natural unit in terms of which the masses of indi-
vidual atoms are usually expressed. This is the atomic mass unit, abbreviated amu,
which is defined as one twelfth the mass of the neutral '2C atom, that is

1 amu = 1‘—2 x m(1*C).
Inverting this equation gives
m(12C) = 12 amu.
Introducing m'?C from the preceding paragraph gives

lamu = & x 1.99268 x 1072g =1/N, g
= 1.66057 x 10~* g.

Also from Eq. (2.1),

m(12C)

M(*Z),
5 X (“Z)

m (AZ) =
so that
m(“Z) = M(*Z) amu.

Thus, the mass of any atom in amu is numerically equal to the atomic weight of
the atom in question.

4Ordinarily a number of this type would be written as 6.0222045 x 10>* However, in nuclear
engineering problems, for reasons given in Chap. 3 (Example 3.1), Avogadro’s number should always
be written as the numerical factor times 10%*.
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2.4 ATOMIC AND NUCLEAR RADII

The size of an atom is somewhat difficult to define because the atomic electron
cloud does not have a well-defined outer edge. Electrons may occasionally move
far from the nucleus, while at other times they pass close to the nucleus. A reason-
able measure of atomic size is given by the average distance from the nucleus that
the outermost electron is to be found. Except for a few of the lightest atoms, these
average radii are approximately the same for all atoms—namely, about 2 x 10~1%m.
Since the number of atomic electrons increases with increasing atomic number, it
is evident that the average electron density in the electron cloud also increases with
atomic number.

The nucleus, like the atom, does not have a sharp outer boundary. Its sur-
face, too, is diffuse, although somewhat less than that of an atom. Measurements
in which neutrons are scattered from nuclei (see Section 3.5) show that to a first
approximation the nucleus may be considered to be a sphere with a radius given by
the following formula:

R=125fm x A3 (2.3)

where R is in femtometers (fm) and A is the atomic mass number. One femtometer
is 10~'* centimeters.

Since the volume of a sphere is proportional to the cube of the radius, it
follows from Eq. (2.3) that the volume V of a nucleus is proportional to A. This
also means that the ratio A/ V—that is, the number of nucleons per unit volume—
is a constant for all nuclei. This uniform density of nuclear matter suggests that
nuclei are similar to liquid drops, which also have the same density whether they
are large or small. This liquid-drop model of the nucleus accounts for many of the
physical properties of nuclei.

2.5 MASS AND ENERGY

One of the striking results of Einstein’s theory of relativity is that mass and energy
are equivalent and convertible, one to the other. In particular, the complete anni-
hilation of a particle or other body of rest mass mg releases an amount of energy,
E\.s, which is given by Einstein’s famous formula

Ereq = mocz, (2.4)

where c is the speed of light. For example, the annihilation of 1 g of matter would
lead to arelease of E = 1 x (2.9979 x 10')2 = 8.9874 x 10%ergs = 8.9874 x 10'*
joules. This is a substantial amount of energy, which in more common units is equal
to about 25 million kilowatt-hours.
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Another unit of energy that is often used in nuclear engineering is the electron
volt, denoted by eV. This is defined as the increase in the kinetic energy of an
electron when it falls through an electrical potential of one volt. This, in tum, is
equal to the charge of the electron multiplied by the potential drop—that is,

1eV = 1.60219 x 107! coulomb x 1 volt
= 1.60219 x 107! joule.

Other energy units frequently encountered are the MeV (10° eV) and the keV
(10° eV).

Example 2.3
Calculate the rest-mass energy of the electron in MeV.
Solution. From Eq. (2.4), the rest-mass energy of the electron is
mec? =9.1095 x 10728 x (2.9979 x 10'0)2
=8.1871 x 107" ergs = 8.1871 x 10~'* joule.
Expressed in MeV this is
8.1871 x 10~ joule =+ 1.6022 x 107" joule/MeV = 0.5110 MeV. [Ans.]

Example 2.4
Compute the energy equivalent of the atomic mass unit.
Solution. This can most easily be computed using the result of the previous example.

Thus, since according to Section 2.3, 1 amu = 1.6606 x 10_24g, it follows that 1
amu is equivalent to

1.6606 x 10~2* g/amu
9.1095 x 1028 g/electron

x 0.5110 MeV/electron = 931.5 MeV. [Ans.]

When a body is in motion, its mass increases relative to an observer at rest
according to the formula

mo
J1=v2/c?

where my is its rest mass and v is its speed. From Eq. (2.5), it is seen that m reduces
to mg as v goes to zero. However, as v approaches c, m increases without limit. The

total energy of a particle, that is, its rest-mass energy plus its kinetic energy, is given
by

m =

(2.5)

Eqta = mc?, (2.6)
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where m is as given in Eq. (2.5). Finally, the kinetic energy E is the difference
between the total energy and the rest-mass energy. That is,

E = mc? — moc? 2.7

) 1
— - 28
o¢ [ 1— 02/ } @8

The radical in the first term in Eq. (2.8) can be expanded in powers of (v /c)? using
the binomial theorem. When v < c, the series may be truncated after the first term.
The resulting expression for E is

E = Imov?, (2.9)

which is the familiar formula for kinetic energy in classical mechanics. It should be
noted that Eq. (2.9) may be used instead of Eq. (2.8) only when the kinetic energy
computed from Eq. (2.9) is small compared with the rest-mass energy. That is, Eq.
(2.9) is valid provided

Imov? < moc? (2.10)

As a practical matter, Eq. (2.9) is usually accurate enough for most purposes pro-
videdv < 0.2c or

E < 0.02E;e. (2.11)

According to Example 2.3, the rest-mass energy of an electron is 0.511 MeV. From
Eqg. (2.11), it follows that the relativistic formula Eq. (2.8) must be used for elec-
trons with kinetic energies greater than about 0.02 x 0.511 MeV= 0.010 MeV= 10
keV. Since many of the electrons encountered in nuclear engineering have kinetic
energies greater than this, it is often necessary to use Eq. (2.8) for electrons.

By contrast, the rest mass of the neutron is almost 1,000 MeV and 0.02 E5, =
20 MeV. In practice, neutrons rarely have kinetic energies in excess of 20 MeV. It is
permissible, therefore, in all nuclear engineering problems to calculate the kinetic
energy of neutrons from Eq. (2.9). When the neutron mass is inserted into Eq. (2.9),
the following handy formula is obtained:

v = 1.383 x 10°VE, (2.12)

where v is in cm/sec and E is the kinetic energy of the neutron in eV.

It is important to recognize that Egs. (2.8) and (2.9) are valid only for particles
with nonzero rest mass; for example, they do not apply to photons. (It should be
understood that photons have no rest-mass energy, and it is not proper to use the
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term kinetic energy in referring to such particles.) Photons only travel at the speed
of light, and their total energy is given by quite a different formula—namely,

E = hv, (2.13)

where A is Planck’s constant and v is the frequency of the electromagnetic wave
associated with the photon. Planck’s constant has units of energy x time; if E is to
be expressed in eV, & is equal to 4.136 x 10~ eV-sec.

2.6 PARTICLE WAVELENGTHS

It was pointed out in Section 2.1 that all of the particles in nature have an associated
wavelength. The wavelength A associated with a particle having momentum p is

h

A=—, (2.14)
p
where A is again Planck’s constant. For particles of nonzero rest mass, p is given
by
p =mv, (2.15)

where m is the mass of the particle and v is its speed. At nonrelativistic energies,
p can be written as

p =+2myE,

where E is the kinetic energy. When this expression is introduced into Eq. (2.14),
the particle wavelength becomes
h
A= . 2.16
A/ 2m0E ( )
This formula is valid for the neutrons encountered in nuclear engineering. Intro-
ducing the value of the neutron mass gives the following expression for the neutron
wavelength:

S = 2.860 x 10~°
= TE ,
where A is in centimeters and E is the kinetic energy of the neutron in eV. For the

relativistic case, it is convenient to compute p directly by solving the relativistic
equations in the preceding section. This gives

1 2 2
P =~y Et — Eles (2.18)

(2.17)
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and so

h
P (2.19)
b Y% Etotal - Erest

The momentum of a particle of zero rest mass is not given by Eq. (2.15), but
rather by the expression

p=E (2.20)
c

in which E is the energy of the particle. When Eq. (2.20) is inserted into Eq. (2.14),
the result is

__he
==
Introducing numerical values for / and c in the appropriate units gives finally

A (2.21)

1.240 x 1076
A= —m————
E
where A is in meters and E is in eV. Equation (2.22) is valid for photons and all
other particles of zero rest mass.

(2.22)

2.7 EXCITED STATES AND RADIATION

The Z atomic electrons that cluster about the nucleus move in more or less well-
defined orbits. However, some of these electrons are more tightly bound in the
atom than others. For example, only 7.38 eV is required to remove the outermost
electron from a lead atom (Z = 82), whereas 88 keV (88,000 eV) is required to
remove the innermost or K-electron. The process of removing an electron from an
atom is called ionization, and the energies 7.38 eV and 88 keV are known as the
ionization energies for the electrons in question.

In a neutral atom, it is possible for the electrons to be in a variety of different
orbits or states. The state of lowest energy is the one in which an atom is normally
found, and this is called the ground state. When the atom possesses more energy
than its ground state energy, it is said to be in an excited state or an energy level.
The ground state and the various excited states can conveniently be depicted by
an energy-level diagram, like the one shown in Fig. 2.2 for hydrogen. The highest
energy state corresponds to the situation in which the electron has been completely
removed from the atom and the atom is ionized.

An atom cannot remain in an excited state indefinitely; it eventually decays
to one or another of the states at lower energy, and in this way the atom eventually
returns to the ground state. When such a transition occurs, a photon is emitted by
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Figure 2.2 The energy levels of the hydrogen atom (not to scale).

the atom with an energy equal to the difference in the energies of the two states.
For example, when a hydrogen atom in the first excited state at 10.19 eV (see Fig.
2.2) decays to the ground state, a photon with an energy of 10.19 eV is emitted.
From Egq. (2.22), this photon has a wavelength of A = 1.240 x 1079/10.19 =
1.217 x 1077 m. Radiation of this wavelength lies in the ultraviolet region of the
electromagnetic spectrum.

Example 2.5

A high-energy electron strikes a lead atom and ejects one of the K -electrons from
the atom. What wavelength radiation is emitted when an outer electron drops into
the vacancy?

Solution. The ionization energy of the K-electron is 88 keV, and so the atom minus
this electron is actually in an excited state 88 keV above the ground state. When the
outer electron drops into the K position, the resulting atom still lacks an electron,
but now this is an outer, weakly bound electron. In its final state, therefore, the atom
is excited by only 7.38 eV, much less than its initial 88 keV. Thus, the photon in this
transition is emitted with an energy of slightly less than 88 keV. The corresponding
wavelength is

A =1.240 x 1075/8.8 x 10* = 1.409 x 10~ !'m. [Ans.]

Such a photon is in the x-ray region of the electromagnetic spectrum. This process,
the ejection of an inner, tightly bound electron, followed by the transition of another
electron, is one way in which x-rays are produced.

The nucleons in nuclei, like the electrons in atoms, can also be thought of as
moving about in various orbits, although these are not as well defined and under-
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stood as those in atoms. In any case, there is a state of lowest energy, the ground
state; except for the very lightest nuclei, all nuclei have excited states as well. These
states are shown in Fig. 2.3 for 12C. A comparison of Figs. 2.2 and 2.3 shows that
the energies of the excited states and the energies between states are considerably
greater for nuclei than for atoms. Although this conclusion is based only on the

etc.
24 |-
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18 |-

Energy, MeV
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|

10 |-

Figure 2.3 The energy levels of
0= ————— carbon I2.
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states of hydrogen and !2C, it is found to be true in general. This is due to the
fact that the nuclear forces acting between nucleons are much stronger than the
electrostatic forces acting between electrons and the nucleus.

Nuclei in excited states may decay to a lower lying state, as do atoms, by
emitting a photon with an energy equal to the difference between the energies of the
initial and final states. The energies of photons emitted in this way from a nucleus
are usually much greater than the energies of photons originating in electronic
transitions, and such photons are called y-rays.

A nucleus in an excited state can also lose its excitation energy by internal
conversion. In this process, the excitation energy of the nucleus is transferred into
kinetic energy of one of the innermost atomic electrons. The electron is then ejected
from the atom with an energy equal to that of the nuclear transition less the ioniza-
tion energy of the electron. Internal conversion thus competes with y-ray emission
in the decay of nuclear-excited states.

The hole remaining in the electron cloud after the departure of the electron in
internal conversion is later filled by one of the outer atomic electrons. This transi-
tion is accompanied either by the emission of an x-ray or the ejection of another
electron in a process similar to internal conversion. Electrons originating in this
way are called Auger electrons.

2.8 NUCLEAR STABILITY AND RADIOACTIVE DECAY

Figure 2.4 shows a plot of the known nuclides as a function of their atomic and
neutron numbers. On a larger scale, with sufficient space provided to tabulate data
for each nuclide, Fig. 2.4 is known as a Segre chart or the chart of the nuclides. The
figure depicts that there are more neutrons than protons in nuclides with Z greater
than about 20, that is, for atoms beyond calcium in the periodic table. These extra
neutrons are necessary for the stability of the heavier nuclei. The excess neutrons
act somewhat like nuclear glue, holding the nucleus together by compensating for
the repulsive electrical forces between the positively charged protons.

It is clear from Fig. 2.4 that only certain combinations of neutrons and pro-
tons lead to stable nuclei. Although generally there are several nuclides with the
same atomic number but different neutron numbers (these are the isotopes of the
element), if there are either too many or too few neutrons for a given number of pro-
tons, the resulting nucleus is not stable and it undergoes radioactive decay. Thus,
as noted in Section 2.2, the isotopes of oxygen (A = 8) with N = 8,9, and 10 are
stable, but the isotopes with N = 5, 6, 7, 11, and 12 are radioactive. In the case
of the isotopes with N = 5, 6, and 7, there are not enough neutrons for stability,
whereas the isotopes with N = 11 and 12 have too many neutrons.

Nuclei such as 30, which are lacking in neutrons, undergo B*-decay. In this
process, one of the protons in the nucleus is transformed into a neutron, and a
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Figure 2.4 The chart of nuclides showing stable and unstable nuclei.
(Based on S. E. Liverhant, Elementary Introduction to Nuclear Reactor
Physics. New York: Wiley, 1960.)

positron and a neutrino are emitted. The number of protons is thus reduced from
8 to 7 so that the resulting nucleus is an isotope of nitrogen, I5N, which is stable.
This transformation is written as

+
150 7, 15y +,
where 87 signifies the emitted positron, which in this context is called a 8-ray and
v denotes the neutrino. By contrast, nuclei like °O, which are excessively neutron-
rich, decay by B~ decay, emitting a negative electron and an antineutrino:

190 £, ¥p 4 v,

where v stands for the antineutrino. In this case, a neutron changes into a proton
and the atomic number increases by one unit. It should be noted that in both g*-
decay and 8~ -decay the atomic mass number remains the same.

In both forms of S-decay, the emitted electrons appear with a continuous en-
ergy spectrum like that shown in Fig. 2.5. The ordinate in the figure, N (E), is equal
to the number of electrons emitted per unit energy, which have a kinetic energy E.
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N(E)

E

Figure 2.5 A typical energy spectrum of electrons emited in beta de-
cay.

Thus, the actual number of electrons emitted with kinetic energies between E and
E + dE is N(E)dE. It should be noted in the figure that there is a definite maxi-
mum energy, Emax, above which no electrons are observed. It has been shown that
the average energy of the electrons E is approximately equal to 0.3 Ep,, in the case
of B~-decay. In B*-decay, E =~ 0.4Epa,.

Frequently, the daughter nucleus, the nucleus formed in S-decay, is also un-
stable and undergoes S-decay. This leads to decay chains like the following:

200 £, 20 £, 20N (stable).

A nucleus which is lacking in neutrons can also increase its neutron number
by electron capture. In this process, an atomic electron interacts with one of the
protons in the nucleus, and a neutron is formed of the union. This leaves a vacancy
in the electron cloud which is later filled by another electron, which in turn leads to
the emission of y-rays, which are necessarily characteristic of the daughter element
or the emission of an Auger electron. Usually the electron that is captured by the
nucleus is the innermost or K -electron, and so this mode of decay is also called
K-capture. Since the daughter nucleus produced in electron capture is the same as
the nucleus formed in 8~ -decay, these two decay processes often compete with one
another.

Another way by which unstable nuclei undergo radioactive decay is by the
emission of an a-particle. This particle is the highly stable nucleus of the isotope
“He, consisting of two protons and two neutrons. The emission of an «-particle
reduces the atomic number by two and the mass number by four. Thus, for instance,
the a-decay of SgSU (uranium-238) leads to 5[3)4Th (thorium-234) according to the
equation

23U —2* Th +3 He.
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TABLE 2.1 ALPHA-PARTICLE SPECTRUM OF **Ra

Relative number

a-particle energy of particles (%)
4.782 94.6
4.599 54
4.340 0.0051
4.194 7 x 107*

Decay by a-particle emission is comparatively rare in nuclides lighter than lead,
but it is common for the heavier nuclei. In marked contrast to 8-decay, a-particles
are emitted in a discrete (line) energy spectrum similar to photon line spectra from
excited atoms. This is shown in Table 2.1, where data is given for the four groups
of a-particles observed in the decay of 2°Ra (Radium-226).

The nucleus formed as the result of 8-decay (4 or —), electron capture, or
a-decay is often left in an excited state following the transformation. The excited
(daughter) nucleus usually decays® by the emission of one or more y-rays in the
manner explained in Section 2.7. An example of a situation of this kind is shown
in Fig. 2.6 for decay of ®®Co—a nuclide widely used in nuclear engineering. A
diagram like that shown in the figure is known as a decay scheme. It should be
especially noted that the major y-rays are emitted by the daughter nucleus, in this
case %Ni, although they are frequently attributed to (and arise as the result of) the
decay of the parent nucleus, °°Co.

Most nuclei in excited states decay by the emission of y-rays in an immea-
surably short time after these states are formed. However, owing to peculiarities
in their internal structure, the decay of certain excited states is delayed to a point
where the nuclei in these states appear to be semistable. Such long-lived states are
called isomeric states of the nuclei in question. The decay by y-ray emission of
one of these states is called an isomeric transition and is indicated as IT in nuclear
data tabulations. In some cases, isomeric states may also undergo S-decay. Figure
2.6 shows the isomeric state found at 58 keV above the ground state of ©Co. As
a rule, isometric states occur at energies very close to the ground state. This state
is formed from the 8~ -decay of %0Fe not shown in the figure. It is observed that
this isomeric state decays in two ways: either to the ground state of ®°Co or by
B~ -decay to the first two excited states of ©°Ni. Of these two decay modes, the first
is by far the more probable (> 99%) and occurs largely by internal conversion.

3Strictly speaking, the term decay should not be used to describe the emission of y-rays from
nuclei in excited states since only the energy and not the character of the nucleus changes in the
process. More properly, y-ray emission should be referred to as nuclear dependent-excitation, not
decay. However, the use of the term decay is well established in the literature.



22 Atomic and Nuclear Physics Chap. 2

IT (10.5m) 99 + %

0.0586 ~
0.0 ¥ B
80 Co(5.26)
2.506
99+ % ——2.158
0.013 %
0.12%
0.009 %
0.24 % |
1.332
\r 1 OO

60 Ni

Figure 2.6 Decay scheme of cobalt 60, showing the known radiation
emitted. The numbers on the side of the excited states are the energies of
these states in MeV above the ground state. The relative occurrence of
competing decays is indicated by the various percentages.

In summary, a nucleus without the necessary numbers of protons and neutrons
for stability will decay by the emission of a-rays or B-rays or undergo electron
capture, all of which may be accompanied by the subsequent emission of y-rays.
It must be emphasized that radioactive nuclei ordinarily do not decay by emitting
neutrons or protons.

2.9 RADIOACTIVITY CALCULATIONS

Calculations of the decay of radioactive nuclei are relatively straightforward, owing
to the fact that there is only one fundamental law goveming all decay processes.
This law states that the probability per unit time that a nucleus will decay is a
constant independent of time. This constant is called the decay constant and is
denoted by A.°

Consider the decay of a sample of radioactive material. If at time ¢ there
are n(t) atoms that as yet have not decayed, An(t) dt of these will decay, on the
average, in the time interval dr between ¢ and ¢ + dt. The rate at which atoms
decay in the sample is therefore An(t) disintegrations per unit time. This decay

By tradition, the same symbol, A, is used for both decay constant and the wavelength defined
earlier, as well as for mean free path, defined later. Because of their very different uses, no confusion
should arise.
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rate is called the activity of the sample and is denoted by the symbol «. Thus, the
activity at time ¢ is given by

a(t) = An(t). (2.23)

Activity has traditionally been measured in units of curies, where one curie,
denoted as Ci, is defined as exactly 3.7 x 10'* disintegrations per second. Units
to describe small activities are the millicurie, 10~ curie, abbreviated as mCi, the
microcurie, 1078 curie, denoted by wCi, and the picocurie, 10~'2 curie, which is
written as pCi. The SI unit of activity is the becquerel, Bq, which is equal to exactly
one disintegration per second. One Bq = 2.703 x 10~!! Ci ~ 27 pCi.

Since An(t) dt nuclei decay in the time interval dt, it follows that the decrease
in the number of undecayed nuclei in the sample in the time dt is

—dn(t) = An(t) dt.
This equation can be integrated to give
n(t) = noe ™ (2.24)

where ng is the number of atoms at ¢+ = 0. Multiplying both sides of Eq. (2.24) by
A gives the activity of the sample at time r—namely,

a(t) = age™ (2.25)

where « is the activity at t = 0. The activity thus decreases exponentially with
time.
The time during which the activity falls by a factor of two is known as the
half-life and is given the symbol T ;. Introducing this definition
a(Ti2) = ap/2
into Eq. (2.25) gives

/2 = age 21112,

Then taking the logarithm of both sides of this equation and solving for Tj/, gives

In2 0.693
Tip=—=—. 2.26
1/2 T Iy (2.26)

Solving Eq. (2.26) for A and substituting into Eq. (2.25) gives
a(t) — aoe—0.693t/T1/2 (227)

This equation is often easier to use in computations of radioactive decay than Eq.
(2.25), especially with the advent of pocket-size electronic calculators and spread
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sheet programs, because half-lives are more widely tabulated than decay constants.
Equation (2.27) eliminates the need to compute A.

Itis not difficult to show that the average life expectancy or mean-life, t, of a
radioactive nucleus is related to the decay constant by the formula

7=1/Ar.

From Eq. (2.25), it can be seen that in one mean-life the activity falls to 1/e of its
initial value. In view of Eq. (2.26), the mean-life and half-life are related by

= 1.44T ;. (2.28)

The exponential decay of a radioactive sample is shown in Fig. 2.7, where the
half-life and mean-life are also indicated.

It is frequently necessary to consider problems in which radioactive nuclides
are produced in a nuclear reactor or in the target chamber of an accelerator. Let
it be assumed for simplicity that the nuclide is produced at the constant rate of R
atoms/sec. As soon as it is formed, of course, a radioactive atom may decay. The
change in the number of atoms of the nuclide in the time dt is given by a simple
rate equation

the time rate of change of the nuclide =

the rate of production — the rate of loss

or symbolically

Activity

Time (arbitrary units)

Figure 2.7 The decay of a radioactive sample.
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dn/dt = —in + R.

This equation can be integrated with the result
-, R —M
n=nge * + I(l —e M), (2.29)

where ng is again the number of radioactive atoms present at ¢t = 0. Multiplying
this equation through by A gives the activity of the nuclide

o =age M + R(1 —e™™). (2.30)

If ¢y = 0, then, according to this result, & increases steadily from zero and
ast — oo, a approaches the maximum value o, = R. Similarly, n approaches a
constant value nn,, given by R/A. If g # 0, then the activity due to decay of the
atoms originally present is added to the activity of the newly produced nuclide. In
both cases, the activity approaches the value o, = R as t — oc.

Example 2.6

Gold-198 (T, = 64.8 hr) can be produced by bombarding stable 197 Au with neu-
trons in a nuclear reactor. Suppose that a '*’ Au foil weighing 0.1 g is placed in a
certain reactor for 12 hrs and that its activity is 0.90 Ci when removed.

(a) What is the theoretical maximum activity due to °® Au in the foil?
(b) How long does it take for the activity to reach 80 percent of the maximum?

Solution

1. The value of R in Eq. (2.30) can be found from the data at 12 hrs. From Eq.
(2.26), > = 0.693/64.8 = 1.07 x 1072 hr~! Then substituting into Eq. (2.30)
gives

0.90 = R[l — el-O7X1072x12]
or from Eq. (2.26)
0.90 = R[l _ e—0.693x12/64.8].

Solving either of these equations yields R = 7.5 Ci. (To get R in atoms/sec,
which is not required in this problem, it is merely necessary to multiply the
prior value of R by 3.7 x 10!°.) According to the previous discussion, the
theoretical maximum activity is also 7.5 Ci. [Ans.]

2. Thetime to reach 80% of amax can also be found from Eq. (2.30):
0.8R = R(1 — &).

Solving for ¢ gives t = 150 hrs. [Ans.]
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Another problem that is often encountered is the calculation of the activity of
the radioactive nuclide B in the decay chain,

A— B—C—

It is clear that an atom of B is formed with each decay of an atom of A. We can
write a simple rate equation for this behavior.

the time rate of change of B =
the rate of production, from A — the rate of decay of B to C.

Since Aany is the rate atoms of A decay into atoms of B, the rate atoms of B
are produced is Aan 4. The rate of decay of B atoms is Agng, so the rate of change
of B, dng/dt is,

dnB
—_— = —ABnB + AAnA.
dt
Substituting Eq. (2.24) for n gives the following differential equation for ng:
d
% — —Apnp + Aanaoe ! (231)
where 7 4¢ is the number of atoms of A at ¢ = 0. Integrating Eq. (2.31) gives
A
np = npoe " 4 —2CA_ (o= _ gmhr) (2.32)
AB — Aa
In terms of activity, this equation may be written as
A
ap = apoe 8t  —200B (piar _ pmher) (2.33)

AB — Aa

where o 40 and ap are the initial activities of A and B, respectively. Generalizations
of Eq. (2.33) for computing the activity of the nth nuclide in a long decay chain
have been derived and are found in the references at the end of the chapter.

2.10 NUCLEAR REACTIONS

A nuclear reaction is said to have taken place when two nuclear particles—two
nuclei or a nucleus and a nucleon—interact to produce two or more nuclear particles
or y-rays. If the initial nuclei are denoted by a and b, and the product nuclei and/or
y-rays (for simplicity it is assumed that there are only two) are denoted by c and d,
the reaction can be represented by the equation

a+b—c+d. (2.34)
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The detailed theoretical treatment of nuclear reactions is beyond the scope of
this book. For present purposes, it is sufficient to note four of the fundamental laws
governing these reactions:

1. Conservation of nucleons. The total number of nucleons before and after a
reaction are the same.

2. Conservation of charge. The sum of the charges on all the particles before
and after a reaction are the same.

3. Conservation of momentum. The total momentum of the interacting particles
before and after a reaction are the same.

4. Conservation of energy. Energy, including rest-mass energy, is conserved in
nuclear reactions.

It is important to note that, as we see, conservation of nucleons and conser-
vation of charge do not imply conservation of protons and neutrons separately.

The principle of the conservation of energy can be used to predict whether a
certain reaction is energetically possible. Consider, for example, a reaction of the
type given in Eq. (2.34). The total energy before the reaction is the sum of the
kinetic energies of the particles a and b plus the rest-mass energy of each particle.
Similarly, the energy after the reaction is the sum of the kinetic energies of particles
c and d plus their rest-mass energies. By conservation of energy it follows that

E,+ Ep+ My + Myc? = E. + Ey + M.c? + M,c?, (2.35)

where E,, Ep, and so on, are the kinetic energies of particles a, b, etc. Equation
(2.35) can be rearranged in the form

(Ec + Eq) — (Ea + Ep) = [(My + Mp) — (M. + My)]c? (2.36)

Since the quantities on the left-hand side represents the kinetic energy of the par-
ticles, it is evident that the change in the kinetic energies of the particles before and
after the reaction is equal to the difference in the rest-mass energies of the particles
before and after the reaction.

The right-hand side of Eq. (2.36) is known as the Q-value of the reaction; that
is,

0 = [(M, + Mp) — (M, + My)]c? (2.37)

In all computations and tabulations, Q is always expressed in MeV. Recalling that
1 amu is approximately 931 Mev, we can write the Q value as

0 =[M, +Mp) — (M. + My)]931 Mev. (2.38)
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From Eq. (2.36), it is clear that when Q is positive there is a net increase in the
kinetic energies of the particles. Such reactions are called exothermic. When Q is
negative there is a net decrease in the energies of the particles, and the reaction
is said to be endothermic. Since in exothermic reactions there is a net decrease in
mass, nuclear mass is converted into kinetic energy, while in endothermic reactions
there is a net increase, thus kinetic energy is converted into mass.

Equation (2.37) gives Q in terms of the masses of the nuclei a, b, and so
on. However, the Q value can also be in terms of the masses of the neutral atoms
containing these nuclei. Thus, in view of the conservation of charge,

Zot+Zy=2Z.+Zy, (2.39)

where Z,, Z;, and so on, are the atomic numbers of a, b, and so on, and Eq. (2.37)
can be put in the form

0= {[(Ma +Zm.) + (Mp + Zym,)]
— (M. +Z.m,) + My + Zym,)]}931 Mev, (2.40)

where m, is the electron rest mass in amu. But M, + Z,m, is equal to the mass
of the neutral atom of a, M, + Z,m, is the mass of the atom of b, and so on. It
follows that Eq. (2.37) is a valid formula for Q, where M,, M,, and so on, are
interpreted as the masses (in amu) of the neutral atoms in question, although the
actual nuclear reaction involves only the atomic nuclei. It is fortunate that Q can
be computed from neutral atomic mass data since the masses of most bare nuclei
are not accurately known.

Incidentally, in the usual experimental arrangement, one of the particles, say
a, is at rest in some sort of target, and the particle b is projected against the target.
In this case, Eq. (2.34) is often written in the abbreviated form

ab, c)d
or
a(b,d)c,

whichever is the more appropriate. For example, when oxygen is bombarded by
energetic neutrons, one of the reactions that occurs is

0 +n >N+ 'H.
In abbreviated form, this is

160(”, p)léN,



Sec. 2.11 Binding Energy 29

where the symbols n and p refer to the incident neutron and emergent proton, re-
spectively.
Example 2.7

Combplete the following reaction:
“N+n—>?7+'H

Solution. The atomic number of !N is 7, that of the neutron is 0. The sum of the
atomic numbers on the left-hand side of the reaction is therefore 7, and the sum on
the right mustalso be 7. Since Z = 1 for hydrogen, it follows that Z of the unknown
nuclide is 7 — 1 = 6 (carbon). The total number of nucleons on the left is the sum of
the atomic mass numbers—namely, 14 + 1 = 15. Since the mass number of His 1,
the carbon isotope formed in this reaction must be 14C, Thus, the reaction is

UN+n— "“C+!H.

Example 2.8

One of the reactions that occurs when 3H (tritium) is bombarded by deuterons (*H
nuclei) is

*H(d, n)*He,
where d refers to the bombarding deuteron. Compute the Q value of this reaction.

Solution. The Q value is obtained from the following neutral atomic masses (in
amu):

M(H) = 3.016049 M (*He) = 4.002604
M(H) = 2.014102 M (n) = 1.008665

M(CH) + M(?H) = 5.030151 M (*He) + M(n) = 5.011269

Thus, from Eq. (2.37), the Q value in amu is Q = 5.030151 —5.011269 = 0.018882
amu. Since 1 amu = 931.502 MeV (see Ex.2.4), Q = 0.018882x931.502 = 17.588
MeV, which is positive and so this reaction is exothermic. This means, for instance,
that when stationary 3H atoms are bombarded by 1-MeV deuterons, the sum of the

kinetic energies of the emergent a-particle (*He) and neutron is 17.588+1 = 18.588
MeV.

2.11 BINDING ENERGY

When a low-energy neutron and a proton combine to form a deuteron, the nucleus
of 2H, a2.23-MeV y-ray, is emitted and the deuteron recoils slightly with an energy
of about 1.3 keV. The reaction in question is
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p+tn—>d+yvy,
or, in terms of the neutral atoms,
'H+n—->2H+y.

Since the y-ray escapes from the site of the reaction, leaving the deuteron behind,
it follows from the conservation of energy that the mass of the deuteron in energy
units is approximately 2.23 MeV less than the sum of the masses of the neutron and
proton. This difference in mass between the deuteron and its constituent nucleons
is called the mass defect of the deuteron.

In a similar way, the masses of all nuclei are somewhat smaller than the sum
of the masses of the neutrons and protons contained in them. This mass defect for
an arbitrary nucleus is the difference

A=ZM,+NM, — My, (2.41)
where M, is the mass of the nucleus. Equation (2.41) can also be written as
A=ZMp,+m,)+NM, — (Ms+ Zm,), (2.42)

where m, is the mass of an electron. The quantity M, + m, is equal to the mass of
neutral 'H, while M4 + Zm, is equal to the mass M of the neutral atom. The mass
defect of the nucleus is therefore

A=ZM(CH)+NM, — M, (2.43)

which shows that A can be computed from the tabulated masses of neutral atoms.
Equations (2.41) and (2.43) are not precisely equivalent owing to slight differences
in electronic energies, but this is not important for most purposes.

When A is expressed in energy units, it is equal to the energy that is neces-
sary to break the nuleus into its constituent nucleons. This energy is known as the
binding energy of the system since it represents the energy with which the nucleus
is held together. However, when a nucleus is produced from A nucleons, A is equal
to the energy released in the process. Thus, in the case of the deuteron, the binding
energy is 2.23 MeV. This is the energy released when the deuteron is formed, and
it is also the energy required to split the deuteron into a neutron and proton.

The total binding energy of nuclei is an increasing function of the atomic mass
number A. However, it does not increase at a constant rate. This can be seen most
conveniently by plotting the average binding energy per nucleon, A/ A, versus A,
as shown in Fig. 2.8. It is noted that there are a number of deviations from the curve
at low A, while above A = 50 the curve is a smooth but decreasing function of A.
This behavior of the binding energy curve is important in determining possible
sources of nuclear energy.
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Figure 2.8 Binding energy per nucleon as a function of atomic mass
number.

Those nuclei in which the binding energy per nucleon is high are especially
stable or tightly bound, and a relatively large amount of energy must be supplied
to these systems to break them apart. However, when such nuclei are formed from
their constituent nucleons, a relatively large amount of energy is released. By con-
trast, nuclei with low binding energy per nucleon can be more easily disrupted and
they release less energy when formed.

The Q value of a nuclear reaction can be expressed in terms of the binding
energies of the reacting particles or nuclei. Consider the reaction given by Eq.
(2.34). From Eq. (2.43), the binding energy of a, in units of mass, is

BE(a) = Z,M (‘H) + N.M, — M,.
The mass of a can then be written as

M, = Z,M(*H) + N,M, — BE(a).
Similarly,

M, = Z,M('H) + NyM, — BE(b),
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and so on. Substituting these expressions for M,, M;, and so on, into Eq. (2.37)
and noting that

Zot+Zp=2Z.+2,
Na+ Np = Nc+ Ng,
gives
O = [BE(c) + BE(d)] — [BE(a) — BE(b)].

Here, the c? has been dropped because Q and the binding energies all have units of
energy.

This equation shows that Q is positive—that is, the reaction is exothermic—
when the total binding energy of the product nuclei is greater than the binding
energy of the initial nuclei. Put another way, whenever it is possible to produce a
more stable configuration by combining two less stable nuclei, energy is released
in the process. Such reactions are possible with a great many pairs of nuclides. For
instance, when two deuterons, each with a binding energy of 2.23 MeV, react to
form 3H, having a total binding energy of 8.48 MeV, according to the equation

2’H — *H + 'H, (2.44)

there is a net gain in the binding energy of the system of 8.48 — 2 x 2.23 = 4.02
MeV. In this case, the energy appears as kinetic energy of the product nuclei 3H
and 'H.

Reactions such as Eq. (2.44), in which at least one heavier, more stable nu-
cleus is produced from two lighter, less stable nuclei, are known as fusion reac-
tions. Reactions of this type are responsible for the enormous release of energy in
hydrogen bombs and may some day provide a significant source of thermonuclear
power.

In the regions of large A in Fig. 2.8, it is seen that a more stable configura-
tion is formed when a heavy nucleus splits into two parts. The binding energy per
nucleon in 238U, for instance, is about 7.5 MeV, whereas it is about 8.4 MeV in the
neighborhood of A = 238/2 = 119. Thus, if a uranium nucleus divides into two
lighter nuclei, each with about half the uranium mass, there is a gain in the binding
energy of the system of approximately 0.9 MeV per nucleon, which amounts to a
total energy release of about 238 x 0.9 = 214 MeV. This process is called nuclear
fission, and is the source of energy in nuclear reactors.

It must be emphasized that the binding energy per nucleon shown in Fig. 2.8
is an average overall of the nucleons in the nucleus and does not refer to any one
nucleon. Occasionally it is necessary to know the binding energy of a particular
nucleon in the nucleus—that is, the amount of energy required to extract the nu-
cleon from the nucleus. This binding energy is also called the separation energy
and is entirely analogous to the ionization energy of an electron in an atom. Con-
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sider the separation energy E; of the least bound neutron—sometimes called the
last neutron—in the nucleus “Z. Since the neutron is bound in the nucleus, it fol-
lows that the mass of the nucleus (and the neutral atom) “Z is less than the sum of
the masses of the neutron and the residual nucleus A~!Z by an amount, in energy
Meyv, equal to E;. In symbols, this is

Es = [M, + M(*~'Z) — M(“Z)]931 Mev/amu. (2.45)

The energy Ej is just sufficient to remove a neutron from the nucleus without
providing it with any kinetic energy. However, if this procedure is reversed and a
neutron with no kinetic energy is absorbed by the nucleus 4~! Z, the energy Ey is
released in the process.

Example 2.9
Calculate the binding energy of the last neutron in '3C.

Solution. If the neutron is removed from '3C, the residual nucleus is '*C. The bind-
ing energy or separation energy is then computed from Eq. (2.45) as follows:

M(12C) = 12.00000

M, 1.00866

M, + M('2C) = 13.00866

— M(13C) = 13.00335
Egs= 0.00531 amu x 931 Mev = 4.95 MeV [Ans.]

Before leaving the discussion of nuclear binding energy, it should be noted
that nuclei containing 2, 6, 8, 14, 20, 28, 50, 82, or 126 neutrons or protons are
especially stable. These nuclei are said to be magic, and their associated numbers
of nucleons are known as magic numbers. These correspond to the numbers of
neutrons or protons that are required to fill shells (or subshells) of nucleons in the
nucleus in much the same way that electron shells are filled in atoms.

The existence of magic nuclei has a number of practical consequences in nu-
clear engineering. For instance, nuclei with a magic neutron number absorb neu-
trons to only a very small extent, and materials of this type can be used where
neutron absorption must be avoided. For example, Zirconium, whose most abun-
dant isotope contains 50 neutrons, has been widely used as a structural material in
reactors for this reason.

2.12 NUCLEAR MODELS

Two models of the nucleus are useful in explaining the various phenomena ob-
served in nuclear physics—the shell model and the liquid drop model. Although
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neither of these models can completely explain the observed behavior of nuclei,
they do provide valuable insight into the nuclear structure and cause many of the
nuclear reactions of interest to the nuclear engineer.

Shell Model

The shell model may be thought of as the nuclear analogue to the many electron
atom. In this model, the collective interaction of the nucleons in the nucleus gener-
ate a potential well. One can then think of a single nucleon as if it is moving in the
well created by the average effect of the other nucleons. As in the case of other such
potential wells, such a well can have one or more quantized states. These states are
then populated in the same way that the atomic orbitals of an atom are populated
by electrons. Just as in the atom, there is a maximum number of nucleons that may
occupy a shell. When this number is reached, a closed shell results.

Although a detailed discussion of this model is beyond the scope of this text,
a few remarks are necessary to understand the stability of certain nuclei and the
origin of the magic numbers. The neutrons and protons fill each level in a potential
well according to the Pauli exclusion principle. Accounting for the angular mo-
mentum for each state, there are 2j 4 1 possible substates for each level with total
angular momentum j.

Since we are dealing with two sets of identical particles—neutrons on the
one hand and protons on the other—there are really two such wells, one for each.
They differ by the coulomb interaction of the protons. The levels are then filled
according to the exclusion principle. The differing m; values will split apart in
energy because of the spin orbit interaction. As in the case of the many electron
atoms, this may result in reordering of the levels and development of wider gaps
in between the energy levels than otherwise would be expected. Since the neutron
and proton wells can each have closed shells, the nuclei can be extremely stable
when both wells have closed shells and less so when neither do. This phenomenon
gives rise to the magic numbers discussed earlier.

Liquid Drop Model

From Section 2.11, the binding energy is the mass defect expressed in energy units.
The liquid-drop model of the nucleus seeks to explain the mass defect in terms of a
balance between the forces binding the nucleons in the nucleus and the coulombic
repulsion between the protons.

The nucleus may be thought of as a drop of nuclear liquid. Just as a water
droplet experiences a number of forces acting to hold it together, so does the nu-
clear droplet. To a first approximation, the mass of a nuclear droplet is just the mass
of the components—the neutrons and protons. These are interacting in the nucleus
and are bound by the nuclear forces. The binding of each nucleon to its neighbors
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means that energy and mass must be added to tear the nucleus apart. The mass may
then be approximated by:

M=NM,+ZM, — aA. (2.46)

Equation 2.46 overestimates the effect of the bonds between the nucleons since
those near the surface cannot have the same number of bonds as those deep inside
the nucleus. To correct for this, a surface correction term must be added:

M =NM,+ZM, — oA + 47 R’T, (2.47)

where T denotes the surface tension. Since the radius R of the nucleus is proportional
to A'/3, we can rewrite this term:

M =NM,+ZM, —aA + BA* (2.48)

The coulombic repulsion tends to increase the energy and hence mass of
the nucleus. Using the potential energy associated with the repulsive force, the
expression becomes:

M=NM,+ZM, —aA+ BA*? +yZ?/A' (2.49)

There are additional, strictly nuclear effects that must be accounted for in the
mass equation. These account for a preference for the nucleons to pair together and
for the effect of the Pauli exclusion principle.’

In the shell model, the nucleons were thought of as filling two potential wells.
The lowest energy system would then be one in which the number of protons would
equal the number of neutrons since, in this case, the wells would be filled to the
same height, with each level filled according to the Pauli exclusion principle. The
nucleus having N = Z should then be more stable than the nucleus with N # Z.
To account for this effect, a correction term must be added to the mass equation:

M =NM,+ZM, —aA+ BA? +yZ?/A'P + [ (A—-2Z)*/A. (2.50)

Finally, if one examines the stable nuclides, one finds a preference for nuclei
with even numbers of neutrons and protons. The preference reflects that, experimen-
tally, the bond between two neutrons or two protons is stronger than that between
a neutron and proton. Nuclei with odd numbers of neutrons and odd numbers of
protons would thus be less strongly bound together. When either Z or N is odd and
the other even, one would expect the binding to be somewhere in between these
two cases. To account for this effect, a pairing term denoted by § is added to the
expression:

M=NM,+ZM,—aA+ BA? +yZ*/A'? + (A -22)?/A+68. (2.51)

"For a discussion of the Pauli exclusion principle, see references on modern physics.
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The term § is O if either N or Z is odd and the other even, positive if both are odd,
and negative if both are even. Equation 2.51 is the mass equation.

The coefficients for the mass equation are obtained by fitting the expression to
the known nuclei. When this is done, the semi-empirical mass equation is obtained.
The values for each of the coefficients are typically taken as:

Mass of neutron 939.573 MeV
Mass of proton 938.280 MeV

o 15.56 MeV
B 17.23 MeV
y 0.697 MeV
¢ 23.285MeV
8 12.0 MeV

The formula can accurately predict the nuclear masses of many nuclides with
Z > 20. The ability to predict these masses suggests that there is some truth to the
way the liquid-drop models the interactions of the nucleons in the nucleus.

For atomic masses, the mass of a hydrogen atom (938.791 MeV) may be sub-
stituted for the mass of the proton to account for the mass of the atomic electrons.

Example 2.10

Calculate the mass and binding energy of }1‘7)7Ag using the mass equation.

Solution. The mass equation may be used to calculate the binding energy by noting
that the negative of the sum of the last five terms represents the binding energy of
the constituent nucleons. The atomic mass of the }‘(7’7Ag is first obtained by using the
mass formula and noting that N is even and Z is odd. The term involving § is thus

taken as zero.

N x m, 60 x 939.573 MeV

Z xmyg 47 x 938.791 MeV

—ax A —15.56 x 107 MeV

+B x A%3 17.23 x 107%/3 MeV

y x Z2/A'3 0.697 x 472/107'/3 MeV

I x(A—2x2)?/A 23.285 x (107 — 2 x 47)2/107 MeV
Mass (MeV) 99548.1173 MeV

Mass (u) 106.8684 u

The measured mass of 13" Ag is 106.905092 u or within 0.034% of the calcu-
lated value. Summing the last four terms gives a total binding energy of 949.44 MeV

or 89 MeV/ nucleon—a value slightly higher than the measured value of approxi-
mately 8.6 MeV.



Sec. 2.13 Gases, Liquids, and Solids 37

2.13 GASES, LIQUIDS, AND SOLIDS

Before concluding this review of atomic and nuclear physics, it is appropriate to
consider the nature of gross physical matter since this is the material encountered
in all practical problems. Classically, there are three so-called states of matter: gas,
liquid, and solid. The principal characteristics of these are as follows.

Gases The noble gases—helium, neon, argon, krypton, xenon, and radon
—and most metallic vapors are monatomic—that is, they are composed of more or
less freely moving, independent atoms. Virtually all other gases consist of equally
freely moving diatomic or polyatomic molecules. The random, disordered motion
of these particles is one of the characteristic features of all gases.

Solids Most of the solids used in nuclear systems—namely, metals and
ceramics—are crystalline solids. Such solids are composed of large numbers of
microcrystals, each of which consists of an ordered three-dimensional array or lat-
tice of atoms. Each microcrystal contains an enormous number of individual atoms.
Since the regularity in the arrangement of the atoms in the lattice extends over so
many atoms (often over the entire microcrystal), such crystals are said to exhibit
long-range order. There are a number of other materials that are called solids be-
cause they are rigid bodies, that do not exhibit long-range order. Examples of such
materials are plastics, organic materials, glasses, and various amorphous solids.

Liquids The microscopic structure of liquids is considerably more com-
plicated than is usually assumed. The atoms and/or molecules in a liquid interact
strongly with one another; as a result, they tend to be ordered as they are in a crys-
tal, but not over such long distances. The ordered arrangement breaks down, so to
speak, over long distances. For this reason, liquids are said to exhibit short-range
order.

The Maxwellian Distribution

In a gas, the energies of the atoms or molecules are distributed according to the
Maxwellian distribution function. If N (E) is the density of particles per unit en-
ergy, then N(E)dE is the number of particles per unit volume having energies
between E and E 4 d E. According to the Maxwellian distribution, N (E) is given
by the formula

2n N

1/2 —E/kT
—(nkT)3/2 E'/“e . (2.52)

N(E) =
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In Eq. (2.52), N is the total number of particles per unit volume; that is, the particle
density; k is Boltzmann’s constant, which has units of energy per degree Kelvin:

k = 1.3806 x 10”2 joule/° K
=8.6170 x 107%eV/° K;

and T is the absolute temperature of the gas in degrees Kelvin. The function N (E)
is plotted in Fig. 2.9.

For solids and liquids, the energy distribution functions are more complicated
than the one given in Eq. (2.52). However, it has been shown that, to a first approx-
imation, N (E) for solids and liquids can also be represented by Eq. (2.52), but the
parameter T differs somewhat from the actual temperature of the substance. The
difference is small for temperatures above about 300° K. At these temperatures, it
can often be assumed that Eq. (2.52) applies to solids, liquids, and gases.

The most probable energy in a distribution such as the one given in Eq. (2.52)
is defined as the energy corresponding to the maximum of the curve. This can be
calculated by placing the derivative of N(FE) equal to zero. The most probable
energy, Ep, in a Maxwellian energy distribution is then easily found to be

E,= kT (2.53)

However, the average energy, E, is defined by the integral

_ 1 00
E = —/ N(E)E dE. (2.54)
N Jo

N(E)

E/kT

Figure 2.9 The Maxwellian distribution function.
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Substituting Eq. (2.52) into Eq. (2.54) and carrying out the integration gives
E =2kT (2.55)

The combination of parameters k7 in Eqgs. (2.53) and (2.55) often appears in
the equations of nuclear engineering. Calculations involving these parameters are
then expedited by remembering that, for 7o = 293.61°K, kT has the value

kTo = 0.0253 eV ~ % eV (2.56)

Example 2.11

What are the most probable and average energies of air molecules in a New York
City subway in summertime at, say, 38°C (about 100°F)?

Solution. 1t is first necessary to compute the temperature in degrees Kelvin. From
the formula

°’K =°C +273.15,

it follows that the temperature of the air is 311.15°K. Then using Eqgs. (2.53) and
(2.55) gives

311.15
293.61

Finally, E = 3E, so that E = 0.0402 eV. [Ans.]

1
E, = 3 x 0.0253 x = 0.0134¢V. [Ans.]

The Gas Law

To a first approximation, gases obey the familiar ideal gas law
PV =nyRT, (2.57)

where P is the gas pressure, V is the volume, n), is the number of moles of gas
contained in V, R is the gas constant, and T is the absolute temperature. Equation
(2.57) can also be written as

P= () ()

where N, is Avogadro’s number. Since there are N4 atoms per mole, it follows
that there are n)s N4 atoms in V' The first factor is therefore equal to N—the total
number of atoms or molecules per unit volume. At the same time, the factor R/ N4
is the definition of k, Boltzmann’s constant. The ideal gas law can thus be put in
the convenient form

P = NkT. (2.58)
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From Eq. (2.58) it is seen that gas pressure can be (and, in certain applications, is)
expressed in units of energy per unit volume.

2.14 ATOM DENSITY

In nuclear engineering problems, it is often necessary to calculate the number of
atoms or molecules contained in 1 cm? of a substance. Consider first a material
such as sodium, which is composed of only one type of atom. Then if p is its
physical density in g/cm? and M is its gram atomic weight, it follows that there are
p/M gram moles of the substance in 1 cm? Since each gram mole contains N4
atoms, where N, is Avogadro’s number, the atom density N, in atoms per cm?, is
simply
PN4

N = YE (2.59)

Example 2.12

The density of sodium is 0.97 g/cm® Calculate its atom density.
Solution. The atomic weight of sodium is 22.990. Then from Eq. (2.59),

~0.97 x 0.6022 x 10%*

N = =0.0254 x 10** [Ans.]
22.990

(It is usual to express the atom densities as a factor times 10%4.)

Equation (2.59) also applies to substances composed of individual molecules,
except that N is the molecule density (molecules per cm®) and M is the gram
molecular weight. To find the number of atoms of a particular type per cm?, it is
merely necessary to multiply the molecular density by the number, n;, of those
atoms present in the molecule,

ON4
N; = n; TR (2.60)

The computation of atom density for crystalline solids such as NaCl and for
liquids is just as easy as for simple atomic and molecular substances, but the ex-
planation is more complicated. The problem here is that there are no recogniz-
able molecules—an entire microcrystal of NaCl is, so to speak, a molecule. What
should be done in this case is to assume that the material consists of hypothet-
ical molecules containing appropriate numbers of the constituent atoms. (These

molecules are in fact unit cells of the crystalline solid and contain the appropriate
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number of atoms.) Then by using the molecular weight for this pseudomolecule in
Eq. (2.59), the computed value of N gives the molecular density of this molecule.
The atom densities can then be computed from this number in the usual way as
illustrated in the following example.

Example 2.13

The density of a NaCl crystal is 2.17 g/cm®> Compute the atom densities of Na and
ClL

Solution. The atomic weight of Na and Cl are 22.990 and 35.453, respectively. The
molecular weight for a pseudomolecule of NaCl is therefore 58.443. Using Eq. (2.59)
gives

_2.17 x 0.6022 x 10**
- 58.443

= 0.0224 x 10** molecules/cm?

Since there is one atom each of Na and Cl per molecule, it follows that this is also
equal to the atom density of each atom. [Ans.]

Frequently it is required to compute the number of atoms of a particular iso-
tope per cm? Since, as pointed out in Section 2.2, the abundance of isotopes is
always stated in atom percent, the atom density of an isotope is just the total atom
density of the element as derived earlier, multiplied by the isotopic abundance ex-
pressed as a fraction. Thus, the atom density N; for the ith isotope is

_ YiPNa
"100M

(2.61)

where y; is the isotopic abundance in atom percent, abbreviated a/o.

The chemical compositions of mixtures of elements such as metallic alloys
are usually given in terms of the percent by weight of the various constituents. If p
is the physical density of the mixture, then the average density of the ith component
is

w; p
;= —, 2.62
i =100 (2.62)

where w; is the weight percent, abbreviated w/o, of the component. From Eq.
(2.59), it follows that the atom density of this component is

_ WipN4
T100M;

(2.63)

where M; is its gram atomic weight.
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With a substance whose composition is specified by a chemical formula, the
percent by weight of a particular element is equal to the ratio of its atomic weight
in the compound to the total molecular weight of the compound. Thus, with the
compound X,,Y,, the molecular weight is mM, + nM,, where M, and M, are the
atomic weights of X and Y, respectively, and the percent by weight of the element
X is

M,
w/o(X) = h x 100. (2.64)
mM, +nM,

In some nuclear applications, the isotopic composition of an element must be
changed by artificial means. For instance, the uranium used as fuel in many nuclear
reactors must be enriched in the isotope 2*>>U (the enrichment process is discussed in
Chap. 4). In this case, it is also the practice to specify enrichment in weight percent.
The atomic weight of the enriched uranium can be computed as follows. The total
number of uranium atoms per cm? is given by

N =XN;,

where N; is the atom density of the ith isotope. Introducing N from Eq. (2.59) and
N; from Eq. (2.63) gives

1 1 wj
"hn WE M (2.65)

The application of this formula in computations involving enriched uranium is
illustrated in Example 2.16.

Example 2.14

For water of normal (unit) density compute:

(a) the number of H,O molecules per cm’,

(b) the atom densities of hydrogen and oxygen,
(c) the atom density of H.

Solution

1. The molecular weight of H,O is 2 x 1.00797 + 159994 = 18.0153. The
molecular density is therefore,

1 x 0.6022 x 10%*
N(H,0) = x 3 015); = 0.03343 x 10** molecules/cm>. [Ans.]
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2. There are two atoms of hydrogen and one atom of oxygen per H,O molecule.
Thus, the atom density of hydrogen N (H) = 2 x 0.03343 x 10%* = 0.06686 x
10%* atoms/cm?, and N (O) = 0.03343 x 10%* atoms/cm® [Ans.]

3. The relative abundance of 2H is 0.015 a/o so that N(*H) = 1.5 x 10~ x
N(H) = 1.0029 x 1073 x 10** atoms/cm’ [Ans.]

Example 2.15

A certain nuclear reactor is fueled with 1,500 kg of uraniumrods enriched to 20 w/o
235U. The remainder is 238U. The density of the uranium is 19.1 g/cm?

(a) How much 233U is in the reactor?
(b) What are the atom densities of 23U and 238U in the rods?

Solution

1. Enrichment to 20 w/o means that 20% of the total uranium mass is 3> U. The
amount of 33U is therefore

0.20 x 1500 = 300kg. [Ans.]

2. The atomic weights of 223U and 2*8U are 235.0439 and 238.0508, respectively.
From Eq. (2.63),

20 x 19.1 x 0.6022 x 10%*
100 x 235.0439

=9.79 x 1073 x 10%*atoms/cm’® [Ans.)

N (235U) —

The 2*8U is present to the extent of 80 w/o, and so

80 x 19.1 x 0.6022 x 10%*
100 x 238.0508

= 3.86 x 1072 x 10**atoms/cm® [Ans.]

NC®U) =

Example 2.16

The fuel for a reactor consists of pellets of uranium dioxide (UO,), which have a
density of 10.5 g/cm? If the uranium is enriched to 30 w/o in 23°U, what is the atom
density of the 233U in the fuel?

Solution. 1t is first necessary to compute the atomic weight of the uranium. From
Eq. (2.65),

1_1( 30 .
M 100 \ 235.0439 ' 238.0508 )
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which gives M = 237.141. The molecular weight of the UO; is then 237.141 + 2 x
15.999 = 269.139. In view of Eq. (2.64), the percent by weight of uranium in the
UO; is (237.141/269.139) x 100 = 88.1 w/o. The average density of the uranium is
therefore 0.881 x 10.5 = 9.25 g/cm?, and the density of 2°U is 0.30 x 9.25 = 2.78
g/cm® The atom density of 23°U is finally

2.78 x 0.6022 x 104
235.0439

=7.11 x 1073 x 10** atoms/cm> [Ans.]

NESUY =
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PROBLEMS

1. How many neutrons and protons are there in the nuclei of the following atoms:

(a) 'Li,

(b) %*Mg,

(C) 135Xe,

(d) 209Bi,

(e) **?Rn?
2. The atomic weight of *°Co is 58.93319. How many times heavier is **Co than '2C?
3. How many atoms are there in 10 g of '2C?

4. Using the data given next and in Example 2.2, compute the molecular weights of

(@) H; gas,
(b) H20,
(C) H202.
Isotope Abundance, a /o Atomic weight
'H 99.985 1.007825
’H 0.015 2.01410

5. When H; gas is formed from naturally occurring hydrogen, what percentages of the
molecules have molecular weights of approximately 2, 3, and 4?
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6.
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11.

12.

13.
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19.
20.
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Natural uranium is composed of three isotopes: 23U, 233U, and 2*3U. Their abun-
dances and atomic weights are given in the following table. Compute the atomic
weight of natural uranium.

Isotope Abundance, a /o Atomic weight
Biy 0.0057 234.0409
25y 0.72 235.0439
By 99.27 238.0508

A beaker contains 50 g of ordinary (i.e., naturally occurring) water.
(a) How many moles of water are present?

(b) How many hydrogen atoms?

(c) How many deuterium atoms?

The glass in Example 2.1 has an inside diameter of 7.5 cm. How high does the water
stand in the glass?

Compute the mass of a proton in amu.

Calculate the mass of a neutral atom of 233U

(a) in amu;

(b) in grams.

Show that 1 amu is numerically equal to the reciprocal of Avogadro’s number.

Using Eq. (2.3), estimate the radius of the nucleus of 2¥U. Roughly what fraction of
the 238U atom is taken up by the nucleus?

Using Eq. (2.3), estimate the density of nuclear matter in g/cm?; in Kg/m® Take the
mass of each nucleon to be approximately 1.5 x 10724 g.

The planet earth has a mass of approximately 6 x 10?4 kg. If the density of the earth
were equal to that of nuclei, how big would the earth be?

The complete combustion of 1 kg of bituminous coal releases about 3 x 107 J in heat
energy. The conversion of 1 g of mass into energy is equivalent to the burning of how
much coal?

The fission of the nucleus of 23°U releases approximately 200 MeV. How much en-
ergy (in kilowatt-hours and megawatt-days) is released when 1 g of 2>>U undergoes
fission?

Compute the neutron—proton mass difference in MeV.

An electron starting from rest is accelerated across a potential difference of 5 million
volts.

(a) Whatis its final kinetic energy?

(b) What is its total energy?

(¢) What is its final mass?

Derive Eq. (2.18). [Hint: Square both sides of Eq. (2.5) and solve for mv.]

Show that the speed of any particle, relativistic or nonrelativistic, is given by the fol-
lowing formula:
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21.

22,

23.

25.

26.

27.

28.

E2

_ _ rest
' C\/l EZ,’
total

where Ey and E,y, are its rest-mass energy and total energy, respectively, and c is
the speed of light.

Using the result derived in Problem 2.20, calculate the speed of a 1-MeV electron, one
with a kinetic energy of 1 MeV.

Compute the wavelengths of a 1-MeV

(a) photon,

(b) neutron.

Show that the wavelength of a relativistic particle is given by

2
A=Ac——,
E2 - Erzesl

total

where A¢c = h/m.c = 2.426 x 107'° cm is called the Compton wavelength.

. Using the formula obtained in Problem 2.23, compute the wavelength of a 1-MeV

electron.

An electron moves with a kinetic energy equal to its rest-mass energy. Calculate the
electron’s

(a) total energy in units of mec?;

(b) mass in units of m,;

(c) speed in units of c;

(d) wavelength in units of the Compton wavelength.

According to Eq. (2.20), a photon carries momentum, thus a free atom or nucleus
recoils when it emits a photon. The energy of the photon is therefore actually less
than the available transition energy (energy between states) by an amount equal to the
recoil energy of the radiating system.

(a) Giventhat E is the energy between two states and E,, is the energy of the emitted

photon, show that
E,~F|1 E
Y- 2Mc? )’

where M is the mass of the atom or nucleus.

(b) Compute E — E,, for the transitions from the first excited state of atomic hydrogen
at 10.19 eV to ground and the first excited state of '2C at 4.43 MeV to ground (see
Figs. 2.2 and 2.3).

The first three excited states of the nucleus of '99Hg areat0.158 MeV, 0.208 MeV, and

0.403 MeV above the ground state. If all transitions between these states and ground

occurred, what energy y-rays would be observed?

Using the chart of the nuclides, complete the following reactions. If a daughter nucleus
is also radioactive, indicate the complete decay chain.
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(a) B'N—
(b) ¥Y—
(©) '¥Sh—>
d) ?"Rn—>

Tritium (*H) decays by negative beta decay with a half-life of 12.26 years. The atomic
weight of 3H is 3.016.

(a) To what nucleus does >H decay?

(b) What is the mass in grams of 1 mCi of tritium?

Approximately what mass of *°Sr (T, 2 = 28.8 yr.) has the same activity as 1 g of
Co (Tj/2 = 5.26 yr.)?

Carbon tetrachloride labeled with '*C is sold commercially with an activity of 10
millicuries per millimole (10 mCi/mM). What fraction of the carbon atoms is 14c9

Tritiated water (ordinary water containing some 'H>HO) for biological applications
can be purchased in 1-cm® ampoules having an activity of 5 mCi per cm® What frac-
tion of the water molecules contains an *H atom?

After the initial cleanup effort at Three Mile Island, approximately 400,000 gallons
of radioactive water remained in the basement of the containment building of the
Three Mile Island Unit 2 nuclear plant. The principal sources of this radioactivity
were '¥'Cs at 156 uCi/cm?® and '**Cs at 26 uCi/cm® How many atoms per cm® of
these radionuclides were in the water at that time?

One gram of 2%°Ra is placed in a sealed, evacuated capsule 1.2 cm? in volume.

(a) At what rate does the helium pressure increase in the capsule, assuming all of the
a-particles are neutralized and retained in the free volume of the capsule?

(b) What is the pressure 10 years after the capsule is sealed?

Polonium-210 decays to the ground state of 2°°Pb by the emission of a 5.305-MeV
a-particle with a half-life of 138 days. What mass of 2!°Po is required to produce 1
MW of thermal energy from its radioactive decay?

The radioisotope generator SNAP-9 was fueled with 475 g of *3PuC (plutonium-238
carbide), which has a density of 12.5 g/cm® The 2*8Pu has a half-life of 89 years and
emits 5.6 MeV per disintegration, all of which may be assumed to be absorbed in the
generator. The thermal to electrical efficiency of the system is 5.4%. Calculate

(a) the fuel efficiency in curies per watt (thermal);

(b) the specific power in watts (thermal) per gram of fuel;

(c) the power density in watts (thermal) per cm’;

(d) the total electrical power of the generator.

Since the half-life of 23U (7.13 x 108 years) is less than that of 28U (4.51 x 10°
years), the isotopic abundance of 3°U has been steadily decreasing since the earth
was formed about 4.5 billion years ago. How long ago was the isotopic abundance
of 233U equal to 3.0 a/o, the enrichment of the uranium used in many nuclear power
plants?

The radioactive isotope Y is produced at the rate of R atoms/sec by neutron bombard-
ment of X according to the reaction
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39.

40.

41.

42,

43.

45.

46.

X(n,y)Y.

If the neutron bombardment is carried out for a time equal to the half-life of ¥, what
fraction of the saturation activity of Y will be obtained assuming that there is no Y
present at the start of the bombardment?

Consider the chain decay
A— B—>C—,

with no atoms of B present at t = 0.
(a) Show that the activity of B rises to a maximum value at the time ¢,, given by

1 A
th = ——Mm (22},
Ap —Aa Aa

at which time the activities of A and B are equal.
(b) Show that, for ¢ < t,, the activity of B is less than that of A, whereas the reverse
is the case fort > t,,.

Show that if the half-life of B is much shorter than the half-life of A, then the activities
of A and B in Problem 2.39 eventually approach the same value. In this case, A and B
are said to be in secular equilibrium.

Show that the abundance of 23*U can be explained by assuming that this isotope orig-
inates solely from the decay of 238U.

Radon-222, a highly radioactive gas with a half-life of 3.8 days that originates in the
decay of 34U (see the chart of nuclides), may be present in uranium mines in dangerous
concentrations if the mines are not properly ventilated. Calculate the activity of 2>’Rn
in Bq per metric ton of natural uranium.

Accordingto U.S. Nuclear Regulatory Commission regulations, the maximum permis-
sible concentration of radon-222 in air in equilibrium with its short-lived daughters
is 3 pCi/liter for nonoccupational exposure. This corresponds to how many atoms of
radon-222 per cm>?

. Consider again the decay chain in Problem 2.39 in which the nuclide A is produced at

the constant rate of R atoms/sec. Derive an expression for the activity of B as a function
of time.

Complete the following reactions and calculate their Q values. [Note: The atomic

weight of '*C is 14.003242.]

(a) *He(p,d)

(b) °Be(e, n)

(¢) "“N(n, p)

(d) '"°In(d, p)

(e) *7Pb(y, n)

(a) Compute the recoil energy of the residual, daughter nucleus following the emission
of a 4.782-MeV a-particle by *?°Ra.

(b) What is the total disintegration energy for this decay process?
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47. In some tabulations, atomic masses are given in terms of the mass excess rather than

48.

49.

50.

51.

52,

53.

as atomic masses. The mass excess, A, is the difference
A=M-A,

where M is the atomic mass and A is the atomic mass number. For convenience, A,
which may be positive or negative, is usually given in units of MeV. Show that the Q
value for the reaction shown in Eq. (2.38) can be written as

Q= (At Ap) — (Ac+ Ap).

According to the tables of Lederer et al. (see References), the mass excesses for the
(neutral) atoms in the reaction in Example 2.8 are as follows: ACCH) = 14.95 MeV,
A(CCH) = 13.14 MeV, A(n) = 8.07 MeV, and A(*He) = 2.42 MeV. Calculate the Q
value of this reaction using the results of Problem 2.47.

The atomic weight of 2°°Pb is 205.9745. Using the data in Problem 2.35, calculate the
atomic weight of 2!°Po. [Caution: See Problem 2.46]

Tritium (*H) can be produced through the absorption of low-energy neutrons by deu-
terium. The reaction is

H4+n—>3H+y,

where the y-ray has an energy of 6.256 MeV.

(a) Show that the recoil energy of the *H nucleus is approximately 7 keV.

(b) What is the Q value of the reaction?

(c) Calculate the separation energy of the last neutron in *H.

(d) Using the binding energy for ?H of 2.23 MeV and the result from part (c), compute
the total binding energy of 3H.

Consider the reaction
6pi (a, p)gBe.

Using atomic mass data, compute:
(a) the total binding energy of 5Li, °Be, and “He;
(b) the Q value of the reaction using the results of part (a).

Using atomic mass data, compute the average binding energy per nucleon of the fol-
lowing nuclei:

(a) *H

(b) “He

(C) ]2C

(d) 51V

(e) 138Ba

(f) 235U

Using the mass formula, compute the binding energy per nucleon for the nuclei in
Problem 2.52. Compare the results with those obtained in that problem.
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54.

55.
56.

57.
S8.
59.

60.

61.

62.

63.

Compute the separation energies of the last neutron in the following nuclei:

(a) “He

(b) "Li

(C) ]70

(d) SIV

(e) 2®Pb

(f) 235U

Derive Eq. (2.53). [Hint: Try taking the logarithm of Eq. (2.52) before differentiating.]
What is 1 atmosphere pressure in units of eV/cm?? [Hint: At standard temperature
and pressure (0°C and 1 atm), 1 mole of gas occupies 22.4 liters.]

Calculate the atom density of graphite having density of 1.60 g/cm>

Calculate the activity of 1 gram of natural uranium.

What is the atom density of 23°U in uranium enriched to 2.5 a/o in this isotope if the
physical density of the uranium is 19.0 g/cm??

Plutonium-239 undergoes a-decay with a half-life of 24,000 years. Compute the ac-
tivity of 1 gram of plutonium dioxide, 2> PuO,. Express the activity in terms of Ci and
Bq.

It has been proposed to use uranium carbide (UC) for the initial fuel in certain types
of breeder reactors, with the uranium enriched to 25 w/o. The density of UC is 13.6
g/cm®

(a) What is the atomic weight of the uranium?

(b) What is the atom density of the 233U?

Compute the atom densities of 23U and 228U in UO, of physical density 10.8 g/cm?
if the uranium is enriched to 3.5 w/o in 2°U.

The fuel for a certain breeder reactor consists of pellets composed of mixed oxides,
UO; and PuO,, with the PuO, comprising approximately 30 w/o of the mixture. The
uranium is essentially all 28U, whereas the plutonium contains the following isotopes:
B9py (70.5 w/o), 2*°Pu (21.3 w/0), ?'Pu (5.5 w/0), and ?*2Pu (2.7 w/0). Calculate
the number of atoms of each isotope per gram of the fuel.
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Interaction of Radiation
with Matter

The design of all nuclear systems—reactors, radiation shields, isotopic generators,
and so on—depends fundamentally on the way in which nuclear radiation interacts
with matter. In this chapter, these interactions are discussed for neutrons, y-rays,
and various charged particles with energies up to about 20 MeV. Most of the radi-
ation encountered in practical nuclear devices lies in this energy region.

3.1 NEUTRON INTERACTIONS

It is important to recognize at the outset that, since neutrons are electrically neutral,
they are not affected by the electrons in an atom or by the positive charge of the
nucleus. As a consequence, neutrons pass through the atomic electron cloud and
interact directly with the nucleus. In short, neutrons collide with nuclei, not with
atoms.

Neutrons may interact with nuclei in one or more of the following ways.

Elastic Scattering In this process, the neutron strikes the nucleus, which
is almost always in its ground state (see Section 2.7), the neutron reappears, and the

52
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nucleus is left in its ground state. The neutron in this case is said to have been elas-
tically scattered by the nucleus. In the notation of nuclear reactions (see Section
2.10), this interaction is abbreviated by the symbol (n, n).

Inelastic Scattering This process is identical to elastic scattering except
that the nucleus is left in an excited state. Because energy is retained by the nucleus,
this is clearly an endothermic interaction. Inelastic scattering is denoted by the
symbol (n, n’). The excited nucleus decays, as explained in Section 2.7, by the
emission of y-rays. In this case, since these y-rays originate in inelastic scattering,
they are called inelastic y -rays.

Radiative Capture Here the neutron is captured by the nucleus, and one
or more y -rays—called capture y-rays—are emitted. This is an exothermic inter-
action and is denoted by (n, ). Since the original neutron is absorbed, this process
is an example of a class of interactions known as absorption reactions.

Charged-Particle Reactions Neutrons may also disappear as the result
of absorption reactions of the type (n, &) and (n, p). Such reactions may be either
exothermic or endothermic.

Neutron-Producing Reactions Reactions of the type (n, 2n) and (n, 3n)
occur with energetic neutrons. These reactions are clearly endothermic since in the
(n, 2n) reaction one neutron and in the (n, 3n) reaction 2 neutrons are extracted
from the struck nucleus. The (n, 2n) reaction is especially important in reactors
containing heavy water or beryllium since ?H and °Be have loosely bound neutrons
that can easily be ejected.

Fission Neutrons colliding with certain nuclei may cause the nucleus to
split apart—to undergo fission. This reaction, as noted in Chap. 2, is the principal
source of nuclear energy for practical applications.

Many of these reactions may be viewed as a two-step process involving the
formation of a compound nucleus. For example, the scattering reactions, both
elastic and inelastic, may be thought of as a process in which the neutron is first
absorbed by the target nucleus to form a new nucleus whose atomic number is un-
changed but whose mass number is increased by 1. Then depending on the specific
process, the nucleus decays via neutron emission to produce the original nucleus
plus a neutron. The product nucleus is left in the ground state or an excited state
according to the type of scattering reaction involved. This model is particularly
useful in understanding the fission process.

Each of these interactions is discussed in this chapter. However, to describe
quantitatively the various interactions, it is necessary to introduce certain parame-
ters.
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3.2 CROSS-SECTIONS

The extent to which neutrons interact with nuclei is described in terms of quantities
known as cross-sections. These are defined by the following type of experiment.
Suppose that a beam of monoenergetic (single-energy) neutrons impinges on a thin
target of thickness X and area 4 as shown in Fig. 3.1. If there are n neutrons per
cm? in the beam and v is the speed of the neutrons, then the quantity

I =nv (3.1)

is called the intensity of the beam. Since the neutrons travel the distance v cm in
1 sec, all of the neutrons in the volume vs4 in front of the target will hit the target
in 1 sec. Thus, nvA = 1A neutrons strike the entire target per second, and it
follows that /A /A = I is equal to the number of neutrons striking the target per
cm?/sec. Since nuclei are small and the target is assumed to be thin, most of the
neutrons striking the target in an experiment like that shown in Fig. 3.1 ordinarily
pass through the target without interacting with any of the nuclei. The number that
do collide are found to be proportional to the beam intensity, to the atom density
N of the target, and to the area and thickness of the target. These observations can
be summarized by the equation

Number of collisions per second (in entire target) = c INAX, (3.2)

where o, the proportionality constant, is called the cross-section. The factor N A X
in Eq. (3.2) is the total number of nuclei in the target. The number of collisions per
second with a single nucleus is therefore just o /. It follows that o is equal to the
number of collisions per second with one nucleus per unit intensity of the beam.

There is another way to view the concept of cross-section. As already noted,
I A neutrons strike the target per second. Of these, o/ interact with any given
nucleus. Therefore, it may be concluded that

ol o (33)
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Figure 3.1 Neutron beam striking a target.
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is equal to the probability that a neutron in the beam will collide with this nucleus.
Itis clear from Eq. (3.3) that o has units of area. In fact, it is not difficult to see that
o is nothing more than the effective cross-sectional area of the nucleus, hence the
term cross-section.

Neutron cross-sections are expressed in units of barns, where 1 barn, abbre-
viated b, is equal to 10~2* cm? One thousandth of a bamn is called a millibarn,
denoted as mb.

Up to this point, it has been assumed that the neutron beam strikes the entire
target. However, in many experiments, the beam is actually smaller in diameter
than the target. In this case, the prior formulas still hold, but now A refers to the
area of the beam instead of the area of the target. The definition of cross-section
remains the same, of course.

Each of the processes described in Section 3.1 by which neutrons interact
with nuclei is denoted by a characteristic cross-section. Thus, elastic scattering
is described by the elastic scattering cross-section, o,; inelastic scattering by the
inelastic scattering cross-section, o;; the (n, y) reaction (radiative capture) by
the capture cross-section, o, ; fission by the fission cross-section, o; and so on.
The sum of the cross-sections for all possible interactions is known as the rotal
cross-section and is denoted by the symbol o; that is

o0y =0,+0;,+o,+o05+ (3.4)

The total cross-section measures the probability that an interaction of any type will
occur when neutrons strike a target. The sum of the cross-sections of all absorption
reactions is known as the absorption cross-section and is denoted by o,. Thus,

0, =0y +05+0,+0,+ (3.5

where o, and o, are the cross-sections for the (n, p) and (n, a) reactions. As
indicated in Eq. (3.5), fission, by convention, is treated as an absorption process.
Similarly, the total scattering cross-section is the sum of the elastic and inelastic
scattering cross-section. Thus,

05 = 0, + 0,
and
o; = 05 + 0,.

Example 3.1

A beam of 1-Me V neutrons of intensity 5 x 10% neutrons/cm?-sec strikes a thin '2C
target. The area of the target is 0.5 cm? and is 0.05 cm thick. The beam has a cross-
sectional area of 0.1 cm? At 1 MeV, the total cross-section of 12C is 2.6 b. (a) At
what rate do interactions take place in the target? (b) What is the probability that a
neutron in the beam will have a collision in the target?
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Solution

1. According to Table /.3 in Appendix II, N = 0.080 x 10?* for carbon. Then
from Eq. (3.2), the total interaction rate is

o INAX =2.6 x 1072 x 5 x 10 x 0.080 x 10** x 0.1 x 0.05

= 5.2 x 10° interactions/sec. [Ans.]

It should be noted that the 1072* in the cross-section cancels with the 10%* in
atom density. This is the reason for writing atom densities in the form of a
number x 10

2. Inl1sec, IA =5 x 108 x 0.1 = 5 x 107 neutrons strike the target. Of these,
5.2 x 10° interact. The probability that a neutron interacts in the target is there-
fore 5.2 x 10°/5 x 107 = 1.04 x 1072 Thus, only about 1 neutron in 100 has
a collision while traversing the target.

Example 3.2

There are only two absorption reactions—namely, radiative capture and fission—that
can occur when 0.0253-¢ V neutrons' interact with 233U. The cross-sections for these
reactions are 99 b and 582 b, respectively. When a 0.0253-e V neutron is absorbed
by 233U, what is the relative probability that fission will occur?

Solution. Since o, and o are proportional to the probabilities of radiative capture
and fission, it follows that the probability of fission is o¢/(0y, + 0f) = of/0, =
582/681 = 85.5%. [Ans.]

To return to Eq. (3.2), this can be written as
Number of collisions per second (in entire target) = I No, x AX, (3.6)

where o; has been introduced because this cross-section measures the probability
that a collision of any type may occur. Since X is the total volume of the target,
it follows from Eq. (3.6) that the number of collisions per cm?/sec in the target,
which is called the collision density F, is given by

F =1INo;. 3.7

The product of the atom density N and a cross-section, as in Eq. (3.7), occurs
frequently in the equations of nuclear engineering; it is given the special symbol X
and is called the macroscopic cross-section. In particular, the product No, = %,
is called the macroscopic total cross-section, No; = X is called the macroscopic
scattering cross-section, and so on. Since N and ¢ have units of cm™ and cm?,

!For reasons explained in Section 3.6, neutron cross-sections are tabulated at an energy of
00253 e V.
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respectively, ¥ has units of cm~ In terms of the macroscopic cross-section, the
collision in Eq. (3.7) reduces to

Example 3.3

Referring to Example 3.1, calculate the (a) macroscopic total cross-section of '2C at
Me V; (b) collision density in the target.

Solution

1. From the definition given previously,
%, = 0.08 x 10* x 2.6 x 107** = 0.21 cm™! [Ans.]
2. Using Eq. (3.8) gives
F =5x10®% x 0.21 = 1.05 x 10® collisions/cm’-sec. [Ans.]

These collisions occur, of course, only in the region of the target that is struck
by the beam.

3.3 NEUTRON ATTENUATION

The preceding section refers to experiments involving thin targets. Suppose a thick
target of thickness X is placed in a monodirectional beam of intensity /o and a
neutron detector is located at some distance behind the target as shown in Fig.
3.2. It is assumed that both the target and detector are so small that the detector
subtends a small solid angle at the target. For a neutron to reach the detector, it
must be traveling directly toward both the target and detector. Consequently, every
neutron that has a collision in the target is lost from the beam, and only those
neutrons that do not interact enter the detector.

Scattered

Incident neutrons
neutrons Uncollided Detector
neutrons
-~ ) .
—_—

Figure 3.2 Measurement of neutrons that have not collided in a target.
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Let I (x) be the intensity of the neutrons that have not collided after penetrat-
ing the distance x into the target. Then in traversing an additional distance dx, the
intensity of the uncollided beam is decreased by the number of neutrons that have
collided in the thin sheet of target having an area of 1 cm? and the thickness dx.
From Eq. (3.2), this decrease in intensity is given by

—dI(x) = No,I(x)dx = X, I(x)dx. 3.9)
This equation can be integrated with the result
[ (x) = Ipe &~ (3.10)

The intensity of the uncollided neutrons thus decreases exponentially with the dis-
tance inside the target. The intensity of the beam of uncollided neutrons emerging
from the target is then

[(X) = e =X (3.11)

and this is the intensity measured by the detector.

If the target is very thick, as with a radiation shield, then almost all of the
incident neutrons will have at least one collision in the target, so that most of the
emerging neutrons will have undergone scattering within the target. Since these
neutrons are specifically excluded in the derivation of Eq. (3.11), this equation must
not be used to calculate the effectiveness of a shield. To do so would ignore a most
important component of the emergent radiation—namely, the scattered neutrons.

When Eq. (3.9) is divided by 7 (x), the result is

Since the quantity d/ (x) is equal to the number of neutrons out of a total of 7 (x)
that collide in dx, it follows thatd I (x) /I (x) is the probability that a neutron which
survives up to x without a collision interacts in the next dx. Therefore, from Eq.
(3.12), X, dx is equal to the probability that a neutron will interact in dx, and it
may be concluded that %, is the probability per unit path length that a neutron will
undergo some sort of a collision as it moves about in a medium.

It should also be noted that, since I (x) refers to those neutrons that have not
collided in penetrating the distance x, the ratio I(x)/Iy = e~** is equal to the
probability that a neutron can move through this distance without having a colli-
sion. Now let the quantity p(x) dx be the probability that a neutron will have its
first collision in dx in the neighborhood of x. This is evidently equal to the proba-
bility that the neutron survives up to x without a collision times the probability that
it does in fact collide in the additional distance dx. Since X, is the probability of
interaction per path length, p(x) dx is given by
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p(x)dx = e T x ¥, dx

= X,e ¥¥ dx.

The average distance that a neutron moves between collisions is called the
mean free path. This quantity, which is designated by the symbol A, is equal to the
average value of x, the distance traversed by a neutron without a collision.

The value of A is obtained from the probability function p(x) by determining
the average distance traveled, that is,

A= /ooxp(x)dx
0

o0
= Z,/ xe E* dx
0

=1/%,. (3.13)
Example 3.4

Calculate the mean free path of 100-keV neutrons in liquid sodium. At this energy,
the total cross-section of sodium is 3.4 b.

Solution. From Table I1.3, the atom density of sodium is 0.0254 x 10%* The macro-
scopic cross-section is then £, = 0.0254 x 10%* x 3.4 x 10~2* = 0.0864 cm™' The
mean free path is therefore A = 1/0.0864 = 11.6 cm [Ans.]

Consider next a homogeneous mixture of 2 nuclear species, X and Y, con-
taining Ny and Ny atoms/cm’ of each type, and let oy and oy be the cross-sections
of the 2 nuclei for some particular interaction. The probability per unit path that a
neutron collides with a nucleus of the first type is £x = Nxox and with a nucleus
of the second type is Xy = Nyoy. The total probability per unit path that a neutron
interacts with either nucleus is therefore

Y = ¥x + Xy = Nxox + Nyoy. 3.14)

If the nuclei are in atoms that are bound together in a molecule, Eq. (3.14)
can be used to define an equivalent cross-section for the molecule. This is done
simply by dividing the macroscopic cross-section of the mixture by the number of
molecules per unit volume. For example, if there are N molecules X,,Y, per cm?,
then Ny = mN, Ny = nN, and from Eq. (3.14) the cross-section for the molecule

1S

= — = . 3.15
o] N moy + noy ( )

Equations (3.14) and (3.15) are based on the assumption that the nuclei X
and Y act independently of one another when they interact with neutrons. This
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is correct for all neutron interactions except elastic scattering by molecules and
solids. Low-energy scattering cross-sections for such substances must be obtained
from experiment.

Example 3.5

The absorption cross-section of 23U and 233U at 0.0253 e V are 680.8 b and 2.70 b,
respectively. Calculate X, for natural uranium at this energy.

Solution. By use of the methods of Section 2.14, the atom densities of *U and
238U in natural uranium are found to be 3.48 x 10~* x 10%* and 0.0483 x 10%,
respectively. Then from Eq. (3.14) £, = 3.48 x 10™* x 680.8 + 0.0483 x 2.70 =
0.367 cm™! [Ans.]

Example 3.6

The scattering cross-sections (in bams) of hydrogen and oxygen at 1 Me V and
0.0253 eV are given in the following table. What are the values of o; for the wa-
ter molecule at these energies?

Solution. Equation (3.15) applies at 1 Me V, so that ,(H,0) = 20,(H) +0(0)
= 2 x 3+ 8 = 14 b. [Ans.] Equation (3.15) does not apply at 0.0253, and o,(H,0)
# 2 x 21 + 4 = 46 b. The experimental value of o;(H,0) at 0.0253 eV is 103 b.
[Ans.]

1MeV 0.0253 eV
H 3 21

3.4 NEUTRON FLUX

It was shown in Section 3.2 that when a beam of neutrons of intensity / strikes a
thin target, the number of collisions per cm3/sec is given by

F =%, (3.16)

where X, is the macroscopic total cross-section.

Consider an experiment of the type shown in Fig. 3.3, in which a small target
is exposed simultaneously to several neutron beams. The intensities of the beams
are different, but it is assumed that the neutrons in all of the beams have the same
energy. In view of the fact that the interaction of neutrons with nuclei is indepen-
dent of the angle at which the neutrons collide with the nuclei, the total interaction
rate is clearly

F=%Us+1Ig+1Ic+- ). 3.17)
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Target \

Figure 3.3 Neutron beams striking a target.

The neutrons have been assumed to be monoenergetic. So from Eq. (3.1), this
may also be written as

F=%X(ns+ng+n.+ )Hv, (3.18)

where n 4, ng, and so on are the densities of the neutrons in the various beams and
v is the neutron speed. Since ng +ng+nc + is equal to n, the total density of
neutrons striking the target, Eq. (3.18) becomes

F = Xnv. (3.19)

The situation at any point in a reactor is a generalization of this experiment,
but with the neutrons moving in all directions. It follows that Eq. (3.19) is valid for
a reactor, where n is the neutron density at the point where F is computed.

The quantity nv in Eq. (3.19) is called the neutron flux, in this case for mo-
noenergetic neutrons, and is given the symbol ¢; thus

¢ =nv. (3.20)

It is evident that the units of neutron flux are the same as the units of beam
intensity—namely, neutrons/cm?-sec. In terms of the flux, the collision density is

F =3,6. (3.21)

To understand the importance of the flux and this relationship, consider the
following example.

Example 3.7

A certain research reactor has a flux of 1 x 10'3 neutrons/cm?-sec and a volume of
64,000 cmm® If the fission cross-section, X¢, in the reactor is 0.1 cm™!, what is the
power of the reactor?

Solution. The power may be obtained from the fission rate using the relationship
between the energy released per fission (200 Me V) and the rate at which fissions are
occuring:
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1MW 1 W-=sec 1.60 x 10713 joule 200 Me V

Power = - X X - x fission rate
106 watt joules Me V fission
1 MW
= — x 3.2 x 107!"! watts/fission/sec x fission rate
106 watt

= 3.2 x 1077 MW/fission/sec x fission rate
From Eq. (3.21), the fission rate is
Fission rate = X¢®P
=0.1cm™! x 1 x 10'3 neutrons/cm?-sec.

The reactor power/cm? is then

Power/cm® = 3.2 x 10~'7 MW/fission/sec x 1 x 10'? fission/sec-cm?

The total power is the power/cm? times the volume of the active core.

Power = 3.2 x 107> MW/cm® x 64, 000 cm®
=2 MW [Ans.]

3.5 NEUTRON CROSS-SECTION DATA

All neutron cross-sections are functions of the energy of the incident neutrons and
the nature of the target nucleus. These factors must be taken into consideration in
the choice of materials for use in nuclear devices. Most of the cross-section data
needed for such purposes are found in the Brookhaven National Laboratory report
BNL-325 and other source, which are discussed in the references at the end of
the chapter. Before turning to the data, however, it is of interest to consider the
mechanisms by which neutrons interact with nuclei.

Compound Nucleus Formation Most neutron interactions proceed in
2 steps. The incident neutron, on striking the target nucleus, first coalesces with it
to form a compound nucleus. If the target nucleus is # Z, the compound nucleus is
A+1Z . The compound nucleus may then decay in a number of ways. For example,
when 10-Me V neutrons strike an >°Fe target, the compound nucleus is ’Fe, and
this nucleus may decay by emitting an elastic or inelastic neutron, a y-ray, or two
neutrons. In symbols, these processes are

3Fe + n (elastic scattering)
56Fe + n’ (inelastic scattering)
5TFe + y (radiative capture)
3Fe + 2n (n, 2n reaction).

%Fe + n — (*’Fe)*
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One of the striking features of interactions that proceed by way of compound
nucleus formation is that their cross-sections exhibit maxima at certain incident
neutron energies. Such maxima are called resonances and arise in the following
way. It is recalled from Section 2.7 that nuclei have various excited states corre-
sponding to different configurations of nucleons in the nucleus. It turns out that the
incident neutron and target nucleus are more likely to combine and form a com-
pound nucleus if the energy of the neutron is such that the compound nucleus is
produced in one of its excited states. The resonances show up in the cross-section
because it is necessary to form the compound nucleus before the interaction can
proceed.

It is recalled from Section 2.11 that it takes energy—namely, the neutron
separation energy—to remove a neutron from a nucleus. This separation energy
reappears, however, when the neutron reenters the nucleus. Therefore, it follows
that when a neutron collides with a nucleus, the compound nucleus is formed in
an excited state having an energy equal to the kinetic energy of the incident neu-
tron plus the separation energy or binding energy of the neutron in the compound
nucleus.?

Elastic Scattering The elastic scattering cross-section as a function of
the energy of the incident neutron can be divided into three distinct regions. In the
first, low-energy region, o, is approximately constant. The scattering in this region
does not occur by compound nucleus formation, but merely because of the forces
exerted by the target nucleus on the passing neutron. The cross-section for this
potential scattering is given by

o, (potential scattering) = 4x R?, (3.22)

where R is the nuclear radius.

Beyond the potential scattering region, there is a region of resonances that is
due to compound nucleus formation. At still higher energies, the resonances crowd
together to such an extent that the individual resonances can no longer be resolved;
in this region, o, is a smooth and slowly varying function of energy.

Figure 3.4 shows these three regions for the target nucleus carbon. Carbon is
arelatively light nucleus. With heavier nuclei, the region of resonances is found at
lower energies. For example, the resonance region of 233U begins at only 6 e V and
ends at roughly 1 ke V.

Example 3.8

Using experimental elastic scattering data, estimate the radius of the C nucleus.

2This discussion is somewhat simplified, center-of-mass effects having been ignored. For a
more complete discussion, see Introduction to Nuclear Reactor Theory, noted in the references.
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Elastic and Total Cross Sections C MT = 12
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Figure 3.4 The elastic scattering and total cross-section of carbon.
(Plotted from data received over the Internet from the Korean Atomic
Energy Research Institute using ENDFPLOT and ENDF/B 6.1.)

Solution. From Fig. 3.4, it is observed that g, has the constant value of 4.8 b from
about 0.02 eV to0 0.01 Me V. This is due to potential scattering. Then from Eq. (3.22),
47R?> =48 x 107 and R = 6.2 x 10713 cm. [Ans.]

Inelastic Scattering This process does not occur unless the neutron has
sufficient energy to place the target nucleus in its first excited state.> As a result,
o; is zero up to some threshold energy. Generally speaking, the energy at which
the first excited state is found decreases with increasing mass number. As a conse-
quence, 0; is nonzero over a larger energy region for the heavier nuclei than for the
lighter nuclei. The threshold for inelastic scattering is 4.80 Me V for C, whereas it
is only 44 keV for 238U. At energies well above threshold, o; is roughly equal to oy.

Radiative Capture As in the case of elastic scattering, it is convenient
to divide the radiative capture cross-section into three regions. In the low-energy

3Because of center-of-mass effects, the threshold energy for inelastic scattering is actually
somewhat higher than the energy of the first excited state. Except for the very light nuclei, however,
this can be ignored.
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Radiative Capture Cross Section Au-197 MT = 102
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Figure3.5 The radiative capture cross-section of Au-197 atlow energy.
(From ENDF/B 6 plotted over the Internet using ENDFPLOT from the
Korean Atomic Energy Research Institute.)

region of most nuclei, o, variesat 1/ VE,where E is the neutron energy. Since the
neutron speed v is proportional to ~/E, this means that o, varies as 1/v. The low-
energy region of o, is therefore known as the 1/v region. Neutron cross-sections
are often plotted on a log-log scale, and a cross-section that is 1/ v then appears as
a straight line with a slope of —1/2. This can be seen in Fig. 3.5, in which the 1/v
region and the first resonance are shown for '’ Au. For a few important nuclei, o,
does not show exact 1/v behavior at low energy, and such nuclei are called non-1/v
absorbers.

Above the 1/v region, there is a region of resonances that occurs at the same
energies as the resonances in o;. Near an isolated resonance at the energy E,, o, is
given by the Breit—Wigner one-level formula:

_ Ve r.r,
4w (E — E,)2+T2/4

o, (3.23)
In this expression, y, is the wavelength of neutrons with energy E,, g is a constant
known as the statistical factor, T’y and I'y are constants called, respectively, the
neutron width and the radiation width,and I' = ', + I, is called the total width.
It is easy to show that o, falls to one half of its maximum value at the energies
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E, £ T /2. In short, I is the width of the resonance at one half its height, and this
is the origin of the term width.

Above the resonances region, which ends at about 1 keV in the heavy nuclei
and at increasingly higher energies in lighter nuclei, o,, drops rapidly and smoothly
to very small values.

Charged-Particle Reactions As a rule, the (n, p), (n, «), and other
charged-particle reactions are endothermic and do not occur below some threshold
energy. Their cross-sections also tend to be small, even above threshold, especially
for the heavier nuclei.

However, there are some important exothermic reactions in light nuclei. One
of these is the reaction '°B(n, a)’Li, the cross-section of which is shown in Fig.
3.6. It is observed that o, is very large at low energy; for this reason, !°B is often
used to absorb low-energy neutrons. It should also be noted in Fig. 3.6 that o, is
1/v over several orders of magnitude in energy.

A similar exothermic reaction that also shows a strong 1/v behavior is
®Li(n, )*H. This reaction is used for the production of tritium, 3H.

Some endothermic charged-particle reactions are important in reactors even
though their thresholds are high. In water reactors, for example, the °O(n, p)!®N

n- alpha Cross Section B-10 MT 107
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Figure 3.6 The cross-section for B-10, n-alpha reaction from 0.01 eV
to 10,000 eV. (From ENDF/B 6 using ENDFPLOT from the Korean
Atomic Energy Research Institute over the Internet.)
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reaction is the principal source of the radioactivity of the water (the !N under-
goes B-decay, with a half-life of approximately 7 secs, which is accompanied by
the emission of 6- to 7-Me V y-rays), despite that ordinarily only one neutron in
several thousand has an energy greater than the 9-Me V threshold for this reaction.

Total Cross-Section Since o, is the sum of all the other cross-sections,
the variation of o, with energy reflects the behavior of the individual component
cross-sections. In particular, at low energy, o, behaves as

o= AR+ -, (3.24)
VE
where C is a constant. The first term in this expression is the cross-section for
elastic scattering; the second term gives the cross-section for radiative capture or
whatever other exothermic reaction is possible at this energy. If the first term in
Eq. (3.24) is much larger than the second, then o, is a constant at low energy; if the
second term dominates, o, is 1/v in this energy region.

In the resonance region, o, exhibits the resonances found in o and g;, all of
which occur at the same energies in each of these cross-sections. At higher energies
above the resonance region, o, becomes a smooth and rolling function of energy,
as shown in Fig. 3.4.

Hydrogen and Deuterium The nuclei 'H and 2H, which are present
in large amounts in many nuclear reactors, interact with neutrons in a somewhat
different manner from other nuclei. For one thing, interactions with 'H and %H
do not involve the formation of a compound nucleus. They also do not have any
resonances. The cross-section, o;, is constant up to 10 KeV, and o, is 1/v at all
energies. Furthermore, these nuclei have no excited states ('H is, after all, only a
single proton), and so inelastic scattering does not occur.

Example 3.9
The value of o, for 'H at 0.0253 eV is 0.332 b. What is g, at 1 eV?

Solution. Since o, is 1/v, it can be written as

E
o, (E) = a,(Eo) ,/f",

where Ej is any energy. In this problem, o, is known as 0.0253 eV and so it is
reasonable to take this to be the value of Ej. Then

0.0253
o,(le V) = 0332 x ,/—1—

= 0.0528 b. [Ans.]
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Figure 3.7 Elastic scattering of a neutron by a nucleus.

3.6 ENERGY LOSS IN SCATTERING COLLISIONS

When a neutron is elastically scattered from a nucleus at rest, the nucleus recoils
from the site of the collision. The kinetic energy of the scattered neutron is there-
fore smaller than the energy of the incident neutron by an amount equal to the
energy acquired by the recoiling nucleus. In this way, neutrons lose energy in elas-
tic collisions even though the internal energy of the nucleus does not change.

The energy loss in elastic scattering can be found from the laws of conser-
vation of energy and momentum. Let E, p and E’, p’ be the kinetic energy and
(vector) momentum of the neutron before and after the collision, respectively, and
let E4 and P be the energy and momentum of the recoiling nucleus. The neutron is
scattered at the angle ©; the nucleus recoils at the angle ¢ (see Fig. 3.7).

In view of the fact that the collision is elastic, it follows that

E=FE + E,. (3.25)
The conservation of momentum, namely,
p=p +P,

can be depicted by the vector diagram shown in Fig. 3.8. Then by the law of
cosines,

P? = p? + (p')* — 2pp’ cos V. (3.26)

Figure 3.8 Vector diagram for conservation of momentum.
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From classical mechanics, P2 = 2M E,, p* = 2mE, and p” = 2mE’, where M
and m are the masses of the nucleus and neutron, respectively. Equation (3.26) can
then be written as

ME4, =mE +mE' —2m~EE’ cos 0. 3.27)

Since M /m is approximately equal to A, the atomic mass number of the nucleus,
Eq. (3.27) is equivalent to

AE, = E+ E —2+EE'cos ¥.
Next, introducing E 4 from Eq. (3.25) gives, when arranged,
(A+ 1)E' —2vEE'cos® — (A — 1D)E =0.

This equation is quadratic in +/ E’ and has the solution

E 2
E'=Gaapleos? + JA? —sin? 9] (3.28)

It is of some interest to consider the consequences of Eq. (3.28). In a grazing
collision, ¥ is approximately equal to zero, and Eq. (3.28) gives E' = E. As would
be expected, there is no energy loss in such a collision. Except for the special
case of hydrogen, which must be considered separately, it follows from Eq. (3.28)
that the minimum value of E’, (E")min, occurs when ¢ = . The neutron is then
scattered directly backward and suffers the largest possible loss in energy. For ¢ =
w, Eq. (3.28) gives

(Emin = A-1l 2E- E (3.29)
min — A+l =aL, .
where
o— (A1 i (3.30)
T \A+1 '

is called the collision parameter. Values of « are given in Table 3.1.

The scattering of neutrons by hydrogen is unique because the masses of the
neutron and hydrogen nucleus (proton) are essentially equal. It is not difficult to
show from classical mechanics, and, indeed, it is a common observation, that a
particle striking another particle of the same mass, which is initially at rest, cannot
be scattered through an angle greater than 90° The minimum energy of neutrons
scattered from hydrogen must therefore be found by placing # = 7 /2 in Eq. (3.28),
and this gives

(E/)rnin =0.
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TABLE 3.1 COLLISION PARAMETERS

Nucleus Mass No. o 13
Hydrogen 1 0 1.000
H,0 * 0.920t
Deuterium 2 0.111 0.725
D,0 * 0.509t
Beryllium 9 0.640 0.209
Carbon 12 0.716 0.158
Oxygen 16 0.779 0.120
Sodium 23 0.840 0.0825
Iron 56 0.931 0.0357
Uranium 238 0.983 0.00838
*Not defined.

TAn appropriate average value.

Since this result could have also been obtained by placing A

(3.29), it may be concluded that

(El)min =aFE

is valid for all nuclei, including hydrogen.

Chap. 3

1 in Eq.

(3.31)

It is also of interest to know the average energy of an elastically scattered
neutron. This computation is more difficult than that of maximum and minimum
energies and is not given here. It can be shown, however, that for scattering by
light nuclei, including hydrogen, and at most of the neutron energies of interest in
nuclear reactors, the average energy of the scattered neutron is given approximately

by

E'=31(1+0a)E.

The average energy loss, AE then

AE =E—E'

1
=11 -0k,

and the average fractional energy loss is

E
E

_— = %(1 —a).

(3.32)

This equation is also valid for the heavier nuclei, but not for high-energy neutrons.
With 28U, for example, Eq. (3.32) is not accurate much above an energy of 100
keV. At higher energies, the energy loss in collisions with the heavier nuclei is less

than that predicted by Eq. (3.32).
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From Eq. (3.30) and Table 3.1, it is observed that « is zero for A = 1 (hy-
drogen) and increases monotonically to unity with increasing A. In view of Eq.
(3.30), it follows that the average fractional energy loss decreases from % in the
case of hydrogen to almost zero for the heavy nuclei. Thus, on the average, a neu-
tron loses one-half of its energy in a collision with hydrogen. When scattered by
carbon, since @ = 0.716, it loses about 14% of its energy, while in a collision with
uranium, o = 0.983, a neutron loses less than 1% of its energy. In short, neutrons
lose less and less energy the heavier the target nucleus is. It is often necessary
to slow down fast neutrons—a process known as moderation. From the foregoing
discussion, it is clear that materials of low mass number are most effective for this
purpose since the neutrons slow down most rapidly in such media.

Neutrons also lose energy through inelastic collisions, as a result of both re-
coil and internal excitation of the target nucleus. Since the threshold energy for in-
elastic scattering is so high in light nuclei (usually on the order of several Me V—it
does not occur at all in hydrogen), moderation by inelastic scattering is less im-
portant than by elastic scattering in these nuclei. With the heavier nuclei, however,
the inelastic threshold is much lower, and inelastic scattering is often the principal
mechanism for neutron moderation.

In many reactor calculations, especially in connection with neutron modera-
tion, it is convenient to describe neutron collisions in terms of a new variable called
lethargy. This quantity is denoted by the symbol u and is defined as

u = In(Ey/E), (3.33)

where E ), is an arbitrary energy—usually that of the highest energy neutron in
the system. From Eq. (3.33), it should be noted that, at high energy, a neutron’s
lethargy is low; as it slows down and E decreases, its lethargy increases.

The average change in lethargy in an elastic collision, Au, like the average
fractional energy loss [see Eq. (3.32)], is independent of the energy of the incident
neutron. The quantity Au appears in many nuclear engineering calculations and is
denoted by the symbol £. By a derivation that is too lengthy to be given here, it can
be shown that £ is given by

A—1)? A+1
g=1—( 2A) 1n<At1), (3.34)

where A is the mass number of the target nucleus. Except for small values of A, &
is well approximated by the simple formula

2
A+¥

£~ (3.35)

Even for A = 2, Eq. (3.35) is off by only about 3%. Exact values of £ are given in
Table 3.1
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Example 3.10

A 1-Me V neutron is scattered through an angle of 45° in a collision with a 2H nu-
cleus. (a) What is the energy of the scattered neutron? (b) What is the energy of the
recoiling nucleus? (c) How much of a change in lethargy does the neutron undergo
in this collision?

Solution

1. Substituting E = 1 Me V, A = 2, and ¢ = 45° into Eq. (3.28) gives immedi-
ately E’ = 0.738 Me V. [Ans.]

2. Since the collision is elastic (inelastic scattering does not occur with 2H), the
recoil energy is £4 = 1.000 — 0.738 = 0.262 Me V. [Ans.]

3. The lethargy going into the collision is u = In(Eys/E) and coming out is u’ =
In(Ep/E"). The change in lethargy is therefore Au = ' —u = In(E/E’) —
In(1/0.738) = 0.304 (a unitless number). [Ans.]

Polyenergetic Neutrons In Sections 3.2 and 3.3, the rate at which neu-
trons undergo collision in a target was calculated on the assumption that the inci-
dent neutrons were monoenergetic. This can easily be generalized to neutrons that
are not monoenergetic, but have a distribution in energy.

For this purpose, let n(E)dE be the number of neutrons per cm® with en-
ergies between E and E + dE in a neutron beam incident on a thin target. The
intensity of these neutrons is

dI(E) =n(E)v(E)dE, (3.36)

where v(E) is the speed corresponding to the energy E. According to Eq. (3.8),
this beam interacts in the target at a rate of

dF(E) =n(E)v(E)X,(E)dE

collisions per cm3/sec, where X,(E) is the macroscopic total cross-section. The
collision density is then

F :/n(E)v(E)Z,(E)dE, (3.37)

in which the integration is carried over all energies in the beam.

To compute the interaction rate for a particular type of interaction, it is merely
necessary to replace X,(E) in Eq. (3.37) by the appropriate cross-section. An es-
pecially important case is the absorption of thermal neutrons—that is, neutrons
whose energies are distributed according to the Maxwellian function described in
Section 2.13. These neutrons are found in certain types of nuclear reactors called
thermal reactors, which are discussed in Chapters 4 and 6. The absorption rate in
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a beam of thermal neutrons is
F,= /n(E)v(E)Ea(E)dE, (3.38)

where X,(E) is the macroscopic absorption cross-section and the integral is eval-
uated at thermal energies up to about 0.1 eV.

In Section 3.5, it was pointed out that at low energies most nuclei exhibit
1/v absorption, either as the result of radiative capture or some other absorption
reaction. At these energies, X,(E) can be written as

So(E) = Ba(Eo)— (3.39)
a - a 0 v ( E) B .

where E is an arbitrary energy and vy is the corresponding speed. When Eq. (3.39)
is introduced into Eq. (3.38), the v(E) cancels so that

F, = Za(EO)vO/n(E)dE. (3.40)

The remaining integral is equal to the total density of thermal neutron, n, and Eq.
(3.40) reduces to

Fa = Ea(Eo)nvo. (341)

Equation (3.41) shows that for a 1/v absorber, the absorption rate is inde-
pendent of the energy distribution of the neutrons and is determined by the cross-
section at an arbitrary energy. Furthermore, it may be concluded from Eq. (3.41)
that, although the neutrons have a distribution of energies, the absorption rate is the
same as that for a monoenergetic beam of neutrons with arbitrary energy Ey and
intensity nvg.

In view of these results, it has become standard practice to specify all absorp-
tion cross-sections 1/v or not, at the single energy of Ey = 0.0253 eV. The corre-
sponding speed is vo = 2,200 meters/sec. Values of cross-sections at 0.0253 eV are
loosely referred to as thermal cross-sections. These are tabulated in a number of
places, including the chart of nuclides; an abridged table is found in Appendix II.

This quantity nvp in Eq. (3.41) is called 2,200 meters-per-second flux and is
denoted by ¢o; that is

¢0 = nyg. (342)
The absorption rate is then simply

Fa = Xa(Eo)do. (3.43)
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Although only a comparatively few nuclei are non-1/v absorbers, these nuclei
are usually important in nuclear systems since their cross-sections tend to be rather
high. The absorption rate for such nuclei is again given by Eq. (3.38), but now
the integral cannot be simplified as it was in the 1/v case. In particular, F, now
depends on the function n(E) as well as X,(E). However, by assuming that n(E)
is the Maxwellian function, C. H. Westcott computed F, numerically for all of
the important non-1/ v absorbers. The resulting value of F, is a function of the
temperature of the neutron distribution and is given in the form

Fo = ga(T) Za(Eo) o, (3.44)

where g, (T), which is called the non-1/v factor, is a tabulated function and X, (Ey)
is again the absorption cross-section at 0.0253 eV. A short table of non-1/v factors
is given in Table 3.2.

Although the prior results were derived for a beam of neutrons incident on a
thin target, they apply equally well to the more complicated situation found in many
nuclear systems in which the neutrons are moving in all directions. In particular,
the 2,200 meters-per-second flux is defined at any point where there are n thermal
neutrons per cm?, and Eq. (3.43) or (3.44) can be used to compute the absorption
rate at such a point.

Example 3.11

A small indium foil is placed at a point in a reactor where the 2,200 meters-per-
second flux is 5 x 10'? neutrons/cm?-sec. The neutron density can be represented by
a Maxwellian function with a temperature of 600°C. At what rate are the neutrons
absorbed per cm? in the foil?

Solution. From Table I1.3 in Appendix II, N = 0.0383 x 10** and 0,(Ep) = 194 b
so that X, (Ep) = 0.0383 x 194 = 7.43 cm~! However, indium is non-1/v and from
Table 3.2, g,(600°C) = 1.15. From Egq. (3.44), it follows that

F, =1.15 x 7.43 x 5 x 10'? = 4.27 x 10" neutrons/cm3-sec. [Ans.]

3.7 FISSION

It was shown in Section 2.11 that the binding energies of nuclei per nucleon de-
crease with increasing atomic mass number, for A greater than about 50. This
means that a more stable configuration of nucleons is obtained whenever a heavy
nucleus splits into two parts—that is, undergoes fission. The heavier, more unsta-
ble nuclei might therefore be expected to fission spontaneously without external
intervention. Such fissions do occur.

It is interesting to examine the origin of the decrease in the binding energy
per nucleon with increasing A. Figure 3.9 shows the terms in the binding energy per
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Figure 3.9 Components of the binding energy per nucleon based on
the semi-empirical mass formula.

nucleon curve as determined from the liquid drop model of the atom. The decrease
in binding energy per nucleon is largely due to the coulomb term overcoming the
volume term. The volume term represents the binding due to the strong nuclear
forces. It is the coulomb repulsion, then, that is largely responsible for fission.

Although heavy nuclei do spontaneously fission, they do so only rarely. For
fission to occur rapidly enough to be useful in nuclear reactors, it is necessary to
supply energy to the nucleus. This, in turn, is due to the fact that there are attractive
forces acting between the nucleons in a nucleus, and energy is required to deform
the nucleus to a point where the system can begin to split in two. This energy is
called the critical energy of fission and is denoted by E;;. Values of E;, are given
in Table 3.3 for several nuclei.

Any method by which energy E; is introduced into a nucleus, thereby caus-
ing it to fission, is said to have induced the fission. The most important of these is
neutron absorption. It is recalled from Sections 2.11 and 3.5 that when a neutron
is absorbed the resulting compound nucleus is formed in an excited state at an en-
ergy equal to the kinetic energy of the incident neutron plus the separation energy
or binding energy of the neutron in the compound nucleus. If this binding energy
alone is greater than the critical energy for fission of the compound nucleus, then
fission can occur with neutrons having essentially no kinetic energy. For example,
according to Table 3.3, the binding energy of the last neutron in 2*¢U is 6.4 Me V,
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TABLE 3.3 CRITICAL ENERGIES FOR FISSION, IN Me V

Fissioning Binding Energy of
Nucleus 4 Z Critical Energy Last Neutron in 4 Z
2Th 5.9 *

3Th 6.5 5.1

By 5.5 *

By 4.6 6.6

By 5.75 *

Boy 53 6.4

BéyY 5.85 *

»y 5.5 4.9

239Pu 55 *

240py, 4.0 6.4

*Neutron binding energies are not relevant for these nuclei since

they cannot be formed by the absorption of neutrons by the nuclei

A-1 Z.
whereas E.q is only 5.3 Me V. Thus, when a neutron of zero kinetic energy is
absorbed by 23°U, the compound nucleus, 226U, is produced with 1.1 Me V more
energy than its critical energy, and fission can immediately occur. Nuclei such as
235U, that lead to fission following the absorption of a zero-energy neutron, are
called fissile. Note, however, that although it is the 233U that is said to be fissile, the
nucleus that actually fissions in this case is the 22U. From Table 3.3 it is evident
that 23U and 2*°Pu (plutonium-239) are also fissile. In addition, 2! Pu and several
other nuclei not indicated in the table are also fissile.

With most heavy nuclei other than 2**U, 233U, 23°Pu, and ?*! Py, the binding
energy of the incident neutron is not sufficient to supply the compound nucleus
with the critical energy, and the neutron must have some kinetic energy to induce
fission. In particular, this is always the case when the struck nucleus contains an
even number of nucleons since the binding energy of the incident neutron to an
even-A nucleus is always less than to an odd-A nucleus. (This odd—even variation
in binding energy is evident in Table 3.3.) For instance, the binding energy of the
last neutron in 2*U is only 4.9 Me V, and this is the excitation of the compound
nucleus formed when a neutron of zero kinetic energy is absorbed by 23U. Since
Ei for U is 5.5 Me V, it is clear that fission cannot occur unless the neutron
incident on the 238U has an energy greater than about 0.6 Me V. Nuclei such as
238y, which do not fission unless struck by an energetic neutron, are said to be
fissionable but nonfissile. For reasons that are clear later in this book, the nonfissile
isotopes such as 233U cannot alone be used to fuel nuclear reactors, and it is the
fissile isotopes, especially 233U and 23°Pu, that are the practical fuels of nuclear
power.

The semi-empirical mass formula discussed in Chapter 2 may be used to ex-
amine the dependence of the critical energy given in Table 3.3. For the case of 23°U,
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the critical energy is obtained by calculating the Q-value for the reaction using the
semi-empirical mass formula. The origin of the variation in critical energy is evi-
dent by comparing the value of the odd—even term as A is increased from 233 to
238.

Fission Cross-Sections The cross-sections of fissile nuclei for neutron-
induced fission resemble radiative capture cross-sections in their dependence on
the energy of the incident neutron. Thus, as seen in Fig. 3.10, where o is given for
235U, there are three distinct regions to the cross-section. At low energy, o ris 1/v
or nearly so; this is followed by a region of resonances; finally, above the resonance
region, o ¢ is smooth and rolling. It should be noted that o is especially large in
the 1/v region.

The fission cross-sections of fissionable but nonfissile nuclei, by contrast, are
zero up to a threshold energy, which always occurs above the resonance region.
As aresult, o is relatively smooth at all energies. This is illustrated in Fig. 3.11,
where o is shown for 238U.

Uranium 235 Fission Cross Section MT = 18

—

T T T T T AR S e | T T T T Ty
-

PR Y

103 4

Cross Section (barns)

10% | .

101 1 ol I a1 oaaal " a0 a gl 1 PR S S S AU
1074 1073 1072 107! 10°

Neutron Energy (eV)

Figure 3.10a The fission cross-section of U-235; see continuation on
next three pages. (Plotted from ENDF/B 6 using ENDFPLOT over the
Internet from the Korean Atomic Energy Research Institute.)
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Figure 3.11 The fission cross-section of U-238. (Plotted using

ENDF/B 6 and ENDFPLOT over the Internet from Korean Atomic En-
ergy Research Institute.)

It should not be implied from the foregoing discussion that, when a neutron
collides with a fissile nucleus, or with a fissionable but nonfissile nucleus above
the fission threshold, the result is always fission. This is not the case; neutrons in-
teracting with these nuclei may be scattered, elastically or inelastically, they may
be absorbed in radiative capture, and so on. The cross-sections for all of these
processes have been measured and are found in ENDF/B 6. However, with fissile
nuclei at low energies, only three interactions are possible: elastic scattering, radia-
tive capture, and, of course, fission. The value of o is much smaller than either o,
or oy, so that radiative capture and fission are by far the more probable events. The
ratio of the cross-sections of these two processes is called the capture-to-fission
ratio and is denoted by the symbol ¢, that is,

2

af

(3.45)

o =

This parameter, which is a function of energy, has an important bearing on the
design of many reactors. Values of « for the fissile nuclei at 0.0253 e V are given
in Table 3.4, along with the cross-sections for these nuclei.
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TABLE 3.4 THERMAL (0.0253 e V) DATA FOR THE FISSILE NUCLIDES*

A af a n v
™y 578.8 531.1 0.0899 2.287 2.492
By 680.8 582.2 0.169 2.068 2.418
Bopy 1011.3 742.5 0.362 2.108 2.871
2#ipy 1377 1009 0.365 2.145 2917

*From Neutron Cross-Sections, Brookhaven National Laboratory report BNL-325, 3rd ed., 1973.
Yo, = o, +o0y.

Fission Products It should be expected on intuitive grounds, and it can
be shown from elementary calculations of the energies involved, that a fissioning
nucleus should split more or less in half. In fact, such symmetric fission is a rare
event. Fission is almost always asymmetric, so that the masses of the two fragments
are substantially different. This is indicated in Fig. 3.12, where the fission-product
yield, that is, the percent of the fission fragments produced with a given mass num-
ber, is shown as a function of A for fission induced by thermal neutrons in >33U. It
should be noted that the figure is plotted on the logarithmic scale so that the fission-
product distribution is more strongly asymmetric than it would at first appear. With
the increasing energy of the incident neutron, fission becomes more symmetric.
This is illustrated in Fig. 3.12 by the yield of fission products arising from fission
induced by 14 Me V neutrons.
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Figure 3.12 Fission-product yields for thermal and 14-MeV fission
neutrons in U-235.
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When the fission products are initially formed, they are excessively neutron
rich; they contain more neutrons than are necessary for their stability. As a result,
they decay by emitting a sequence of negative S-rays, which are accompanied by
various y-rays. For example, the isotope !'°Pd (palladium-115) is produced di-
rectly in fission and decays by the chain

Hspg 25 1spg 25 15cg 5 15T (stable).

Many fission-product decay chains of this kind have been identified and can
be deduced from the data on the chart of the nuclides.

The radioactivity of the fission products is the cause of a number of problems
in the utilization of nuclear energy. For one thing, fission products accumulate in
an operating reactor as the fuel undergoes fission, and elaborate precautions must
be taken to ensure that they do not escape to the surrounding environment. Further-
more, the heat released by decaying fission products may be so great that a reactor
must be cooled after shutdown to prevent damage to the fuel. The continuing emis-
sion of radiation from the fission products also tends to make parts of a reactor
highly radioactive. When removed from a reactor, these parts must be cooled while
being stored prior to disposal or processing.

The quantitative aspects of fission-product decay are complicated by the fact
that hundreds of different radioactive nuclides are produced in fission, each with its
own characteristic half-life and decay radiation. For many purposes, however, the
following expressions may be used to represent approximately the overall decay
of the fission products. Thus, the rates at which S-rays and y-rays are emitted in
the time interval from about 10 seconds to several weeks after a single fission are
given by

Rate of emission of B-rays =~ 3.8 x 107%~!2B-rays/sec, (3.46)

Rate of emission of y-rays >~ 1.9 x 10‘6t_l'2y-rays/sec, (3.47)

where ¢ is the time after fission in days.

To express the prior disintegration rates in units of curies, it is merely neces-
sary to note that each B-ray originates in the decay of a nuclide. Then since 1 Ci
= 3.7 x 10'%isintegrations/sec, the fission-product activity ¢ days after 1 fission is

Fission product activity ~ 3.8 x 107%:712/3.7 x 10'°
=1.03 x 10716712 Ci. (3.48)

It is often necessary to calculate the total fission-product activity that accu-
mulates in the fissile fuel of an operating reactor. Suppose, for example, that the
reactor has been operating at a constant power of P megawatts (MW) for T days
and is then shut down. To determine the activity of the fission products ¢ days after
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Figure 3.13 Diagram for computing fission-product activity.

shutdown, it is necessary to integrate Eq. (3.48) over the appropriate time span.
Let s be the interval in days from the time when a fission occurs to the time that
the activity of its fission fragments is measured (see Fig. 3.13). It is shown later
in this section that at a power level of P MW the total fission rate is 2.7 x 10?! P
fissions per day. The number of fissions occurring in time ds is then 2.7 x 102! Pds
fissions. From Eq. (3.48), the activity s days later is

27 x 102 Pds x 1.03 x 107165712 = 0.28 x 10°Ps~ 2 ds Ci.

The total activity at ¢ is then
+T
Fission product activity = 0.28 x 10°P / s712ds
t

=14 x10°P[t %% — (¢t +T) %% Ci. (3.49)

The prior equations may be used to compute the activity of a single fuel rod
that has been left in a reactor for ¢ days and then removed. In this case, P is the
power produced by the fuel rod in megawatts and ¢ is the time in days since its
removal from the reactor.

It is somewhat more difficult to analytically calculate the total energy re-
leased by fission products since, for one thing, the energy spectrum of the emitted
radiation changes in time as these nuclides decay. For rough estimates, the average
energies of the 8- and y-rays are sometimes taken to be 0.4 Me V and 0.7 Me V, re-
spectively. The rate of energy release from the decaying fission products following
one fission is then

Decay energy rate ~ 2.8 x 107%~1*Me V/sec, (3.50)

where ¢ is again in days. However, a far better procedure is to use actual experi-
mental data on energy release. This method is discussed in detail in Chapter 8 (see
Section 8.1).

Example 3.12

The total initial fuel loading of a particular reactor consists of 120 fuel rods. After
the reactor has been operated at a steady power of 100 MW for 1 year, the fuel is
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removed. Assuming that all rods contribute equally to the total power, estimate the
activity of a fuel rod 1 day after removal.

Solution. In Eq. (3.49), P =100, = 1,and ¢t + T = 1 + 365 = 366. The activity
of all fuel rods 1 day after removal is then

1.4 x 10% x 100 x [(1)7°? — (366)%?] = 1.4 x 108(1 — 0.307) = 9.7 x 10 Ci.
One rod would have an activity of

9.7 x 107/120 = 8.1 x 10° Ci. [Ans.]

Fission Neutrons Most of the neutrons released in fission (usually more
than 99%) are emitted essentially at the instant of fission. These are called prompt
neutrons, in contrast to delayed neutrons, which are released comparatively long
after the fission event.

The average number of neutrons, both prompt and delayed, released per fis-
sion is given the symbol v. Values of v for fission induced by 0.0253-e V neutrons
are given in Table 3.4. As the energy of the incident neutron is raised, v increases
slowly. One additional neutron is emitted for every 6- to 7-Me V increase in neutron
energy.

For later use in reactor calculations, it is convenient to define the parameter 7,
which is equal to the number of neutrons released in fission per neutron absorbed
by a fissile nucleus. Since radiative capture competes with fission, n is always
smaller than v. In particular, n is equal to v multiplied by the relative probability
(of/04) that an absorption leads to fission (see Example 3.2) or

gf g9f

n=v—=vyv———.
(o o, toy

(3.51)
In terms of «, the capture-to-fission ratio (see Eq. 3.45), this can be written as
v
T l4a
For a mixture of fissile or fissile and nonfissile nuclides, n is defined as the
average number of neutrons emitted per neutron absorbed in the mixture. In this
case, 7 is given by

n (3.52)

1
n= E—azi:v(i)zf(i), (3.53)

where v(i) and X (i) are the value of v and the macroscopic fission cross-section
for the ith nuclide, respectively, and %, is the macroscopic cross-section for the
mixture. It should be noted that v(i), X (i) and %, in Eq. (3.53) must be computed
at the energy of the neutrons inducing the fission. For example, if the fuel is a
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mixture of 23°U and 238U and the fissions are induced by low-energy neutrons, then

_ v(235)%,(235)
7= £.(235) + 2,(238)°

(3.54)

There are no terms involving 2*3U in the numerator because this nuclide does not
fission with low-energy neutrons. However, if this same fuel were used in a fast
reactor (see Section 4.2), in which the fissions are induced by highly energetic
neutrons, 7 would be

_ v(235)X,(235) + v(238) X £(238)
N %,(235) + £,(238) '

In this expression, all quantities are computed at the elevated energies.

(3.55)

Example 3.13

Calculate the value of n for natural uranium at 0.0253 e V.

Solution. Written out in detail, Eq. (3.54) is

_ V(235)N (235)0£(235)
"~ N(235)0,(235) + N(238)0,(238)

n

According to Eq. (2.61), the atom density of an isotope is proportional toits isotopic
abundance y, so that
_ v(235)y (235)0(235)
1= 5 (235)04(235) + 7 (238)04(238)

Introducing data from Table 3.4 and Table I1.2 of Appendix II gives

| 2418 x0.72 x 582.2
7= 0.72 x 680.8 + 99.26 x 2.70

[Note: For reasons discussed in Chap. 6, this is not precisely the value used in reactor
problems involving natural uranium; see Example 6.11.]

= 1.34. [Ans.]

The prompt fission neutrons are emitted with the continuous energy spectrum
shown in Fig. 3.14. This spectrum is well described by the function

X (E) = 0.453¢™"036E 5inh /2.29E, (3.56)

where x (E) is defined so that x (E) dE is the fraction of the prompt neutrons with
energies between E and E+dFE and E is in Me V. The function x (E) is normalized
so that

/oox(E)dEzl.
0
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Figure 3.14 The prompt neutron spectrum.

The average energy E of the prompt neutrons can be found from the integral
_ o0
E = / E x(E)dE =198MeV
0

The most probable energy, corresponding to the peak of the x (E) curve, is 0.73
Me V.

Although delayed neutrons ordinarily comprise less than 1% of the neutrons
released in fission, they play an important role in the control of nuclear reactors, as
is seen in Chapter 7. These neutrons originate in the decay by neutron emission of
nuclei produced in the B-decay of certain fission products. For example, when the
fission-product 8’Br decays to 87K, the latter may be formed in an excited state. In
this case, the least bound neutron in the #Kr is not bound at all and is ejected from
the nucleus with an energy of about 0.3 Me V. This neutron is emitted as soon as
the excited state is formed. Therefore, it appears to be emitted with the 54.5-sec
half-life of the Br.

Nuclei such as 3 Br are called delayed-neutron precursors. There are believed
to be about 20 such precursors, most of which have now been positively identified.
The precursors can be divided into 6 groups, each with its own characteristic half-
life. The group half-lives and decay constants are given in Table 3.5 for low-energy
(thermal) fission in 2>U. Also included in the table are the observed yields (neu-
trons per fission) of the delayed neutrons in each group, together with the delayed-
neutron fractions 8;. The quantity §; is defined as the fraction of all of the fission
neutrons released in fission that appear as delayed neutrons in the ith group. In
other words, B; is the absolute neutron yield of the ith group divided by v. The
total delayed fraction S is the sum of all the g;.
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TABLE 3.5 DELAYED NEUTRON DATA FOR THERMAL FISSION IN 25U*

Half-Life Decay Constant Energy Yield, Neutrons Fraction
Group (sec) 0, sec™h) (ke V) per Fission (B)

1 55.72 0.0124 250 0.00052 0.000215
2 2272 0.0305 560 0.00346 0.001424
3 6.22 0.111 405 0.00310 0.001274
4 2.30 0.301 450 0.00624 0.002568
5 0.610 1.14 0.00182 0.000748
6 0.230 3.01 0.00066 0.000273

Total yield: 0.0158
Total delayed fraction (8): 0.0065

*Based in part on G. R. Keepin, Physics of Nuclear Kinetics, Reading, Mass.: Addison-Wesley,
1965.

Prompt v-Rays At the instant of fission, a number of y-rays are emitted
from the fissioning nucleus. These are referred to as prompt y-rays to distinguish
them from the fission-product y-rays. The energy spectrum of the prompt y-rays
is approximately the same as the spectrum of the fission-product y-rays.

The Energy Released in Fission

In discussing the energy of fission, it is important to distinguish between the total
energy released in the process and the energy that can be recovered in a reactor and
is therefore available for the production of heat. The recoverable energy and the
total energy, in general, are different. This is illustrated in Table 3.6, which gives a
breakdown of the component energies as they occur in the neutron-induced fission
of 2°U.

TABLE 3.6 EMITTED AND RECOVERABLE ENERGIES FOR FISSION OF U

Emitted Energy, Recoverable Energy,

Form MeV MeV
Fission fragments 168 168
Fission-product decay

B-rays 8 8

y-rays 7 7

neutrinos 12 —
Prompt y-rays 7 7
Fission neutrons (kinetic energy) 5 5
Capture y -rays 3-12

Total 207 198-207
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As indicated in the table, most (almost 85%) of the energy released in fission
appears as the kinetic energy of the fission fragments. These fragments come to
rest within about 10~3cm of the fission site so that all of their energy is converted
into heat. The energies of the fission-product B-rays and y-rays, the prompt and
delayed neutrons, and the prompt y-rays are also recoverable since almost none of
these radiations ever escape from a nuclear power system. However, the neutrinos
that accompany S-decay interact only slightly with matter and escape completely
from every nuclear device. Their energy of almost 12 Me V per fission is therefore
irrevocably lost for practical purposes.

Because most fission neutrons remain within the confines of a reactor, these
neutrons are eventually captured by the nuclei in the system. It is shown in the next
chapter, however, that one of the v-neutrons emitted per fission must be absorbed
by a fissionable nucleus and produce another fission in order for a nuclear reactor
to remain in operation. Therefore, it follows that the remaining (v — 1) neutrons per
fission must be absorbed parasitically in the reactor, that is, absorbed in a nonfission
reaction. Each absorption usually leads to the production of one or more capture
y-rays, whose energies depend on the binding energy of the neutron to the com-
pound nucleus. Since v is approximately 2.42 for 2>U (its precise value depends
on the energy of the neutrons causing the fission), this means that, from about 3 to
12 Me V of capture, y-radiation is produced per fission depending on the materials
used in the reactor. All this y-ray energy is, of course, recoverable. It is observed in
Table 3.6 that the energy of the capture y-rays compensates to some extent for the
energy lost by neutrino emission. In any case, the recoverable energy per fission
is approximately 200 Me V. In the absence of more accurate data, this is the value
that is normally used at least in preliminary calculations.

Consider now a reactor in which the energy from the fission 33U is released
at the rate of P megawatts. In other words, the reactor is operating at a thermal
power of P megawatts. With a recoverable energy per fission of 200 Me V, the rate
at which fissions occur per second in the entire reactor is

10° joul fissi
Fission rate = P MW x joures X Sston
MW-sec 200 MeV
MeV 86,400 sec

X - X
1.60 x 10-13 joule day
= 2.70 x 10%! P fissions/day.

To convert this to grams per day fissioned, which is also called the burnup rate,
it is merely necessary to divide by Avogadro’s number and multiply by 235.0, the
gram atomic weight of 233U. This gives simply

Burnup rate = 1.05P g/day. (3.57)
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Thus, if the reactor is operating at a power of 1 MW, the 233U undergoes fission
at the rate of approximately 1 g/day. To put this another way, the release of 1
megawatt/day of energy requires the fission of 1 g of 23°U.

It must be remembered, however, that fissile nuclei are consumed both in
fission and radiative capture. Since the total absorption rate is 0,/0f = (1 + a)
times the fission rate, it follows from Eq. (3.57) that 235U is consumed at the rate
of

Consumption rate = 1.05(1 + «) P g/day. (3.58)

For 233U, the thermal value of & is 0.169. Equation (3.58) shows that this isotope
is consumed at the rate of about 1.23 g/day per megawatt of power if the fissions
are induced primarily by thermal neutrons.

Example 3.14

The energy released by the fissioning of 1 g of 2>3U is equivalent to the combustion
of how much (a) coal with a heat content of 3 x 10’ J/kg (13,000 Btu/lb) and (b) oil
at 4.3 x 107 J/kg (6.5 x 10° Btu/barrel)?

Solution. According to the prior discussion, the fissioning of 1 g of 2>3U releases
approximately 1 megawatt/day = 24,000 kWh = 8.64 x 10'° J.

1. This energy is also released by

8.64 x 1010
ﬁ =288 x 10° kg = 2.88 metric tons

= 3.17 ST (short tons) of coal. [Ans.]

2. Interms of oil this is also

8.64 x 1010
- =2.00x10*kg=12.00t
4.3 x 107

= 12.6 barrels. [Ans.]

3.8 ~v-RAY INTERACTIONS WITH MATTER

Although the term y-ray is normally reserved for radiation emitted by nuclei and
x-ray refers to radiation originating in transitions of atomic electrons, both forms of
radiation are called y -rays in the present section. There is, of course, no fundamen-
tal difference between the two radiations, per se, as they are both electromagnetic
radiation.

Gamma rays interact with matter in several ways. Ordinarily, however, only
three processes must be taken into account in nuclear engineering problems. These
are the photoelectric effect, pair production, and Compton effect.
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The Photoelectric Effect In the photoelectric effect, the incident y -ray
interacts with an entire atom, the y -ray disappears, and 1 of the atomic electrons is
ejected from the atom. The atom recoils in this process, but carries with it very little
kinetic energy. The kinetic energy of the ejected photoelectron is therefore equal to
the energy of the photon less the binding energy of the electron to the atom—that
is, the ionization energy for the electron in question.

If a y-ray succeeds in ejecting an inner atomic electron, the hole in the elec-
tronic structure is later filled by a transition of 1 of the outer electrons into the
vacant position. This transition is accompanied by the emission of x-rays charac-
teristic of the atom or by the ejection of an Auger electron (see Section 2.7).

The cross-section per atom for the photoelectric effect is denoted by the sym-
bol ;.. This cross-section can be used in the same way as the neutron cross-
sections discussed in the preceding sections. Thus, if I is the intensity of y-rays
incident on a thin target containing N atoms per cm?, then  Nop. is the number of
photoelectric interactions/cm3-sec.
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Figure 3.15 The photoelectric cross-section of lead as a function of
gamma ray energy.
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The cross-section ope depends both on the energy E of the incident photon
and the atomic number Z of the atom. Figure 3.15 shows oy, for lead as a function
of E. It should be noted that oy rises to very large values at low energy—Iless than
1 Me V. Photons in this energy region obviously do not penetrate far into a lead
target (or shield).

As also indicated in Fig. 3.15, there are a number of discontinuities in oy at
low energy. These are called absorption edges and correspond to energies below
which it is not possible to eject certain electrons from the lead atom. For instance,
below the K -edge, the incident photon does not have sufficient energy to eject a K -
electron—the most tightly bound electron. The next most tightly bound electrons
after the K -electrons are the L-electrons. For reasons unimportant to the present
discussion, these electrons have three slightly different ionization energies. The
three edges denoted in the figure as L;, L;;, and L;;; correspond to the minimum
photon energies required to eject the 3 differently bound L-electrons. Above the
edges, that is, above the K -edge, op. drops off roughly as E—3

The photoelectric cross-section depends strongly on Z, varying as

Ope ~ Z" (3.59)

where n is the function of E shown in Fig. 3.16. Because of the strong dependence
of a;,c on Z, the photoelectric effect is of greatest importance for the heavier atoms,
such as lead, especially at lower energies.

Pair Production In this process, the photon disappears and an electron
pair—a positron and a negatron—is created. Since the total rest-mass energy of the
2 electrons is 2m,c? = 1.02 Me V, this effect does not occur unless the photon
has at least this much energy. Above this threshold, the cross-section for a pair
production, oy, increases steadily with increasing energy, as shown in Fig. 3.17,
where the pair production cross-section is shown for lead.

Since pair production is an electromagnetic interaction, it can take place only
in the vicinity of a Coulomb field. At most y-ray energies of interest, this is the

4.6
44
n
42
40 1 | | | I I | 1
0.1 02 03 0.5 1 2 3
E, MeV

Figure 3.16 The constant n in Eq. (3.53) as a function of gamma ray
energy. (From R. D. Evans, The Atomic Nucleus, New York: McGraw-
Hill, 1955.)
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Figure 3.17 The pair production cross-section of lead as a function of
y-ray energy.

field of the nucleus, not the surrounding electrons. As a result, oy, is a function of
Z, and, in particular, varies as Z2, that is,

Opp ~ Z° (3.60)

The total kinetic energy of the negatron—positron pair is equal to the energy
of the photon less 1.02 Me V. Once formed, these electrons move about and lose
energy as a result of collisions with atoms in the surrounding medium. After the
positron has slowed down to very low energies, it combines with a negatron, the
two particles disappear, and two photons are produced (annihilation radiation),
each having an energy of 0.511 Me V.

The Compton Effect The Compton effect, or Compton scattering as it
is sometimes called, is simply the elastic scattering of a photon by an electron, in
which both energy and momentum are conserved. As shown in Fig. 3.18, the inci-
dent photon with energy E and wavelength A is scattered through the angle % and

Scattered
photon

E, A

Incident
photon

electron

Figure 3.18 The Compton effect.
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the struck electron recoils. Since the recoiling electron acquires some kinetic en-
ergy, the energy E’ of the scattered photon is less than E, and since the wavelength
of a photon is inversely proportional to its energy (see Eq. 2.22), the wavelength A’
of the scattered photon is larger than A. By setting up the equations for the conser-
vation of energy and momentum, it is not difficult to derive the following relation:

EE,

E' = ,
E(l —cos?) + E,

3.61)

where E, = m.c?> = 0.511 Me V is the rest-mass energy of the electron. A formula
equivalent to Eq. (3.61) is

A —x=2xc(l —cos?), (3.62)
where
h —10
Ac = =2.426 x 107" cm (3.63)
m.c

is called the Compton wavelength.

In Compton scattering, the photon interacts with individual electrons, and it is
therefore possible to define a Compton cross-section per electron .a¢. This cross-
section decreases monotonically with increasing energy from a maximum value
0.665 b (essentially % of a bam) at E = 0, which is known as the Thompson cross-
section, ar. Figure 3.19 shows .o as a function of photon energy. Incidentally, for
E > E,, .oc behaves roughly as E~!

The Compton cross-section per atom, oc, is equal to the number of electrons
in the atom—namely, Z—multiplied by .o¢. Thus,

oc = Z.o0c. (3.64)

From a practical standpoint, the Compton effect is the cause of many diffi-
cult problems encountered in the shielding of y-rays. This is because the photon
does not disappear in the interaction as it does in the photoelectric effect and in
pair production. The Compton-scattered photon is free to interact again in another
part of the system. Although it is true that x-rays and Auger electrons are emitted
following the photoelectric effect and that annihilation radiation accompanies pair
production, these radiations are always much less energetic than the initial photon
and do not tend to propagate in matter to the same extent as Compton-scattered
photons. This multiple scattering of y-rays is considered again in Chapter 10.

Attenuation Coefficients The total cross-section per atom for y-ray in-
teraction is the sum of the cross-sections for the photoelectric effect, pair produc-
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Figure 3.19 The Compton cross-section per electron as a function of
gamma ray energy.

tion, and Compton scattering:
0 = Ope + Opp + 0. (3.65)

A macroscopic cross-section can also be defined, like the macroscopic neutron
cross-section, by multiplying o in Eq. (3.65) by the atom density N. By tradition,
such macroscopic y-ray cross-sections are called attenuation coefficients and are
denoted by the symbol p. Thus,

u=No = Wpe + Upp + Uc, (3.66)

where  is the total attenuation coefficient and ppe, f4pp, and ¢ are the attenuation
coefficients for the three interaction processes. Like macroscopic cross-sections
for neutrons, the various u’s have units of cm™!. It is also convenient to define
the quantity w/ p, which is called the mass attenuation coefficient,* where p is the
physical density. From Eq. (3.66), this is given by
Bo_ My M Mo

PP PP

3.67)

4 A new standard is now in use in which p is usedto designate the mass attenuation coefficient
and p* the attenuation coefficient. In this text, the older convention is used.
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Figure 3.20 The mass attenuation coefficients of lead as a function of
y-ray energy.

Since 1 and p have units of cm™! and g/cm?, respectively, it follows that 1/ p has
the units cm?/g.

Figure 3.20 shows the mass attenuation coefficients, on a linear scale, for lead.
There is minimum in u/p at about 3.5 Me V because op. and o¢ decrease with
increasing y-ray energy, whereas o, increases from its threshold at 1.02 Me V.
Also, as shown in the figure, Compton scattering is the dominant mode of interac-
tion from about 0.5 Me V to 5 Me V. Because o, and op, depend more strongly on
Z than does o¢, the energy range over which Compton scattering is dominant in-
creases with decreasing Z.3 Thus, in the case of aluminum, for instance, Compton
scattering predominates all the way from 0.06 Me V to 20 Me V.

At energies where Compton scattering is the principal mode of interaction,
i K

_ NOC

PP P

Introducing the usual formula for atom density (see Eq. 2.59),

N
N = B__A,
M
where N, is Avogadro’s number and M is the gram atomic weight, gives

n NAO'C N A
_— = — oc,
0 M A M edC

3This is also illustrated in Fig. 3.21.
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where use has been made of Eq. (3.64). A check of the chart of the nuclides shows
that, except for hydrogen and the very heavy elements, the ratio Z/M is approxi-
mately equal to % This means that, at those energies where Compton scattering is
the dominant process, values of 1/ p tend to be roughly the same for all elements.
This is illustrated in Fig. 3.21, where p/p is shown for a number of elements as
a function of y-ray energy. Numerical values of w/p are given in Table 1.4 in
Appendix IL.

Since attenuation coefficients are essentially macroscopic cross-sections, the
value of p for a mixture of elements is given by the same formula as Eq. (3.14).
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Figure 3.21 The mass attenuation coefficients of several elements.
(From S. Glasstone and A. Sesonske, Nuclear Reactor Engineering. New
York: Van Nostrand, 1967; by permission, US DOE.)



98 Interaction of Radiation with Matter Chap. 3

Thus,

m=p+ u+ (3.68)

where (1, 4, and so on are the values of u for the various constituents. Also, it is
not difficult to show that the mass absorption coefficient for the mixture is related
to the mass absorption coefficients of the constituents by the formula

1
=l (5) e ()0 669
1 2

where w;, w;, and so on are the percents by weight of the various elements, and
(n/p), (t/p)2, and so on are the mass absorption coefficients of the elements, as
given in Table I1.4. Equations (3.68) and (3.69) are valid at all energies.

By the same argument that led to Eq. (3.13), it is easy to show that i is equal
to the probability per unit path that a y-ray will have a collision in a medium and
that

A=— (3.70)
u

is the mean free path of the y-ray. Furthermore, if I is the intensity (y-rays/cm?-
sec) of the monoenergetic y-ray beam striking a target of thickness X, then the
intensity of the photons that penetrate the target without having a collision is

I = Ipe™™¥ (3.71)
In terms of the mass attenuation coefficient, Eq. (3.71) may be written as
I = Ioe—(#/p)(px) (3.72)

The quantity pX in Eq. (3.72) has units of g/cm? and is equal to the number of
grams contained in an area of 1 cm? of the target. Thicknesses of materials are often
given in units of g/cm? in calculations of y-ray attenuation.

It must be emphasized, as it was in the earlier discussion of neutrons, that the
intensity I given in Egs. (3.71) and (3.72) refers only to those often very few y-rays
that do not interact in the target. These are by no means the only photons that appear
on the far side of a target or shield. Photons that have undergone multiple Compton
scattering, photons from annihilation radiation following pair production, and the
x-rays that follow the photoelectric effect may also penetrate the target. All of these
radiations must be taken into account in shielding calculations. Methods for doing
so are given in Chapter 10.
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Example 3.15

Calculate the mass attenuation coefficient of UO, for 1 Me V y-rays. What is their
mean free path? The density of UO, is about 10 g/cm?

Solution. The molecular weight of UO; is 238 + 2 x 16 = 270. The percent by
weight that is uranium is then 238/270 = 88.1%; the remaining 11.9% is oxygen.
From Table 114, u/p = 0.0757 cm?/g for uranium and 0.0636 cm?/g for oxygen.
Thus, for UO,

B 0.881 x 0.0757 + 0.119 x 0.0636 = 0.0743 cm?/g. [Ans.]
o

The value of w is 10 times this number, that is, & = 0.743 cm™~! since p = 10. The
mean free path is

1 1
A= — = —— =135cm. [Ans.
% 0.743 cm. [Ans.]

Energy Deposition In calculations of radiation protection to be consid-
ered in Chapter 9, it is necessary to compute the rate at which energy is deposited
by a y-ray beam as it passes through a medium. By analogy with Eq. (3.8), the
total collision density at a point where the y-ray intensity is / is given by

F=1u, (3.73)

where p is the total attenuation coefficient. If the y-rays were absorbed at each
collision, then the rate at which energy is deposited per unit volume in the medium
would be simply EF = EIu, where E is the energy of the y-rays.

With both the photoelectric effect and pair production, the incident photon is
in fact absorbed. Unless the medium is very thin, most of the secondary radiation
emitted subsequent to these interactions—the x-rays, electrons, and annihilation
radiation—is also absorbed in the medium. Thus, the total energy of the incident
y-ray can be assumed to be deposited in these processes. In Compton scattering,
however, the only energy deposited is the kinetic energy of the recoiling electron.
Let T be the average energy of this electron. The average energy deposited by
Compton scattering is then TI Uc, where ue is the Compton attenuation coeffi-
cient. It is now convenient to define the Compton absorption cross-section ac, by
the relation

Eoc, = Toc. (3.74)
The corresponding Compton absorption coefficient jic, is then given by
Epca=Thc. (3.75)

In terms of this coefficient, the energy deposition rate per unit volume by Compton
scattering is simply E/ jic,.
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The total energy deposition rate W per unit volume from photoelectric effect,
pair production, and Compton scattering can now be written as

W = EI(pe + mpp + Kca)
= Elpy,, (3.76)

where

Ha = Upe + Upp + UCa (3.77)

is called the linear absorption coefficient.® It can be seen that, by defining pc,
according to Eq. (3.75), it is possible to treat all three modes of y-ray interaction
on the same footing.

The quantity u,/p is called the mass absorption coefficient, and representa-
tive values are given in Table IL.5. It is easy to see from Eq. (3.76) that the rate of
energy deposition per unit mass is equal to EIu,/p.

It should also be mentioned, in concluding this section, that the product E/
that appears in Eq. (3.76) is called the energy intensity or energy flux. This has the
units of energy per cm?/sec and is equal to the rate at which energy in a y-ray beam
passes into a medium per cm?

Example 3.16

It is proposed to store liquid radioactive waste in a steel container. If the intensity
of y-rays incident on the interior surface of the tank is estimated to be 3 x 10'!
y-rays/cm?-sec and the average y-ray energy is 0.8 MeV, at what rate is energy
deposited at the surface of the container?

Solution. Steel is a mixture of mostly iron and elements such as nickel and chromium
that have about the same atomic number as iron. Therefore, as far as y -ray absorption
is concerned, steel is essentially all iron. From Table IL.5, u,/p for iron at 0.8 Me V
is 0.0274 cm?/g. The rate of energy deposition is then

0.8 x 3 x 10! x 0.0274 = 6.58 x 10° Me V/g-sec. [Ans.]

In SI units, this is equivalent to 1.05 J/kg-sec.

3.9 CHARGED PARTICLES

Ordinarily, there are only three varieties of charged particles that must be dealt with
in nuclear engineering problems—namely, a-rays, S-rays, and fission fragments.
Before considering these particular radiations, it is of interest to discuss the ways
in which charged particles interact with matter.

6u, is called the energy absor ption coefficient by some authors.



Sec. 3.9 Charged Particles 101

Consider a charged particle that is incident on an atom located at some point
in bulk matter. A number of different events may occur as this particle nears the
atomin question. First of all, because the particle exerts electrical (Coulomb) forces
on the atomic electrons, one or more of these electrons may be placed into excited
states of the atom, or an electron may be ejected from the atom altogether, leaving
the atom ionized. However, the charged particle may penetrate through the cloud
of atomic electrons and be elastically scattered from the nucleus. Since momentum
and energy are conserved in such a collision, the nucleus necessarily recoils. If the
incident particle is sufficiently massive and energetic, the recoiling nucleus may be
ejected from its own electron cloud and move into the medium as another charged
particle. Also, under certain circumstances, the incident particle, especially if it
is an ¢-particle, may undergo some sort of nuclear reaction when it collides with
the nucleus. Finally, the particle may be accelerated by the Coulomb field of the
electrons or the nucleus; as a consequence, a photon may be emitted. This type of
radiation, which is emitted whenever a charged particle undergoes acceleration, is
called bremsstrahlung.

It is clear from the foregoing that the interaction of a charged particle with
matter is a complicated affair. In any case, it is evident that in its passage through
matter such a particle leaves a trail of excitation and ionization along its path. In this
context, because they are directly responsible for producing this ionization, charged
particles are referred to as directly ionizing radiation. By contrast, uncharged par-
ticles, such as y-rays and neutrons, lead to excitation and ionization indirectly only
after first interacting in the substance and producing a charged particle. For this rea-
son, y-rays and neutrons are said to be indirectly ionizing radiation. This is not to
imply that y-rays and neutrons do not directly form ions when they interact—they
do. For example, a y-ray produces photoelectric effect. Similarly, a neutron collid-
ing with a nucleus may eject the nucleus from its atom as a highly charged ion. But
the ionization arising from these first interactions of y-rays and neutrons is entirely
insignificant compared with the ionization caused by the subsequent interaction of
the charged particles.

It is recalled that the interactions of neutrons and y-rays are described by
cross-sections. Although it is also possible to define various interaction cross-
sections for charged particles, it is more useful to describe the extent to which
charged particles interact with matter in terms of either their specific ionization or
their stopping power. The specific ionization of a particle is defined as the number
of ion pairs produced per unit path traveled by the particle. An ion pair is an ion-
ized atom together with its ejected electron. The stopping power is the total energy
lost per path length by a charged particle; that is, it is the total rate of decrease in
the energy of the particle along its path. If nuclear reactions involving the parti-
cle do not occur, then the stopping power, which is denoted by S, can be written
as
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dE dE
o (_) n (_> (3.78)
dx col dx rad

where the first term is the energy loss per unit due to collisions, which give rise to
excitation and ionization, and the second term gives the energy loss by radiation.

The first term in Eq. (3.78) is called the linear energy transfer (LET), and it is
of special interest in connection with the biological effects of radiation. As shown
in Chapter 9, these effects depend on the extent to which energy is deposited by
radiation as excitation and ionization within biological systems. The magnitude of
LET increases rapidly with the mass and charge of a moving particle. Thus, the
LET of a-particles is considerably larger than for electrons of the same energy. For
example, the LET of a 1-Me V «-particle in water is about 90 keV/um, whereas it
is only 0.19 keV/um for a 1-Me V electron. For this reason, a-particles and other
heavily charged particles are referred to as high LET radiation; electrons are called
low LET radiation.

Although linear energy transfer is due to the interactions of charged particles
in matter, it is also possible to refer to the LET of uncharged, indirectly ionizing
radiation—that is, y-rays and neutrons—since, as noted earlier, the bulk of the lo-
cal deposition of energy by these radiations is due to the ionization and excitation
that occurs subsequent to their first interaction in the material. Because y-rays pro-
duce low LET secondary electrons, they are called low LET radiation. However,
since neutron interactions lead to the heavy, high LET charged particles, neutrons
are known as high LET radiation. The distinction between high and low LET radi-
ation has important biological consequences that are described in Chapter 9.

AlphaParticles Because a-particles are so massive, they are only slightly
deflected when they interact with atomic electrons. Therefore, they move in more
or less straight lines as they travel in a medium. However, as an «-particle slows
down, it becomes increasingly probable that it will capture an electron to form
an He™ ion and then capture a second electron to become a neutral helium atom.
When, ultimately, this atom is formed, the specific ionization abruptly drops to
zero. This situation is illustrated in Fig. 3.22, where the specific ionization is shown
for an energetic a-particle as a function of distance from the end of its track in dry
air at 15°C and 1 atm pressure. The maximum value of the specific ionization
shown in the figure is 6,600 ion pairs/mm. At this point, the «-particles have an
energy of about 0.75 Me V. A curve of the type given in Fig. 3.22 is known as a
Bragg curve.

The point at which the ionization falls to zero is called the range of the -
particle.” As would be intuitively expected, the range is a monotonically increasing

"Because of the statistical nature of the processes involved, all a-particle tracks do not termi-
nate at precisely the same point. The range described earlier is the most probable endpoint.
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Figure 3.22 Specific ionization of an a-particle in air.

function of the initial energy of the particle. The range as a function of energy is
shown in Fig. 3.23 for a-particles in air. Ranges of a-particles in other materials
can be found from the range in air by using the Bragg-Kleeman rule:

. M M
R=Racl) 2 _32x104 YR, (3.79)
P M, Y

In this formula, R is the range in a substance of physical density p and atomic
weight M, and R,, p,, and M, are the range, density, and average atomic weight
of air, respectively. The numerical constant in Eq. (3.79) is computed for air at
15°C and 1 atm. For compounds or mixtures, VM in Eq. (3.79) is to be replaced
by

VM =y My + 12/ My + (3.80)

where y1, y»2, and so on are the fractions of atoms present having atomic weights
M,, M,, and so on.

The relative stopping power of a material is defined as the ratio of the range
of a-particles in air to the range of a-particles in the substance in question. From
Eq. (3.79), this is given by

. . R, 0
Relative stopping power = — = 3100——. (3.81)
pping p R M

It should be noted that the relative stopping power is independent of the initial
energy of the particle.
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Figure 3.23 Range of ¢-particles in air as a function of energy.

The stopping powers of most materials are quite high and the ranges of
«a-particles are consequently very short. For example, the range of a 5-Me V «a-
particle in aluminum is only 0.0022 cm—about the thickness of thin aluminum foil.
Most «-particles are stopped by an ordinary sheet of paper; they are also stopped
in the outermost layers of living tissue. Thus, the shielding of «-particles does not
ordinarily pose a difficult problem. However, the presence of a-decaying nuclides
cannot be ignored in many engineering problems since, as is shown in Chapter 9,
these nuclides can lead to serious health hazards when ingested or inhaled.

B-Rays The attenuation of B-rays in matter in some ways is more compli-
cated than for a-particles. To begin with, B-rays are emitted in a continuous energy
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spectrum. Furthermore, although they interact with atoms in the same manner as
a-particles, B-rays, being less massive particles, are more strongly deflected in each
encounter with an atom. As a result, 8-rays move in complicated, zigzag paths and
not in straight lines as do «a-particles.

Nevertheless, it has been found experimentally that the specific ionization of a
beam of B-rays varies approximately exponentially with distance into an absorber.
This phenomenon appears to be an accident of nature, due in part to the shape
of the B-ray spectrum. If i(x) is the specific ionization at the distance x into the
absorber, then

i(x) = ige ™™* = jgeH/PPx) (3.82)

where i is the specific ionization at x = 0 and p is the density of the medium.
The apparent mass attenuation coefficient it/ p is almost independent of the atomic
weight of the medium and increases only slowly with the atomic number. An ap-
proximate, empirical formula for i,/ o, based on measurements in aluminum, is

I 17

o ELI®

max

(3.83)

where 11/ p is in cm?/g and E g,y is the maximum B -ray energy in Me V.

A more useful parameter related to the attenuation of B-rays is the maximum
range Rmax. This is defined as the thickness of absorber required to stop the most
energetic of the electrons. The product R, 0, which is the range expressed in units
of g/cm?, is roughly independent of the nature of the absorbing medium. Values of
Rmaxp are shown in Fig. 3.24 as a function of the maximum electron energy Epay.
These data can be represented by the following empirical formulas:

Rumaxp = 0.412E(1:265-0.0954 In Emax) Emax < 2.5MeV (3.84)

max

and
Ryaxp = 0.530E ., — 0.106, Enax > 2.5MeV (3.85)

In these equations, Rmaxp is in g/cm? and Ep,y is in Me V.

Equations (3.84) and (3.85) give slightly lower values of R0 for air than
are actually observed. Figure 3.25 gives the measured ranges of B-rays for air at
15°C and 1 atm pressure. It is evident from a comparison of Figs. 3.23 and 3.25,
and also by comparing calculated ranges, that 8-rays penetrate considerably further
into materials than a-rays of comparable energy. For instance, S-rays with Ep. =
3 Me V have a range in air of 13 m, whereas the range of 3-Me V «-particles is
only 1.7 cm. However, 8-rays do not penetrate far into nongaseous materials and,
as a result, they are not difficult to shield.
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Figure 3.24 Maximum range of S-rays as a function of maximum en-
ergy; not valid for air.

Example 3.17

Sodium-24 (T, = 15 hr) is often used in medicine as a radioactive tracer. It emits
B-rays with a maximum energy of 1.39 Me V. What is the maximum range of the
B-rays in animal tissue?

Solution. The density of most animal tissue is approximately unity. From Eq. (3.84),
Rmax is then
Ripax = 0.412 x 1 39(1.265—0.0954 In1.39)

=0.412 x 1.3912% = 0.618 cm [Ans.]

The range of an a-particle of the same energy in tissue is about 9 x 10~ cm.

Fission Fragments In Section 3.7, it was pointed out that fissioning nu-
clei almost always split into two fragments of unequal mass. Since momentum
must be conserved in fission, the lighter group of fragments receives somewhat
more energy than the heavier group. Therefore, the distribution of fission fragment
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Figure3.25 Maximum range of B-raysinairat15C and 1 atm pressure.

kinetic energies exhibits two peaks, as shown in Fig. 3.26, with the higher energy
peak corresponding to the lighter-fission fragments. As seen in the figure, the lighter
group with A ~ 95 has an energy of approximately 100 Me V, whereas the heavier
group with A ~ 140 receives about 68 Me V.

Once formed, the fission fragments rip through the electron cloud of the orginal
fissioning nucleus as they pass into the surrounding medium. In so doing, they
usually pick up a number of electrons, although never enough to form a neutral
atom. The virgin fission fragment thus appears as a highly energetic and highly
ionized atom. The average charge of the lighter group is approximately +20e; that

of the heavier group is about +22e.
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Figure 3.26 Energy distribution of fission fragments as a function of
energy in Me V.

Because of their large charge, fission fragments specific ionization is very
high, and their range is correspondingly short. Table 3.7 gives approximate ranges
of the lighter, more energetic, and hence more penetrating fragments in various
materials.

The range of fission fragments is an important factor in the design of the fuel
rods for power reactors. Since power (from the fissioning fuel) is produced in these
rods, they must be cooled by the passage of a suitable coolant material along their
surfaces, as shown in Fig. 3.27. However, it is important that none of the radioac-
tive fission fragments enters and thereby contaminates the coolant. To prevent the
escape of such fragments, the fuel is either wrapped in a layer of nonfuel-bearing
material, such as stainless steel or an alloy of zirconium, or placed in hollow tubes
fabricated from these materials. In view of the short ranges indicated in Table 3.7,
this fuel element, cladding as it is called, can be quite thin—often no more than
0.05 cm thick.

TABLE 3.7 RANGES OF FISSION FRAGMENTS

Medium Range, 1073 cm
Aluminum 1.4
Copper 0.59
Silver 0.53
Uranium 0.66

Uranium oxide (U30g) 1.4
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Cross-Section Data

Neutron and charged-particle cross-section data are collected, evaluated, and dis-
tributed by the National Nuclear Data Center at Brookhaven National Laboratory,
Upton, New York. Neutron cross-section data are published in the report Neu-
tron Cross-Sections, BNL-325, and other documents. These cross-sections are also
available from the Center on disk in standard format for reactor and shielding com-
putations. Data are also available on the World Wide Web at http//www.bnl.gov and
a number of other sites. For latest update of availability, the reader should consult
the National Nuclear Data Center at nndc@dne.bnl.gov.

PROBLEMS

1. Two beams of 1-eV neutrons intersect at an angle of 90° The density of neutrons in
both beams is 2 x 108 neutrons/cm?
(a) Calculate the intensity of each beam.
(b) What is the neutron flux where the two beams intersect?

2. Two monoenergetic neutron beams of intensities /; = 2 x 10'° neutrons/cm?-sec and
I = 1 x 10'° neutrons/cm?-sec intersect at an angle of 30° Calculate the neutron flux
and current in the region where they intersect.

3. A monoenergetic beam of neutrons, = 4 x 10'° neutrons/cm?-sec, impinges on a
target 1 cm? in area and 0.1 cm thick. There are 0.048 x 10%* atoms per cm? in the
target, and the total cross-section at the energy of the beam is 4.5 b.

(a) What is the macroscopic total cross-section?
(b) How many neutron interactions per second occur in the target?
(c) What is the collision density?

4. The B~ -emitter 28 Al (half-life 2.30 min) can be produced by the radiative capture of
neutrons by 2’ Al. The 0.0253-eV cross-section for this reaction is 0.23 b. Suppose
that a small, 0.01-g aluminum target is placed in a beam of 0.0253-eV neutrons, ¢ =
3 x 108 neutrons/cm?-sec, which strikes the entire target. Calculate
(a) the neutron density in the beam;

(b) the rate at which 22 Al is produced;
(c) the maximum activity (in curies) that can be produced in this experiment.
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S.

6.

10.

11.

12.

13.

14.

15.

Calculate the mean free path of 1-eV neutrons in graphite. The total cross-section of

carbon at this energy is 4.8 b.

A beam of 2-Me V neutrons is incident on a slab of heavy water (D,0). The total

cross-sections of deuterium and oxygen at this energy are 2.6 b and 1.6 b, respectively.

(a) What is the macroscopic total cross-section of D,0 at 2 Me V?

(b) How thick must the slab be to reduce the intensity of the uncollided beam by a
factor of 10?

(c) If an incident neutron has a collision in the slab, what is the relative probability
that it collides with deuterium?

A beam of neutrons is incident from the left on a target that extends from x = O to

x = a. Derive an expression for the probability that a neutron in the beam will have

its first collision in the second half of the target that is in the regiona /2 < x < a.

. Boral is a commercial shielding material consisting of approximately equal parts by

weight of boron carbide (B4C) and aluminum compressed to about 95% theoretical
density (2.608 g/cm?) and clad with thin sheets of aluminum 0.25 cm thick. The man-
ufacturer specifies that there are 0.333 g of boron per cm? of a boral sheet 0.457 cm in
overall thickness. What is the probability that a 0.0253-eV neutron incident normally
on such a sheet will succeed in penetrating it?

. What is the probability that a neutron can move one mean free path without interacting

in a medium?

A wide beam of neutrons of intensity ¢y is incident on a thick target consisting of
material for which o, > o;. The target area is »4 and its thickness is X. Derive an
expression for the rate at which neutrons are absorbed in this target.

Stainless steel, type 304 having a density of 7.86 g/cm?, has been used in some re-
actors. The nominal composition by weight of this material is as follows: carbon,
0.08%; chromium, 19%; nickel, 10%; iron, the remainder. Calculate the macroscopic
absorption cross-section of SS-304 at 0.0253 eV.

Calculate at 0.0253 eV the macroscopic absorption cross-section of uranium dioxide
(UO,), in which the uranium has been enriched to 3 w/o in 2°U. The density of UO,
is approximately 10.5 g/cm?

The compositions of nuclear reactors are often stated in volume fractions, that is, the
fractions of the volume of some region that are composed of particular materials.
Show that the macroscopic absorption cross-section for the equivalent homogeneous
mixture of materials is given by

Yo = fiXar + faXa2 +

where f; and X,; are, respectively, the volume fraction and macroscopic absorption
cross-section of the ith constituent at its normal density.

Calculate X, and X (at 0.0253 eV) for the fuel pellets described in Problem 2.63.
The pellet density is about 10.6 g/cm?

Using the fact that the scattering cross-section of 2*Bi is approximately 9 b from
0.01 eV to 200 eV, estimate the radius of the 2Bi nucleus and compare with Eq.
(2.3).
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25.

26.
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Using the Breit—Wigner formula, compute and plot o, in the vicinity of the first reso-
nance in 238U, which occurs at an energy of 6.67 eV. The parameters of this resonance
are: I', = 1.52meV (meV = millielectron volts), I', = 26meV, and g = 1. [Note: For
reasons given in Section 7.3 (see in particular Fig. 7.12), the values of o,, computed
from the Breit—-Wigner formula do not coincide with those measured with targets at
room temperature.]

Demonstrate using the Breit—~Wigner formula that the width of a resonance at half its
heightis equalto I"

There are no resonances in the total cross-section of >C from 0.01 eV to cover 1
Me V. If the radiative capture cross-section of this nuclide at 0.0253 eV is 3.4 mb,
what is the value of o, at 1 eV?

The first resonance in the cross-section of aluminum, which is due entirely to scatter-
ing, occurs at 5.8 keV. The absorption cross-section at 0.0253 eV is 0.23 b. Calculate
for 100 eV:

(@) oq,

(b) oy,

(c) o;.

Calculate X, for

(a) water of unit density at 0.0253 eV,

(b) water of density 0.7 g/cm3 at 0.0253 eV,

(c) water of density 0.7 g/cm3 atleV.

The first resonance in the scattering cross-section of the nuclide 4Z occurs at 1.24
Me V. The separation energies of nuclides 4~!Z,4 Z, and A*'Z are 7.00, 7.50, and
8.00 Me V, respectively. Which nucleus and at what energy above the ground state is
the level that gives rise to this resonance?

There is a prominent resonance in the total cross-section of °Fe at 646.4 keV. At what
energy, measured from the ground state, is the energy level in >’Fe that corresponds to
this resonance? [Hint: Use the masses of neutral **Fe and 3" Fe to compute the binding
energy of the last neutron in >’Fe.]

The excited states of !0 occur at the following energies (in Me V) measured from
the ground state: 0.871, 3.06, 3.85, 4.55, 5.08, 5.38, 5.70, 5.94, etc. At roughly what
energies would resonances be expected to appear in the neutron cross-section of '60?

Using Eq. (3.28), compute and plot E’/E as a function of angle from 0 to & for A =

1, 12, and 238.

A 2-Me V neutron traveling in water has a head-on collision with an '®O nucleus.

(a) What are the energies of the neutron and nucleus after the collision?

(b) Would you expect the water molecule involved in the collision to remain intact
after the event?

A 1-Me V neutron strikes a '2C nucleus initially at rest. If the neutron is elastic scat-

tered through an angle of 90°:

(a) What is the energy of the scattered neutron?

(b) What is the energy of the recoiling nucleus?

(c) Atwhat angle does the recoiling nucleus appear?



Problems 113

27.

28.

29.

30.

31

32.

33.

34.

3s.

36.

37.

38.

39.

Compute and plot the average fractional energy loss in elastic scattering as a function
of the mass number of the target nucleus.
Show that the average fractional energy loss in% in elastic scattering for large A is
given approximately by

AE 200

E A

A 1.5-Me V neutron in a heavy water reactor collides with an 2H nucleus. Calculate
the maximum and average changes in lethargy in such a collision.

Suppose that a fission neutron, emitted with an energy of 2 Me V, slows down to an
energy of 1 eV as theresult of successive collisions in a moderator. If, on the average,
the neutron gains in lethargy the amount £ in each collision, how many collisions are
required if the moderator is

(a) hydrogen,

(b) graphite?

The 2,200 meters-per-second flux in an ordinary water reactor is 1.5 x 10'3 neutrons/
cm?-sec. At what rate are the thermal neutrons absorbed by the water?

At one point in a reactor, the density of thermal neutrons is 1.5 x 10® neutrons/cm?

If the temperature is 450°C, what is the 2,200 meters-per-second flux?

A tiny beryllium target located at the center of a three-dimensional Cartesian coordi-
nate system is bombarded by six beams of 0.0253-eV neutrons of intensity 3 x 108
neutrons/cm?-sec, each incident along a different axis.

(a) What is the 2,200 meters-per-second flux at the target?

(b) How many neutrons are absorbed in the target per cm3/sec?

When thermal neutrons interact with 4N, what is the probability that absorption leads
to radiative capture?

The control rods for a certain reactor are made of an alloy of cadmium (5 w/o),
indium (15 w/o0) and silver (80 w/0). Calculate the rate at which thermal neutrons are
absorbed per gram of this material at a temperature of 400 °C in a 2,200 meters-per-
second flux of 5 x 10'® neutrons/cm?-sec. [Note: Silver is a 1/v absorber.]

From the data in Table 3.3, would you expect 2>2Th to be fissile? If not, at what neutron
energy would you expect fission to be possible?

Two hypothetical nuclei, #Z and 4*! Z, of atomic weights M (*Z) = 241.0600 and
M(A*t1Z) = 242.0621 have critical fission energies of 5.5 Me V and 6.5 Me V, re-
spectively. Is the nuclide 4 Z fissile?

Fission can be induced when y-rays are absorbed by a heavy nucleus. What energy
y-rays are necessary to induce fission in

(a) 235U,
(b) 238U,
(c) *Pu?
Cross-sections of 2*U at 1 Me V are as follows: 0, = 4.0b,0; = 1.4 b, 0y = 1.2
b, and 0, = 1.3 b. The cross-sections for neutron-producing and charged-particle

reactions are all negligible. Compute at this energy
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(a) the total cross-section,

(b) the capture-to-fission ratio «.

The fission-product 13'I has a half-life of 8.05 days and is produced in fission with

a yield of 2.9%—that is, 0.029 atoms of '3'I are produced per fission. Calculate the

equilibrium activity of this radionuclide in a reactor operating at 3,300 MW,

Fission-product activity measured at the time f, following the burst of a nucleus

weapon is found to be ag. Show that the activity at the time t = 7"# is given ap-

proximately by ¢ = /10" This is known as the 7-10 rule in civil defense.

Suppose that radioactive fallout from a nuclear burst arrives in a locality 1 hour after

detonation. Use the result of Problem 3.41 to estimate the activity 2 weeks later.

The yields of nuclear weapons are measured in kilotons (KT), where 1 KT = 2.6 x

10% Me V. With this in mind,

(a) How much 23U is fissioned when a 100-KT bomb is exploded?

(b) What is the total fission-product activity due to this bomb 1 min, 1 hr, and 1
day after detonation? [Note: Assume a thermal energy release of 200 Me V per
fission.]

A research reactor is operated at a power of 250 kilowatts 8 hours a day, 5 days a week,

for 2 years. A fuel element, 1 of 24 in the reactor, is then removed for examination.

Compute and plot the activity of the fuel element as a function of time up to 2 years

after removal.

The spontaneous fission rate of 28U is 1 fission per gram per 100 sec. Show that this

is equivalent to a half-life for fission of 5.5 x 10!° years.

Compute and plot the parameter 7 at 0.0253 eV for uranium enriched in 2°U as a

function of its enrichment in weight percent 2°U.

Suppose that 1 kg of 233U undergoes fission by thermal neutrons. Compute the masses

(or mass equivalents) in grams for the following, which are produced:

(a) neutrons,

(b) B-rays,

(c) y-rays,

(d) neutrinos,

(e) kinetic energy,

(f) fission products.

The reactor on the nuclear ship Savannah operated at a power of 69 MW.

(a) How much 233U was consumed on a 10,000-nautical-mile voyage at an average
speed of 20 knots?

(b) This is equivalent to how many barrels of 6.5-million-Btu/barrel bunker-C oil?

Consolidated Edison’s Indian Point No. 2 reactor is designed to operate at a power of

2,758 MW. Assuming that all fissions occur in 233U, calculate in grams per day the

rate at which 2»U is

(a) fissioned,

(b) consumed.

Referring to the preceding problem, what is the total accumulated activity of the fis-

sion products in the Indian Point No. 2 reactor 1 day after shutdown following 1 year

of operation?
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The photoelectric cross-section of lead at 0.6 Me V is approximately 18 b. Estimate
0O pe at this energy for uranium.

A 2-Me V photon is Compton scattered through an angle of 30°

(a) Whatis its energy after scattering?

(b) What is the recoil energy of the struck electron?

(c) At what angle does the electron appear?

Show that Eq. (3.62) follows from Eq. (3.61).

Show that the minimum energy of the scattered photon in Compton scattering is given
by

EE,

(E)min = 2ELE.

and thatfor E > E,,
(E)min = E./2 = 0.255Me V.

What is the minimum energy of a Compton-scattered photon if its original energy is

(a) 0.1 Me V,

(b) 1 MeV,

(c) 10Me V?

Calculate the mass attenuation coefficient of silica glass (SiO,, p = 2.21 g/cm3) for

3-Me V y-rays.

Derive Eq. (3.69).

The mass attenuation coefficient of lead at 0.15 Me V is 1.84 cm?/g. At this energy,

the principal mode of interaction is by the photoelectric effect. What thickness of lead

is required to reduce the intensity of a 0.15-Me V y-ray beam by a factor of 1,000?

The density of air at standard temperature and pressure (0°C and 1 atm) is 1.293 x 1073

g/cm® Compute the mean free paths of photons in air under these conditions and

compare with the corresponding mean free paths in unit-density water at the following

energies:

(a) 0.1 MeV,

(b) 1 MeV,

(c) 10Me V.

At 1 Me V, the Compton cross-section per electron is 0.2112 b, and the Compton

energy absorption cross-section per electron is 0.0929 b.

(a) What is the average energy of the recoiling electron in a Compton interaction at
this energy?

(b) Compute the Compton mass attenuation and mass absorption coefficients at 1
Me V for (i) aluminum, (ii) water.

A beam of 0.1-Me V y-rays with an intensity of 5 x 10® y-rays/cm?-sec is incident

on thin foils of (i) aluminum, (ii) water. At this energy, the Compton cross-section per

electron is 0.4929 b, and the Compton energy absorption cross-section per electron is

0.0685 b. Calculate the energy extracted from the beam per unit volume of the foils

dueto
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(a) Compton scattering,

(b) the photoelectric effect.

The absorption of radiation is often measured in units called rads, where 1 rad is equal
to the absorption of 100 ergs per gram. What intensity of 1 Me V y-rays incident on
a thin slab of water is required to give an absorption rate of 1 rad per second?

Determine the range of 5-Me V «-particles in the following media:

(a) airat 15°C, 1 atm;

(b) aluminum;

(c) lead;

(d) unit-density water;

(e) air at 300°C, 10 atm.

Determine the relative stopping powers of the media in the preceding problem.
Compare the apparent mass attenuation coefficient of 2-Me V (maximum energy)
B-rays with the mass attenuation coefficient of 2-Me V y-rays in aluminum.

Compare the maximum ranges of 3-Me V «a-rays and B-rays in air at standard tem-
perature and pressure.

Near the surface of a flat fuel element in an operating reactor, fissions are occurring
at the constant rate of S fissions/cm>-sec. Given that the average range of the fission
fragments is R, show that the rate at which such fragments would escape per cm?/sec
from the surface of the fuel if it were not clad is equal to SR/2.
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Nuclear Reactors and
Nuclear Power

Having reviewed in the preceding Chapters the atomic and nuclear physics that
form the foundation for nuclear engineering, it is now possible to consider the
manner by which nuclear energy is utilized for practical purposes.

4.1 THE FISSION CHAIN REACTION

Nuclear energy is released by way of a fission chain reaction. In this process, which
isdepicted in Fig. 4.1, neutrons emitted by fissioning nuclei induce fissions in other
fissile or fissionable nuclei; the neutrons from these fissions induce fissions in still
other fissile or fissionable nuclei; and so on. Such a chain reaction can be described
quantitatively in terms of the multiplication factor, which is denoted by the symbol
k. This is defined as the ratio of the number of fissions (or fission neutrons) in one
generation divided by the number of fissions (or fission neutrons) in the preceding
generation. In equation form, this is

P number of fissions in one generation @1
" number of fissions in preceding generation’ '

117
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g
_
Fission \
neutrons / ‘\%
TN

Neutron ﬁ
Fissioning nucleus \

Figure 4.1 Schematic representation of fission chain reaction.
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If k is greater than 1, then from Eq. (4.1) the number of fissions increases
from generation to generation. In this case, the energy released by the chain reac-
tion increases with time, and the chain reaction, or the system in which it is taking
place, is said to be supercritical. However, if k is less than 1, the number of fissions
decreases with time and the chain reaction is called subcritical. Finally, in the spe-
cial situation where k is equal to 1, the chain reaction proceeds at a constant rate,
energy is released at a steady level, and the system is said to be critical.

Devices that are designed so that the fission chain reaction can proceed in a
controlled manner are called nuclear reactors. In a reactor, this control is accom-
plished by varying the value of k, which can be done by the person operating the
system. To increase the power being produced by a reactor, the operator increases
k to a value greater than unity so that the reactor becomes supercritical. When the
desired power level has been reached, he returns the reactor to critical by adjusting
the value of k to be unity, and the reactor then maintains the specified power level.
To reduce power or shut the reactor down, the operator merely reduces &k, making
the reactor subcritical. As a result, the power output of the system decreases. Nu-
clear bombs and explosives cannot be controlled in this way, and these devices are
not referred to as reactors. Several types of nuclear reactors are described later in
this Chapter.
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To make a reactor critical, or otherwise to adjust the value of k, it is neces-
sary to balance the rate at which neutrons are produced within the reactor with the
rate at which they disappear. Neutrons can disappear in two ways as the result of
absorption in some type of nuclear reaction, or by escaping from the surface of the
reactor. When the sum of the neutron absorption and leakage rates is exactly equal
to the neutron production rate, then the reactor is critical. If the production rate is
greater than the sum of the absorption and leakage rates, the reactor is supercrit-
ical; conversely, if it is smaller, the reactor is subcritical. As would be expected,
the production, absorption, and leakage rates depend on the size and composition
of a reactor. It is shown in Chapters 5 and 6 that it is possible to derive accurate
analytical relationships between these three rates on the one hand and the size and
composition on the other. These relationships determine the dimensions and mate-
rial properties necessary for a reactor to be critical.

4.2 NUCLEAR REACTOR FUELS
Conversion and Breeding

It is recalled from Section 3.7 that n fission neutrons are emitted, on the average,
per neutron absorbed by a fissile or fissionable nucleus. To become critical, a reac-
tor obviously must be fueled with a nuclide having a value of n greater than 1. If
n were less than 1, a fission in one generation would necessarily lead to less than
one fission in succeeding generations, and the reactor could never achieve a crit-
ical state. However, n cannot be exactly 1 since, as already noted, some neutrons
inevitably are lost either in nonfission absorption reactions or by escaping from the
system altogether, and criticality could not be reached.

A check of fission data shows that 7 is, in fact, substantially greater than 1
for the fissile nuclides at all incident neutron energies, and for the fissionable but
nonfissile nuclei such as 2*>Th and 238U well above their fission thresholds. How-
ever, with the nonfissile nuclides, only those neutrons in a reactor with energies
above the fission threshold are able to induce fission. For a reactor fueled only with
fissionable but nonfissile nuclides, the effective value of n is equal to the actual
value of 7, multiplied by the fraction of the neutrons absorbed in the reactor with
energies above the fission threshold. Regrettably, this number is always less than 1,
and it follows that reactors cannot be made critical with nonfissile material alone.
Fissile nuclides are therefore essential ingredients in all reactor fuels.

Only one fissile nuclide, 23U, is found in nature, where it occurs with an iso-
topic abundance of 0.72 2/,. The remainder of natural uranium, except for a trace
of 34U, is 238U. Thus, only 1 uranium atom out of 139 is 233U. Despite this low
concentration of fissile isotope it is possible to fuel certain types of critical reactors
with natural uranium, and all of the early reactors were of this type. However, most
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modern reactors require enriched uranium —that is, uranium in which the concen-
tration of 23U has been increased over its natural value. Methods for enriching
uranium are discussed in Section 4.7.

As is the case for any natural resource, the supply of 23°U is finite. It is shown
in Section 4.6 that the world’s resources of 233U for nuclear fuel are limited. Indeed,
if nuclear power was based on the fission of 2>*U alone, the era of nuclear energy
would be a comparatively short one—probably not more than a century in dura-
tion. Fortunately, it is possible to manufacture certain fissile isotopes from abun-
dant nonfissile material, a process known as conversion. The two most important
fissile isotopes that can be produced by conversion are 233U and 2**Pu. The 233U is
obtained from thorium by the absorption of neutrons. The reactions involved are as
follows:

2Th(n, )P Th £ 2pa 25 23U (4.2)

As the result of the reactions in Eq. (4.2), the nonfissile isotope 232Th is converted
into fissile 233U. Isotopes like 232Th, which are not fissile but from which fissile
isotopes can be produced by neutron absorption, are said to be fertile.

It is a relatively simple matter to bring about the reactions given in Eq. (4.2).
Naturally occurring thorium is entirely 232Th. Therefore, it is merely necessary
to introduce thorium, in one form or another, into a critical reactor where it is
exposed to neutrons. After a suitable irradiation time, when the 233U has built up to
a desired level, the thorium is withdrawn from the reactor and the 233U is extracted
from the thorium. This can be done by chemical means since thorium and uranium
are two entirely different chemical elements. With one exception (see Section 4.5),
however, comparatively little 23U has been produced from thorium since there is
almost no demand for 233U as a reactor fuel. Nevertheless, thorium remains an
important potential source of nuclear fuel.

239Py is obtained from reactions similar to Eq. (4.2)—namely,

238U(n,y)239U ﬁ) 239Np i—_) 239p,,. (4.3)

The fertile isotope in this case is the 2*3U; 2*Np is the intermediate nucleus. To
realize these reactions in practice, 2381J must be irradiated in a reactor. This, how-
ever, occurs automatically in most power reactors of current design. Thus, as noted
earlier, most present-day reactors are fueled with uranium that is only slightly en-
riched in 233U. Practically all of the fuel in these reactors is 233U, and the conversion
of 238U to 2%Pu takes place as a matter of course during the normal operation of
these reactors. The plutonium is later extracted chemically from the fuel, uranium
and plutonium being different elements. The chemical extraction of fissile material
from fertile material is called fuel reprocessing and is described in Section 4.8.
After 2°Pu has been formed in a reactor, it may absorb a neutron and un-
dergo fission or be transformed into 2“°Pu. The 2*°Pu, which is not fissile, may in
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turn capture another neutron to produce the fissile isotope 24! Pu. Finally, the 24!Pu
may undergo fission or be transformed into 2*?Pu. Thus, the plutonium extracted
from reactor fuel by reprocessing contains, in decreasing amounts, the isotopes
239py, 240py, 241py, and 24?Pu. The fractional content of each isotope depends on
the burnup of the fuel, defined later in this section, at the time of reprocessing.

The conversion process is described quantitatively in terms of the parameter
C, which is called the conversion ratio or sometimes the breeding ratio. This is
defined as the average number of fissile atoms produced in a reactor per fissile fuel
atom consumed. Thus, when N atoms of fuel are consumed, NC atoms of fertile
material are converted into new fissile atoms. However, if the newly produced fis-
sile isotope is the same as the isotope that fuels the reactor, the new atoms may
later be consumed to convert another NC x C = NC? atoms of fertile material;
these may be consumed to convert N C? fertile atoms; and so on. In this way, it is
easy to see that the consumption of N fuel atoms results in the conversion of a total
of

NC
NC+ NC?*+ NC3? + =1—¢

fertile atoms, provided C is less than 1. When C = 1, an infinite amount of fertile
material can be converted starting with a given amount of fuel.

Example 4.1

In a critical reactor fueled with natural uranium, it is observed that, for every neu-
tron absorbed in 2*U, 0.254 neutrons are absorbed in resonances of 2#U and 0.640
neutrons are absorbed by 2*U at thermal energies. There is essentially no leakage of
neutrons from the reactor. (a) What is the conversion ratio for the reactor? (b) How
much 23 Pu in kilograms is produced when 1 kg of 233U is consumed?

Solution.

1. Each absorption of a neutron by 233U, whether at resonance or thermal en-
ergies, produces an atom of 2°Pu via reaction Eq. (4.3). Furthermore, each
time a neutron is absorbed by a 235U nucleus, that nucleus is consumed. The
compound nucleus either undergoes fission or emits a y-ray to become 236U.
Thus, the total number of 2**Pu atoms produced per 2**U atom consumed is
0.254 + 0.640 = 0.894. This, by definition, is the value of the conversion
factor, so that C = 0.894. [Ans.]

2. The consumption of 1 kg of 23°U involves the disappearance by neutron ab-
sorption of 1,000N4/235 atoms of 2>*U, where N, is Avogadro’s number.
From the definition of C, this is accompanied by the production of C x
1000N 4 /235 atoms of 23°Pu, which have a total mass of C x 1000 x 239/235
g or C x 239/235 kg. Thus, the consumption of 1 kg of 233U leads in this
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example to the production of

239
0.894 x 5= 0.909 kg of 2°Pu.[Ans.]

A most important situation occurs when C is greater than 1. In this case,
more than one fissile atom is produced for every fissile atom consumed, which is a
process described as breeding. Reactors that are designed so that breeding will take
place are called breeder reactors or simply breeders. Reactors that convert but do
not breed are called converters; reactors that neither convert nor breed but simply
consume fuel are called burners. Breeders are remarkable devices for, in addition
to providing power through the energy released in fission, they actually produce
more fissile fuel than they consume.

Needless to say, it is more difficult to design a reactor that will breed than one
that merely converts. For one thing, while n must be greater than 1 for conversion,
it must be greater than 2 for breeding. This is because, in any reactor, one fission
neutron must eventually be absorbed in fuel just to keep the reactor critical and
maintain the chain reaction. If the reactor is to breed, more than one neutron must
be absorbed in fertile material to produce the new fissile isotope. In actual fact,
n must be substantially greater than 2 for, as noted earlier, in any reactor some
neutrons inevitably are absorbed by nonfuel atoms or lost by leakage.

In this connection, it is important to recognize that n is not a constant, but
depends on the energy of the neutron that induces the fission. This variation of 5
with neutron energy is shown in Fig. 4.2 for the three fissile isotopes 22*U, 22°U,
and ?*Pu. At thermal neutron energies (i.e., E ~ 0.025 eV), the value of n for
233U is about 2.29, which is sufficiently in excess of 2 for breeding to be possible.
Thus, a properly designed reactor in which most of the fissions are induced by
thermal neutrons—that is, a thermal reactor—could breed if it were fueled with
233U. By contrast, the thermal neutron values of 1 for 2>°U and ?**Pu, 2.07 and
2.14, respectively, are not sufficiently greater than 2 to permit breeding.

Returning to Fig. 4.2, it is observed that in the intermediate energy range,
from about 1 eV to 100 keV for >*U and from about 10 eV to 20 keV for 2**Pu,
the value of n falls below 2. Breeding cannot be achieved when these isotopes are
used to fuel a reactor in which most of the fissions occur at these energies. It has
now been demonstrated that such an intermediate reactor can be made to breed, at
least in a limited way, when fueled with 233U. The value of n for 233U is greater
than 2 by a sufficient margin at intermediate energies to make breeding possible
(see the LWBR discussion in Section 4.5).

Above about 100 keV, as indicated in Fig. 4.2, n rises to values substantially
above 2 for all three of the fissile fuels. As far as the value of n is concerned,
it should therefore be possible to breed with these fuels provided the reactor is
designed in such a way that the bulk of the fissions are induced by neutrons with
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Figure 4.2 Variation of n with energy for (a) 233U and (b) 2*>U. (Plot-
ted by machine from data on tape at the National Neutron Cross Section
Center, Brookhaven National Laboratory.)
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Figure 4.2 Variation of 1 with energy for (c) 23°Pu. (Plotted by ma-
chine from data on tape at the National Neutron Cross Section Center,
Brookhaven National Laboratory.)

sufficiently high energies. Reactors of this type are called fast reactors or, since
they are usually designed to breed, fast breeders. It must be noted that, although
the value of 7 for 233U is high enough for breeding, unfortunately there is no fertile
material in nature that can be converted into 2>>U. Thus, although a fast reactor
fueled with 23U may produce more 2*°Pu from 233U than the ?*U it consumes,
the 25U is used up forever. Some fast breeders, in the absence of an initial supply
of plutonium, have been started with 233U fuel, but they are ultimately fueled with
plutonium. This fuel is also preferred over 23U because of its higher value of 7.
Thus, fast breeders are almost always fueled with plutonium.

The extent to which breeding occurs in a reactor is described by the breeding
gain—a parameter denoted by the symbol G. This is defined asthe net increase
in the number of fissile atoms in a reactor per fuel atom consumed. Since C, the
breeding ratio, is the total number of fuel atoms produced per fuel atom consumed,
it follows that G and C are simply related by

G=C-1.

Suppose that C = 1.2. This means that 1.2 new atoms of fuel are produced for each
atom consumed. The net increase in the number of fuel atoms per atom consumed
is then clearly 0.2, and the breeding gain is 0.2.
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Breeding is also described in terms of the doubling time. This is defined as
the hypothetical time interval during which the amount of fissile material in (or
associated with) a reactor doubles. To compute the doubling time, suppose that a
reactor is operated at a constant thermal power level of Py megawatts. This reac-
tor consumes fissile material at the uniform rate of w Py grams per day, where w
is the fuel consumption rate per unit power. (In the case of a 23>U-fueled reactor
according to Section 3.7 w = 1.23 g per day per thermal megawatt.) This is equiv-
alent to the consumption of wP,N,/M; atoms of fuel, where N, is Avogadro’s
number and M is the atomic weight of the fuel. From the earlier definition of G,
the consumption of w PoN 4/ M f fuel atoms produces Gw PyN 4 /M ¢ atoms of fuel
over and above those consumed, which means that there is a net production rate of
Gw P, grams of fuel per day.! If none of this new fuel is removed from the reactor,
the total amount of fuel in the system will increase linearly with time from the ini-
tial fuel inventory mg. The linear doubling time is defined as the time ¢p; required
for the total amount of fuel in the reactor to reach the value 2mg. Clearly then,

GwPy x tp; = myg

and
o GwP() '

It is not difficult to see that permitting all of the newly produced fuel to ac-
cumulate in the reactor is a wasteful procedure. The extra fuel is not required to
keep the reactor operating and could better be removed and, together with fuel
from other breeders, be used to fuel another breeding reactor. In this way, the total
power produced from all the fuel can be increased as the fuel mass increases in
both the original and second breeder. This mode of operation also coincides more
closely with actual practice since breeder reactors are refueled at regular intervals
(normally about once or twice every 2 years) over their lifetime.

It can be shown (see Problem 6.8) that the reactor power which can be pro-
duced from a given fuel mass is proportional to the mass—that is,

tp (44)

P = pm, (4.5)

where B is a constant. However, as shown earlier, the rate of increase in mass is
given by
dm

— =GuwP,
dt w

I'This assumes that the newly produced fuel and the fuel consumed have the same atomic
weight. If they are different, the production rate must be multiplied by the ratio of their atomic
weights.
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and it follows that

d
d_r;z = Gwpm.
This equation has the solution
m = mge®?? (4.6)

where my is again the initial fuel inventory.

The exponential doubling time tp., sometimes called the compound doubling
time, is now defined as the time in which m reaches 2my according to Eq. (4.6).
This is easily seen to be

tpe = 22 @.7)
Guwp
However, from Eq. (4.5),
Po
= e
where P, is the initial power. Substituting 8 into Eq. (4.7) then gives
tpe = mG‘:;j 48)
Comparing Egs. (4.4) and (4.8) shows that
tpe = tp;In2 = 0.693tp,. (4.9)

The growth in total fuel inventory and the two doubling times, ¢ p; and ¢p,, are
shown in Fig. 4.3. In practice, both ¢p, and ¢p, have been used. However, because

2”10

Figure 4.3 Growth in the
inventory of fuel by breeding under
two conditions: (a) new fuel
continually extracted and used for
further breeding, (b) new fuel left in
e i ! reactor.
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tpe reflects a more usual mode of fuel managment, it is frequently referred to as
the doubling time.

It should be emphasized that the actual time required by a reactor owner to
double his inventory of fissile material is greater than either of the doubling times
computed previously, since the time required to remove the newly produced fuel
from the reactor and have it chemically separated and fabricated into a form suit-
able for fueling the reactor was omitted in the derivation. Nevertheless, the dou-
bling time is a reasonable measure of merit for the performance of a breeder. Thus,
all other things being equal (which they never are), the best breeder is clearly the
one with the lowest value of ¢p,.

Example 4.2

A hypothetical fast breeder reactor is fueled with a mixture of 23°Pu and 2*8U. When
operating at full power, the plutonium is consumed at a rate of approximately 1 kg
per day. The reactor contains 500 kg of 2**Pu at its initial startup, and the breeding
gain is 0.15. (a) At what rate is 2>°Pu being produced? (b) Calculate the linear and
exponential doubling times of this reactor.

Solution.

1. From the definition of breeding gain, the reactor produces 0.15 extra atoms of
239%Pu for every atom of >*’Pu consumed. On a per kilogram basis, this means
that the reactor produces 0.15 additional kilograms of 23°Pu for each kilogram
consumed. Since the consumption rate of *°Pu is 1 kg/day, it follows that the
instantaneous rate of plutonium production is 0.15 kg/day or about 55 kg/yr.
[Ans.]

2. The factor w Py in Eq. (4.4) is the total fuel consumption rate, which is 1 kg/day
in this problem. From that equation, it follows that

_ 500kg  500kg
" 0.15kg/day ~ 55 kg/yr

Then from Eq. (4.9),

Ip =9.1 yr.[Ans.]

tpe = 0.693 x 9.1 = 6.3 yr.[Ans.]
Nuclear Fuel Performance—Burnup and Specific Burnup

The total energy released in fission by a given amount of nuclear fuel is called
the fuel burnup and is measured in megawatt days (MWd). The fission energy
released per unit mass of the fuel is termed the specific burnup of the fuel and is
usually expressed in megawatt days per metric ton or per kilogram (that is, MWd/t
or MWd/kg) of the heavy metal originally contained in the fuel. According to the
discussion in Section 3.7, the fissioning of 1.05 g of 233U yields 1 MWd. Thus, it
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follows that the maximum theoretical burnup for this fuel is

1MWd 10%g
x
1.05¢g

= 950, 000 MWd/t

or 950 MWd/kg.

Fuel performance is also described in terms of fractional burnup (often ex-
pressed in %), denoted as B and defined as the ratio of the number of fissions in
a specified mass of fuel to the total number of heavy atoms originally in the fuel.
That is,

number of fissions

= . 4.10

initial number of heavy atoms ( )
Since the fission of all fuel atoms (8 = 1) yields 950,000 MWd/t and the specific
burnup at any time is clearly proportional to B, it follows that, for 233U,

specific burnup = 950, 0008MWd/t. 4.11)

The maximum specific burnup that can be obtained from a given reactor fuel
depends on a number of factors, which are discussed in Section 7.5.

Example 4.3

A thermal reactor is loaded with 98 metric tons of uranium dioxide (UO;) fuel in
which the uranium is enriched to 3 w/o 233U. The reactor operates at a power level
of 3,300 MW for 750 days before it is shut down for refueling. (a) What is the specific
burnup of the fuel at shutdown? (b) What is the fractional burnup at shutdown?

Solution.

1. The total burnup of the fuel is 3,300 x 750 = 2.48 x 10° MWd. The atomic
weight of 3 w/o uranium is approximately 238. Therefore, of the 98 t of UO,,
98 x 238/(238 + 2 x 16) = 86.4 t is uranium, that is, the heavy metal. The
specific burnup is then 2.48 x 10°/86.4 = 28, 700 MWd/t. [Ans.]

2. From Egq. (4.11), the fractional burnup is

28,700

P = 550,000

=0.0302 = 3.02%. [Ans.]

[Note. In any reactor like the one in this example, which is fueled with low-
enriched uranium, the bulk of the fuel is 238U. Some of the 238U is converted to the
isotopes of plutonium as the reactor operates, and a portion of the plutonium fissions
in the reactor. Some 238U also undergoes fission by interactions with fast neutrons.
Over 40% of the fissions in such a reactor may actually occur in non-23°U atoms.
This explains why B in the present case is larger than the fuel enrichment of 3 w/o.
In fact, the spent fuel may still have a 233U enrichment on the order of 1 w/o at
unloading.]



Sec. 4.3 Non-Nuclear Components of Nuclear Power Plants 129

For convenience, the fissile and fertile nuclides are frequently identified by a
simple numerical code that was introduced during the Manhattan Project of World
War II. Suppose that the atomic number Z and atomic mass number A of some
nuclide are denoted by Z = ab and A = cde, where a, b, and so on are digits.
Then according to the code, the nuclide in question is identified by the two-digit
number be. Thus, U is “25,” 238U is “28,” 2°Pu is “49,” 2*'Pu is “41,” and so on.
This code often simplifies notation and is used throughout this book.

4.3 NON-NUCLEAR COMPONENTS OF NUCLEAR POWER PLANTS

Since the world’s first reactor (an assembly of natural uranium lumps imbedded in
graphite) was brought to critical in Chicago on December 2, 1942, a large number
of reactors have been designed and built for a variety of purposes: for the conver-
sion of 238U to 23°Pu; for the propulsion of ships, aircraft, rockets, and satellites;
for medical irradiation; for research; and for the generation of electrical power. It
is impossible herein to describe all of these reactors in detail. Instead, attention is
focused on reactors in the last category—namely, reactors that are used in station-
ary power plants for the generation of electricity. Most nuclear engineers today are
employed in one way or another with the nuclear electric power industry.

In all nuclear power plants, the fission energy released in the reactor is used to
produce steam—either directly in the reactor or in auxiliary heat exchangers called
steam generators. The reactor or reactor—steam generator combination is called the
nuclear steam supply system (NSSS). The NSSS serves the same function as the
steam boiler in a conventional fossil-fuel plant. The way in which the steam is
utilized in a power plant is considered in the present section; reactors and nuclear
steam supply systems are discussed in the next two sections.

Figure 4.4 schematically shows the steam system in a nuclear power plant
from the point where the steam leaves the reactor or steam generators to the point
where it returns as feedwater to be reconverted into steam. As indicated in the
figure, the steam is used to drive steam turbines, which are coupled to a generator
to produce electricity. Turbines, in principle at least, are simple machines. They
consist of a series of bladed wheels affixed to an axle, which rotates at high speed
as steam at high temperature and pressure strikes the turbine blades. Steam, of
course, is just the gaseous form of water, and it does not contain any liquid water
per se. To emphasize this, steam is often referred to as dry steam; steam mixed
with liquid water is called wet steam. Steam is always delivered to a turbine as
dry as possible, but as it passes through successive turbine stages, its temperature
and pressure are reduced, and some of the steam is condensed to droplets of liquid
water. It has been found that these droplets impinging on the turbine blades lead to
excessive erosion of the blades and hence to reduced turbine lifetime. In addition,
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Figure 4.4 Simplified diagram of the power-producing side of a nu-
clear steam power plant.

the inertia of the liquid in the turbine tends to reduce the turbine efficiency. This
problem can be circumvented in a number of ways.

It is recalled from thermodynamics that water is converted to steam by adding
heat (the latent heat of vaporization) to water at constant pressure and temperature.
The steam so produced is said to be saturated. The extraction of any energy from
such saturated steam, as occurs when it passes through a turbine, results in the
condensation of some of the steam to liquid water. However, if the steam is heated
above the temperature at which it was evolved from boiling water, some heat can
be extracted without condensation taking place. Steam that has been heated in this
way is said to be superheated. By superheating the steam before it enters a turbine,
the total amount of water produced in the turbine can be significantly reduced.
Superheating may be done in a separate unit designed for the purpose, in a portion
of the steam generator, or in the reactor.

Another approach to this problem is to remove the wet steam from the turbine
when the water content has reached a specified level (separate the steam from the
water, which is done in a moisture separator), reheat this spent steam using the
higher pressure and hotter steam from the reactor or steam generators, and pass
the reheated steam (which may be superheated at this point) to one or more lower
pressure turbines as shown in Fig. 4.4. Moisture separation and reheating is usually
performed in the same device—one for each low-pressure turbine. The wet steam
passes over metal blades that draw off the water; then as dry steam, it passes around
a series of tubes carrying the hotter NSSS steam. Reheating is utilized in fossil as
well as nuclear power plants.

From the low-pressure turbines, the spent steam passes into a condenser,
where it is cooled by water from a suitable outside source, and the steam is con-
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densed to water. In this part of the steam cycle, heat is rejected by the system. This
rejection of heat is an essential part of the operation of the plant from a thermody-
namic point of view. Thus, it is not possible to skip the condenser portion of the
cycle and return the spent steam directly to the reactor side of the system. To do
so would violate the second law of thermodynamics, which forbids the extraction
of heat from any source and the performance of an equivalent amount of work in a
cyclical process.

The condensed water, or condensate, is next pumped through a demineralizer
and then back to the steam-producing side of the cycle as feedwater. It turns out
that the overall efficiency of the system is increased if the feedwater is heated by
steam withdrawn from an intermediate stage in the turbine, which is a procedure
known as regeneration. This heating takes place in the feedwater heaters, shown
in Fig. 4.4. These are heat exchangers with turbine steam on the hot side. With
the feedwater heated and returned to the reactor or steam generator, the power-
producing portion of the steam cycle is complete.

The overall efficiency of a nuclear power plant is defined as the ratio

4
= o

where W is the rate of electrical energy output in megawatts (denoted by MWe),
and Qy is the rate of thermal energy output from the reactor (written as MWt). The
value of W is less than Qg by an amount equal to the sum of the heat losses in all
parts of the system—that is, energy lost in the various heat exchangers, the turbines,
pumps, piping, the generator, and also the heat, Q¢, rejected to the coolant in the
condenser. In practice, virtually all of the recoverable energy of fission is converted
into the steam, which enters the turbine. Relatively little energy is lost in the turbine
or piping or is required to operate the various pumps, and the generator performs
at high efficiency. It follows that, as a rough approximation,

eff (4.12)

W~ Qr - Qc. (4.13)
Equation (4.12) can then be written as

eff ~ 1 — 2€ (4.14)

Or’

It follows from this equation that the smaller the value of Qc, the greater the ef-
ficiency of the plant—or, conversely, the greater the efficiency of the plant, the
smaller the amount of heat Q¢ rejected to the condenser cooling water for a given
plant capacity.

In practice, the efficiency of a steam cycle of the type described earlier de-
pends on many parameters, among which are the temperature T, of the steam en-
tering the turbine and the temperature 7, of the coolant used in the condenser. In



132 Nuclear Reactors and Nuclear Power Chap. 4

particular, the efficiency increases with increasing 7; and with decreasing 7,. For
an actual plant, the value of T is determined by the environmental conditions, lo-
cal air temperature, or the temperature of the condenser cooling water, and only the
value of T, is under the control of the plant designer. To achieve high efficiency,
therefore, it is necessary to operate the turbine with steam at the highest possible
temperature.

Plant efficiency is an important consideration for both nuclear and fossil fuel
plants, but for somewhat different reasons. With fossil fuel plants, the cost of pro-
ducing electricity is largely determined by the cost of the fuel, which is consumed
in large quantity to provide the heat Qg. It follows from Eq. (4.12) that with higher
plant efficiency less fuel must be consumed to produce a given amount of elec-
trical power. Therefore, every effort is made in fossil fuel plants to produce high-
temperature steam, and turbines in these plants are operated close to the maximum
temperature permitted by the metallurgical properties of the turbine materials.

In contrast, with nuclear power plants, the cost of electricity is largely de-
termined by capital costs (specifically, the interest charges on the money used to
build the plant) and not by fuel costs. Thus, electricity can be produced econom-
ically in a nuclear plant even if its efficiency is low and fuel consumption is high
simply because the cost of electricity is not significantly influenced by fuel costs in
the first place. This is a fortunate circumstance for the nuclear industry since it is
not possible to produce high-temperature steam, comparable to that used in fossil
fuel plants, in many of the nuclear systems currently available. This, in turn, is due
to the fact that the temperature of the fuel used in these reactors is restricted to
relatively low values—Ilower, for example, than the temperature of the combustion
chamber in a conventional boiler. Such low fuel temperatures are necessary to en-
sure the integrity of the fuel and make certain that the fission products produced
within the fuel remain confined.

However, there is at least one serious consequence of the low efficiency of
most present-day nuclear installations—namely, as shown in Eq. (4.14), they nec-
essarily reject more heat to the environment than comparable fossil fuel plants. For
example, a nuclear plant operating at an overall efficiency of 33% can be shown
(see Problem 4.16) to eject approximately 25% more heat to the environment than
a fossil fuel plant with an efficiency of 38%. If this heat is improperly discharged
to a body of water or if the body of water is too small for the amount of heat re-
jected, then the ensuing temperature rise of the water may upset the equilibrium of
biological species residing there, and this can lead to the deterioration and eventual
stagnation of the water source. This phenomenon is called thermnal pollution. It is
an important consideration both in the siting and in design of all power plants, but
especially nuclear power plants. To reduce thermal pollution, many nuclear power
plants utilize cooling towers. These are large structures (often over 500 ft high) in
which heat is exchanged between the condenser cooling water and the atmosphere.
In this way, the heat from the condenser is absorbed by the atmosphere instead of
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being rejected to a local body of water. Cooling towers must also be used wherever
an adequate supply of cooling water cannot be guaranteed year-round.

In addition to efficiency, two other parameters are used to describe the perfor-
mance of a nuclear power plant (or any type of power plant for that matter). These
are the availability and capacity factors. The availability is defined as the percent
of time, over any given reporting period, that the plant is operational—that is, either
in operation or capable of being put into operation if the electrical demand requires
it. The capacity factor is the percent of the total electrical power that could the-
oretically be produced during a specified period if the plant were operated at full
power 100% of the time. The capacity factor is less than (or possibly equal to) the
availability because a plant cannot be operated if it is not available, and because
it is not always operated at full power when it is available due to the vagaries of
electrical demand and the economics of utility operation.

The availability of American-built light-water nuclear plants (see Section 4.5)
is in the neighborhood of 90%, about the same as fossil fired plants. The capacity
factors of these nuclear plants generally lie between 80% and 85%. Both the avail-
ability and capacity factors of Canadian-built heavy water reactor plants are higher.

Example 4.4

Over a period of 1 year a nuclear power plant with an output rating of 1,075 MWe
actually delivers 255,000 MWd of electric power to the utility grid. During this time,
the plant was down—that is, inoperable—28 days forrefueling, 45 days forrepairs to
the nuclear portions of the plant, and 18 days forrepairs to the conventional portions
of the plant. (a) What was the plant capacity factor during the year? (b) What was
the plant availability?

Solution.

1. At full power for the entire year (365 days), the plant could deliver 1075 x
365 = 392,375 MWd. Since it only delivered 255,000 MWd, the capacity
factor is 255,000/392,375 = 0.65 = 65%. [Ans.]

2. The total number of days the plant was down is 28 + 45 + 18 91. It
was therefore operable 365 — 91 = 274 days. The plant availability is then
274/365 = 0.75 = 75%. [Ans.]

44 COMPONENTS OF NUCLEAR REACTORS

Before discussing specific reactors for the generation of steam, it is helpful to
first review the principal component parts or regions of typical reactors. These are
shown in Fig. 4.5. It must be emphasized that this drawing is merely schematic and
does not depict an actual reactor.
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Figure 4.5 Schematic drawing of the principal components of a nu-
clear reactor together with the radiation shield and containment.

The central region of a reactor shown in Fig. 4.5 is called the core.? In a
thermal reactor, the core contains the fuel, the moderator, and a coolant. In a fast
breeder reactor, there is no moderator, only fuel and coolant. The fuel includes the
fissile isotope that, as explained earlier, is responsible for both the criticality of
the reactor and the release of fission energy. However, the fuel may also contain
large amounts of fertile material. Indeed, most modern power reactors (which are
thermal) are fueled with uranium enriched to only a few percent 23U, so that most
of the fuel is actually 2*8U.

The moderator, which is only present in thermal reactors, is used to mod-
erate—that is, to slow down—the neutrons from fission to thermal energies. It
was shown in Section 3.5 that nuclei with low-mass numbers are most effective
for this purpose, so the moderator is always a low-mass-number material. Water
(two-thirds of atoms of which are hydrogen), heavy water, and graphite (the com-
mon form of carbon) are often used as moderators. Beryllium and beryllium oxide
(BeO), a white ceramic material, have been used occasionally, but they are very
costly.

The coolant, as the name implies, is used to remove the heat from the core
and other parts of the reactor where heat may be produced. Water, heavy water, and
various gases are the most commonly used coolants for thermal reactors. In the case
of water and heavy water, these coolants also frequently serve as the moderator.

2The core of a breeder reactor is often called the driver since this is the part of the reactor that
leads to the criticality of the reactor—hence drives the system.
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With fast reactors, water and heavy water cannot be used as coolants, at least in
liquid form, since these materials would tend to slow down the fission neutrons,
which, in this type of reactor, must be kept as energetic as possible. Most fast
reactors are cooled by liquid sodium. Sodium has excellent heat transfer properties;
with an atomic weight of 23, it is not effective in slowing down neutrons by elastic
scattering. (However, some moderation occurs as a result of inelastic scattering.)
Gases, of course, can also be used to cool fast reactors.

Surrounding the core of breeder reactors is a region of fertile material called
the blanket. This region is designed specifically for conversion or breeding. Neu-
trons that escape from the core are intercepted in the blanket and enter into the
various conversion reactions. However, a substantial amount of power may also be
produced in the blanket as the result of fissions induced by fast neutrons, so it must
be cooled as well as the core.

The region adjacent to the core, or to the blanket if one is present, is called
the reflector. This is a thickness of moderating material whose function can be
understood in the following way. Suppose the core (or blanket) were bare—that
is, open and exposed to the air. In this case, all of the neutrons that escaped from
the surface of the core would be lost from the reactor—none would return. By
placing a region of moderator around the reactor, however, some of these neutrons
are returned to the core or blanket after one or more collisions in the reflector. All
of the neutrons do not return, of course, but some do, thus saving neutrons for the
chain reaction. It is shown later in this book that reflectors significantly reduce the
amount of fuel required to make a reactor critical.

The control rods shown in Fig. 4.5 are movable pieces of neutron-absorbing
material; as their name suggests, they are used to control the reactor. Since they
absorb neutrons, any movement of the rods affects the multiplication factor of the
system. Withdrawal of the rods increases k, whereas insertion decreases k. Thus,
the reactor can be started up or shut down, or its power output can be changed by
the appropriate motion of the rods. Control rods must also be adjusted to keep a
reactor critical and operating at a specified power level, when, in the course of time,
the fuel is consumed and various neutron-absorbing fission products accumulate in
the reactor. Several materials have been used for control rods: boron steel, since
boron has a high neutron absorption cross-section; hafnium or cadmium, metallic
elements that are strong thermal neutron absorbers; silver; and various alloys of
these metals. The rods may be cylindrical in shape (rods, in the true sense of the
word) or may be sheets, blades, or crossed blades, which are called cruciform rods.

The various reactor components just described are all located within the reac-
tor vessel, which, if the components are under pressure, is also called the pressure
vessel. To reduce the thermal stresses in the reactor vessel caused by the absorp-
tion of y-rays emanating from the core, it is necessary in some reactors to place
athermal shield, a thick layer of y-rays absorbing material (usually iron or steel),
between the reflector and the inner wall of the vessel. Since the thermal shield
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absorbs considerable energy, it ordinarily must be cooled along with the core and
blanket.

The reactor vessel and all other components of the nuclear steam supply sys-
tem that contain sources of radiation are surrounded by radiation shielding in vary-
ing amounts for the protection of plant personnel during normal operation of the
reactor; the amount of shielding varies according to the design of the reactor. To
protect the general public from the consequences of a reactor accident—in particu-
lar, one involving the release of fission products from the reactor—the entire reac-
tor installation is enclosed in a containment structure. In some plants, this takes the
form of a heavily constructed building housing the entire nuclear steam supply sys-
tem; in other installations, the containment is split, with a portion surrounding the
reactor (the primary containment), and the remainder coinciding with the reactor
building (the secondary containment).

In addition to the several components illustrated in Fig. 4.5, elaborate safety
systems, some of which are described in Chapter 11, must be included in a nu-
clear power plant for use in emergencies. Provisions must also be made for the
loading of fuel and storage of radioactive spent fuel prior to its shipment from the
plant. Various sensing devices must be located at several points inside and outside
the reactor vessel to monitor the operation of the system. Finally, a considerable
amount of structural material is necessary to give support and integrity to the plant.
It should be clear that nuclear power plants are complex installations and, by their
nature, must be designed with care.

45 POWER REACTORS AND NUCLEAR STEAM SUPPLY SYSTEMS

In the relatively short history of nuclear power, many types of reactors have been
proposed for the production of steam. The present discussion is confined to those
nuclear steam supply systems that are currently in use or that hold promise of being
adopted in the future.

Section 4.6 shows that, because of the limited resources of 2>°U, the nu-
clear power industry in time will undoubtedly have to shift to the breeder reactor.
Present-day reactors that do not breed should be recognized as interim systems,
pending the introduction of breeders during the next century.

Power reactor systems consist primarily of five types of reactors: (a) pres-
surized water reactors and boiling water, which produce steam directly in the core
and are the mainstay of the nuclear power industry; (b) evolutionary pressurized
water reactors, which have the basic elements of pressurized water reactors but
with many significant improvements; (c) evolutionary boiling water reactors; (d)
heavy-water moderated reactors; and (e) gas-cooled reactors.
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Reactors

The pressurized water and boiling water reactors fall into the general class of light-
water reactors since they use ordinary or light water for the coolant and moderator.
The heavy water reactor, as the name implies, uses D,O for the moderator, whereas
the gas-cooled reactors use a solid such as carbon for the moderator and a gas such
as helium for the coolant.

Light-Water Reactors The most widely used reactor in the world today
for producing electric power is the thermal reactor, which is moderated, reflected,
and cooled by ordinary (light) water. As noted earlier, water has excellent mod-
erating properties. In addition, its thermodynamic properties are well understood,
and it is readily available at little cost. However, water has a high vapor pressure,
which means that light-water reactors (LWRs) must be operated at high pressures.
Water also absorbs thermal neutrons to such an extent that it is not possible to fuel
a LWR with natural uranium—it simply would never become critical. Uranium in
water reactors must always be enriched, at least to some extent.

There are basically two types of light-water reactors now in use: the pres-
surized-water reactor (PWR) and the boiling-water reactor (BWR). Both of these
types of reactors are well established in the United States and abroad, and both
produce power about as cheaply as comparable coal-fired plants.

The Pressurized-Water Reactor The PWR was one of the first types
of power reactors developed commercially in the United States. This reactor has
also become standard on nuclear-powered ships and naval vessels throughout the
world.

Figure 4.6 shows a cross-sectional view of a typical PWR. As indicated in the
figure, water enters the pressure vessel at a temperature of about 290°C or 554°F,
flows down around the outside of the core where it serves as a reflector, passes
upward through the core where it is heated, and then exits from the vessel with a
temperature of about 325°C or 617°F. The water in a PWR is maintained at a high
pressure—approximately 15 MPa or 2250 psi. At this pressure, the water will not
boil, at least not to any great extent.

Since the water does not boil in the reactor, the steam for the turbines must
be produced external to the reactor. This is done in steam generators, which are
heat exchangers with pressurized water on the hot side. A typical steam generator
is shown in Fig. 4.7. High-pressure, heated coolant water from the reactor enters at
the bottom and passes upward and then downward through several thousand tubes
each in the shape of an inverted U. The outer surfaces of these tubes are in contact
with lower pressure and cooler feed water returning from the turbine condenser.
Heat transferred from the hot water inside the tubes causes the feedwater to boil and
produce steam. The lower section of a steam generator where this boiling occurs
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is called the evaporator section. The wet steam produced in the evaporator passes
upward into a portion of the steam generator known as the steam drum section.
Here the steam is dried in various moisture separators before exiting to the turbines.
Steam generators are also manufactured with straight tubes rather than U tubes.
Large PWR systems utilize as many as four steam generators, which produce steam



140 Nuclear Reactors and Nuclear Power Chap. 4

at about 293°C or 560°F and 5 MPa or 750 psi. This gives an overall efficiency of
between 32% and 33% for a PWR plant.

Because water is essentially incompressible, even small changes in coolant
volume could lead to large changes in pressure, which could have deleterious ef-
fects on the system. For instance, if for any reason the coolant volume were de-
creased, the subsequent drop in pressure could result in the vaporization of some
of the water in the reactor; this in turn could lead to the burnout of some of the fuel
elements. To prevent this from happening, one coolant loop of a PWR is equipped
with a pressure-maintaining surge tank known as a pressurizer.

As indicated in Fig. 4.8, a pressurizer consists of a tank, containing steam
and water in its upper and lower sections, respectively, with a pressure-actuated
spray nozzle at the top and pressure-actuated immersion-type heaters at the bottom.
The device operates in the following way. Suppose that the power output of the
turbine is reduced in response to a drop in the electrical load on the plant. This
leads to a temporary increase in the average temperature of the reactor coolant and
acorresponding increase in coolant volume. The expansion of the coolant raises the
water level in the pressurizer, which raises the pressure of the steam and actuates
the valves to the spray nozzle. Water from one of the cold legs of the reactor coolant
system sprays into the top portion of the pressurizer and condenses some of the
steam. This quenching action reduces the pressure and limits the pressure rise.
When the electrical load is increased instead, the attendant decrease in coolant
volume drops the water level and reduces the pressure in the pressurizer. This, in
turn, causes some of the water to flash to steam, again limiting the pressure change.
At the same time, the pressure drop actuates the heater to further limit the pressure
reduction.

The major components of a PWR steam supply system are shown in Fig. 4.9.
It should be noted that there are four coolant pumps, one for each coolant loop, but
only one pressurizer for the entire system.

The fuel in PWR reactors is slightly enriched (from 2 to 5 w/o uranium diox-
ide, UO,, which is a black ceramic material with a high melting point of approx-
imately 2,800°C or 5,070°F). The UQ; is in the form of small cylindrical pellets,
about 1 cm in diameter and 2 cm long, which are usually concave on the ends.
The pellets are loaded into sealed stainless steel or Zircaloy? tubes about 4 m long.
At the operating temperature of the fuel, the pellets expand axially and fill the
void spaces between the pellets. The result is a solidly packed fuel rod or fuel
pin. In addition to providing support for the fuel pellets, the Zircaloy fuel tubes
also prevent the escape to the passing coolant of fission products, especially fission
product gases, that are released from the pellets during the operation of the reactor.

3Zircaloy is an alloy of zirconium, a metal with a small neutron absorption cross-section con-
taining small amounts of tin, iron, chromium, and nickel. There are two forms of Zircaloy that have
been used in LWRs—Zircaloy-2 and Zircaloy-4; the latter contains no nickel.
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Figure 4.8 A PWR pressurizer. (Courtesy of Westinghouse Electric
Corporation.)
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Steam outlet (to turbine)

Figure 4.9 Schematic arrangement of the major components of a PWR
steam supply system.

In this context, the fuel tubes are also known as fuel cladding. PWR fuel of the
type described here is nominally capable of delivering about 30 MWd per kg of
contained uranium before it must be replaced. Advanced fuels developed in recent
years are capable of extended operation because of higher enrichment and the use
of gadolinium as a control element during initial operation. Such fuel systems have
enrichments as high as 5 w/o and can achieve 45 MWd per kg.

On a few occasions, it has been observed that some fuel pellets, although ex-
panding initially as the fuel reaches its operating temperature, later contract due to a
gradual increase in the density of the uranium dioxide and corresponding reduction
in its specific volume (cm?/g). This densification of the fuel, as the phenomenon is
called, is evidently caused by the migration and combination of small voids within
the ceramic. The decrease in the pellet volume leaves void spaces within the fuel
tubes. Because of the high pressure of the moderator coolant, this produces large
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stresses across the fuel tubes, increasing the likelihood of fuel-tube rupture. To
circumvent this problem, the fuel tubes are pressurized with helium at about 3.4
MPa. As fission product gases accumulate in the tubes over the life of the core, the
pressure in the tubes gradually builds up to about 14 MPa near the end of the core
life.

The completed, pressurized fuel rods are next arranged in a square lattice
structure called a fuel assembly, one of which is shown in Fig. 4.10; the fuel as-
semblies are then arranged in a near-cylindrical array to form the core. The fuel
rods in the fuel assemblies are kept apart by various spacers. This is important
since rods that come into contact may overheat and release fission products.

Control of the PWR is accomplished by the use of control rods, which nor-
mally enter the core from the top (see Fig. 4.6), and a chemical shim system. In
this latter system, which is discussed more fully in Chapter 7, the value of the mul-
tiplication factor is changed by varying the concentration of a neutron absorber
(usually boric acid) dissolved in the coolant water. Fuels capable of higher burnup
have gadolinium included to offset the higher enrichment of the fuel during the
early stages of core life.

Where the size of the reactor is an important consideration, as it is in a sub-
marine, highly enriched fuel is used. This fuel, enriched to over 90 w/o in 2*°U and
often called fully enriched, makes it possible to reduce the overall dimensions of
the core and pressure vessel. The highly enriched uranium is expensive, however,
and it cannot be used economically in stationary power plants.

The Boiling-Water Reactor For a long time, it was thought that if water
were permitted to boil within a reactor, dangerous instabilities would result because
of uneven formation and movement of the steam bubbles. Experiments carried out
in the early 1950s (the famous BORAX experiments) showed that this was indeed
the case if the boiling occurred at low pressure. However, when the pressure was
raised, the boiling became stable and the reactor was controllable. Since these first
demonstrations of the feasibility of boiling-water reactors, the BWR has reached a
high state of development. The BWR and PWR are now competing on a neck-and-
neck basis for the commercial nuclear power market in light-water reactors.

There are obvious advantages to a BWR. For one thing, the steam is formed
in the reactor and goes directly to the turbines—steam generators in separate heat
transfer loops are not necessary as they are with the PWR. For this reason, the
BWR is said to operate in a direct cycle. Furthermore, it is recalled that, for a
given amount of water, more heat can be absorbed as latent heat—that is, the heat
necessary to vaporize a liquid—than as sensible heat, which, in the PWR, only
changes the temperature of the fluid. Therefore, it follows tba{ less water must
be pumped through a BWR per unit time than through a PWR for the same power
output. However, the water becomes radioactive in passing through the reactor core
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Figure 4.10 Fuel assembly for a
PWR. (Courtesy of Babcock &
Wilcox Company.)

(see Section 10.12). Since this water is utilized in the electricity-producing side
of the plant, all of the components of the steam utilization system—the turbines,
condenser, reheaters, pumps, piping, and so on—must be shielded in a BWR plant.

The pressure in a BWR is approximately 7 MPa or 900 psi —about one-half
the pressure in a PWR. As a result, the wall of the pressure vessel for a BWR need
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not be as thick as it is for a PWR. However, it turns out that the power density
(watts/cm?) is smaller in a BWR than in a PWR, and so overall dimensions of a
pressure vessel for a BWR must be larger than for a PWR of the same power. As
far as the cost of the pressure vessel is concerned, these two effects more or less
tend to offset one another.

The internal configuration of a BWR is shown in Fig. 4.11, where the coolant
flow is indicated by arrows. Starting with the lower chamber or plenum, the water
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Figure 4.11 Cross-sectional view of a boiling-water reactor. The mo-
tion of the water is shown by arrows. (Courtesy of General Electric Com-
pany.)
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moves upward through the core; as it does, it receives both sensible and latent
heat. By the time it reaches the top of the core and enters the upper plenum, a
portion of the coolant has been vaporized. This mixture of steam and liquid water
next passes through steam separators, which remove most of the water. The steam
then goes through a dryer assembly, which removes the remaining water; it then
exits from the reactor via a steam line to the turbine. The residual water from the
separators and the dryer mixes with feedwater returning from the condenser and
passes downward through an annular region external to the core, between the core
shroud and the reactor vessel, known as the downcomer, and returns to the lower
plenum.

The driving force behind the flow of the coolant through the core is provided
by a recirculation system. This system consists of two loops external to the reactor
vessel, each containing a recirculation pump. These pumps withdraw water near the
bottom of the downcomer and pump it at a higher pressure through a pipe manifold
to a number of jet pumps (1824 depending on the reactor power) located within
the downcomer, as indicated in Fig. 4.11. A schematic drawing of a jet pump is
shown in Fig. 4.12. It is observed that these devices have no moving parts. The
recirculating water emerges from the nozzle of the jet pumps at high speed and
entrains some of the water in the downcomer, as indicated by the suction flow
in Fig. 4.12. Water from the nozzles and entrained water finally emerge from the
bottom of the jet pumps into the lower plenum. A BWR of the type described

High-pressure
high-velocity input

Suction flow

KK Nozzle

Mixing section

Figure 4.12 Schematic drawing

of a jet pump. Drawing is not to

scale—the actual pump is much

more elongated than indicated.

(Courtesy of General Electric
Output Company.)
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produces saturated steam at about 290°C or 554°F and 7 MPa or 900 psi. The
overall efficiency of a BWR plant is on the order of 33% to 34%.

The fuel for a BWR is essentially the same as for a PWR, that is, slightly en-
riched UO; pellets in sealed tubes—and the core configurations of the two types of
reactors are more or less identical. However, BWR control rods are always placed
at the bottom of the reactor rather than at the top, as in the case of the PWR. The
reason for this is that much of the upper portion of the core of a BWR is normally
occupied by steam voids, and movement of the rods in this region does not have as
large an effect on the value of k as rod motions in the lower, water-filled part of the
core. The rods are thus placed near the part of the reactor where they will do the
most good.

The Evolutionary and Advanced Light-Water Reactors In recent
years, economic considerations and concerns over the need for higher levels of
safety have prompted an effort to develop new advanced reactor concepts. Both
boiling and pressurized water reactor designs of this type were developed. These
designs feature the use of simplified primary systems and, in the more advanced
designs, passive emergency core-cooling systems. The Advanced Boiling Water
Reactor (ABWR) by GE and System 80+ PWR by ABB/Combustion Engineering
represent considerable system simplification, whereas the Advanced Passive 600
(AP600) MWe PWR by Westinghouse and the Simplified Boiling Water Reactor
(SBWR) by General Electric represent designs with advanced passive cooling fea-
tures as well.

Construction costs of nuclear power plants as well as other types of central
power stations skyrocketted during the late 1970s and early 1980s. The increase in
costs was due in part to the general inflationary trends experienced during this time.
A major cause of the cost increase for nuclear power plants was the need to backfit
modifications needed as a result of the accident at the Three Mile Island Nuclear
Generating Station, TMI, discussed in Section 11.7. In an effort to make the use of
nuclear energy economically more competitive, the nuclear industry explored ways
to both simplify and increase the safety of the nuclear systems. The conclusions
from studies made by both the industry and the U.S. Department of Energy (DOE)
were the need to decrease the number of components and piping and provide more
sources of cooling water to the systems for use during an accident.

Initial designs such as the ABWR and Systems 80+ are based on simplified
system designs to reduce costs along with some safety system enhancements. The
AP600 and SBWR include both simplifications and the addition of passive cooling
systems for use during a reactor accident. Passive systems use natural processes
driven by gravity and temperature differences. Because these systems do not re-
quire electrical power they are thought to be nearly fail-safe and much more reli-
able. Each of these are discussed in the following sections and comparisons made
to conventional reactor designs.
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System 80+. The evolutionary ABB CE System 80+ is an advanced design
evolutionary PWR. It is evolutionary in that incremental changes were made in key
system components that do not represent radical departures from current designs.
The significant features of the System 80+ include the use of a large spherical
double-wall concrete and steel containment, a larger water inventory in the primary
system, a simplified primary system, part-strength control rods that reduce the need
to change levels of boron in the coolant, and a safety depressurization system for
reducing system pressure during a small break loss of coolant accident (SBLOCA).

The primary system features two large steam generators and four coolant
pumps (Fig. 4.13). The pressurizer size is increased by 33% and the steam gener-
ator secondary water volume by 25%. Both of these increases enhance the plant’s
ability to experience transients without large pressure changes. The increased water
volume also provides additional time for operator action in the event of an accident.

Use of a large 61 m (200 ft) diameter spherical steel containment building
provides additional volume for steam expansion during a LOCA as well as provid-
ing a heat sink. The in-reactor containment refueling water storage tank provides a
sump for collection of coolant during an accident.

Advanced Boiling-Water Reactor. General Electric’s Advanced Boiling-
Water (ABWR) is another example of an evolutionary designed LWR. Building
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Figure 4.13 Schematic drawing of the System 80+. (Courtesy of ABB
Combustion Engineering.)
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on current features used in BWRs, this design represents a simplification of the ex-
isting technology but without a major departure from current design. Figure 4.14
is a cutaway of the ABWR. The most evident difference is the lack of recirculation
pumps. Using centrifugal pumps internal to the reactor vessel, GE’s ABWR mini-
mizes the risk of a LOCA by eliminating the complex of recirculation piping and
pumps found in conventional BWRs.

The ABWR also uses fine-motion control rods to enable better fuel manage-
ment and control during operation. Conventional steam separation equipment is
used to provide dry steam to the turbines as in current BWRs.

Figure 4.14 Cutaway drawing of
the ABWR. (Courtesy of General
Electric.)
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Figure 4.15 Cutaway drawing of
the AP600 containment. (Courtesy
of Westinghouse Electric.)

AP600 PWR. The Westinghouse AP 600 relies heavily on the use of pas-
sive safety systems to decrease the probability of core damage. A unique feature of
the design is the way the containment is used to provide an ultimate heat sink for
the decay heat in the event of a LOCA. Figure 4.15 shows the passive containment
cooling used to transfer the decay heat from the reactor via the break in the primary
system to the containment and then to the atmosphere.

As the steam exits the primary system, it is condensed on the walls of the
containment. Natural circulation of air against the outside of the steel-lined con-
tainment is encouraged through the unique chimney design of the containment and
the presence of a water film on the outside of the steel shell.

The primary system in Fig. 4.16 has several features to reduce the probability
of a LOCA and subsequent core damage. The primary coolant pumps are canned
rotor pumps located in the steam generator plena. The use of canned rotor pumps
eliminates the mechanical seals found on existing reactor circulation pumps. The
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Figure 4.16 AP600 primary system. (Courtesy of Westinghouse Elec-
tric.)

pressurizer is also larger by about 30% to reduce the likelihood of opening a safety
relief valve during a transient. Core power density is lowered to reduce the proba-
bility of core damage.

Passive core cooling is provided during a LOCA by two different means. Two
large high-pressure core makeup tank provide water during the early stages of an
accident. The design uses an automatic depressurization system to reduce pressure
so coolant can flow from an external pool to the reactor under gravity. The use of
these two passive systems provides for a high-reliability emergency core-cooling
capability.
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In addition to the passive containment cooling systems and the use of gravity-
fed core-cooling systems, the design also has a passive residual heat removal sys-
tem that is designed to remove decay heat when the steam generators are not
available. Located in a large pool of water called the in-containment refueling
water storage tank (IRWST), the heat exchangers provide cooling under normal
operating pressure. The IRWST acts as a large source of water during a LOCA and
also as a reservoir for the condensation from the containment.

Effort has also been made to reduce the number of components and amount
of piping as well. For example, compared to a similar 2 loop plant, the AP600 has
75% less piping in the NSSS and 31% less in the steam systems. There are similar
reductions in valves and other components as well.

Simplified Boiling-Water Reactor. The most significant difference be-
tween the SBWR developed by General Electric and a conventional design BWR
is the use of natural circulation rather than forced circulation of the reactor coolant.
The use of natural circulation reduces the power needed to operate the plant. It also
reduces the risk of a LOCA by eliminating the complex piping found in the re-
circulation system of a conventional BWR. These features both reduce cost and
increase safety. Figure 4.17 shows the SBWR in cutaway. An obvious difference in
this design is the lack of pumps in either the downcomer or external to the reactor.

In addition to the use of natural circulation, the core and vessel are designed
to provide additional coolant inventory. In an accident, the additional coolant is
expected to prevent core uncovery, significantly reducing the probability of core
damage. Finally, there are several completely passive systems that are designed to
replace the conventionally engineered safeguards systems. These systems rely on
gravity head to drive water into the core under LOCA conditions and to collect
coolant by condensing the steam escaping to the containment from the break in
the system. The gravity-driven cooling system (GDCS) is designed to collect the
coolant and return it to the vessel. It uses coolant condensed by the passive con-
tainment cooling system (PCCS) heat exchangers or heat exchangers located in the
PCCS pool above the reactor. Vaporized coolant from the break in the reactor sys-
tem is condensed in the PCCS and flows to the GDCS tank. There the coolant is
injected into the core by gravity.

A key feature of the passive system is the ability to rapidly depressurize the
reactor once a serious leak is detected. The process involves the use of the au-
tomatic depressurization system (ADS), which is used on conventional reactors
today. The ADS opens on decreasing system pressure venting steam from the re-
actor into the suppression pool. There the steam is condensed. Once the system is
depressurized, flow from the GDCS can occur.

Figure 4.18 shows a simulation of the SBWR during a LOCA. Notice that the
water level never reaches the top of active fuel (TAF).
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Figure 4.17 Cutaway view of
SBWR. (Courtesy of General
Electric.)

Russian Reactor Designs While the United States and Western Europe
pursued LWRs of somewhat similar designs, the former Soviet Union and former
Eastern Block countries developed their own unique designs. These designs include
the RBMK and VVER reactors. Both have found wide application in the former
Soviet Union, former Eastern Block countries, and elsewhere. They have several
unique features not found in Western reactor designs.

RBMK Reactor The RBMK or channelized large power reactor is a
boiling-water reactor. Unlike Western designed BWRs, it does not have a pressure
vessel. Instead, the fuel assemblies are located in separate channelized pressure
tubes similar to Canadian CANDU reactors. Each fuel assembly is located in its
own pressure tube, which allows the reactor to be refueled online. Unlike Western
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Figure 4.18 Water level prediction in the SBWR from a LOCA simu-
lation using the TRAC computer code. (Courtesy of Penn State Nuclear
Engineering Program.)

BWRs, however, the moderation is provided by graphite instead of light water
coolant, which makes it much larger than Western reactors.

The primary system (Fig. 4.19), consists of the pressure tubes (usually 1,000
or more), steam and water pipes, steam drums, main circulation pumps, graphite
stack, and fuel channels. The main coolant circulation system (MCC) typically
consists of two loops. Each loop has two steam water separator drums that provide
separation of the steam water mixture. Feedwater enters the steam drums via the
feed header and then travels to the suction header via the downcomers. There, three
of the four circulation pumps force the coolant into the distribution header and then
into the fuel channels where it boils, producing low-quality steam.

The fuel channels are independent of one another and may be isolated from
the system, allowing the fuel elements to be removed and replaced. The fuel is
low-enrichment (2 w/0) UO,. Each fuel rod is made up of 1.15 cm by 1.3 cm
fuel pellets inside a zirconiun-niobium tube approximately 3.64 m in length. There
are 18 fuel rods in each fuel element and they are arranged in a circular pattern
approximately 7.9 cm in diameter. A fuel assembly (Fig. 4.20) consists of two fuel
elements stacked end to end forming an assembly 7 m long.
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Figure 4.19 One loop of the primary system of a RBMK. 1—separator
drum, 2—downcomers, 3—suction header, 4—suction piping of the
MCP, 5S—MCP tanks, 6—pressure piping of the MCP, 7—bypass head-
ers, 8—pressure header, 9—group distribution header with flow limiter,
check valve, and mixer, 10—water piping, 11—channel to core, 12—
fuel channel, 13—channel above core, 14—steam-water pipes, 15—
steam pipelines. (Ignalina RBMK-1500, A Source Book, Lithuanian En-
ergy Institute.)

The fuel assemblies are inserted into the fuel channels, which are housed
inside the large graphite stack. The graphite stack consists of columns of graphite
blocks of various sizes and shapes. There are other channels in the graphite for
control rods, cooling flow, and instrumentation.

The graphite stack is placed inside a hermetically sealed cavity filled with
helium and nitrogen. The mixture improves heat transfer from the graphite to the
fuel channel and prevents oxidation of the graphite. The entire assembly is then
placed within the biological shield. Typically, the reactor is operated inside of a
building meeting standard industrial design specifications and not those typical of
a Western designed containment building. Typical operating conditions for a 1,500
MWe reactor are given in Table 4.1.

Because of the unique capability to refuel online, the RBMK have relatively
high availability. They can also be used to produce plutonium, and hence were
limited to the former Soviet Union. As of this writing, there are 16 RBMK reactors
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adapter, 4—connecting rod, 5—fuel element, 6—carrier rod, 7—end
sleeve, 8—endcap, 9—retaining nut. (/gnalina RBMK-1500, A Source
Book, Lithuanian Energy Institute.)

TABLE 41 RBMK-1500 PARAMETERS

Power 4,800 MWt
Core height 7 m
Core diameter 11.8 m
Number of channels
Fuel 1,661
Control and shutdown 235
Fuel enrichment 2%
Coolant temperature
Inlet 260-266 °C
Oulet 284°C

Steam pressure 7.0 MPa
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in operation. Only the Ignalina and Ukranian reactors are outside of Russia. Two
different power ratings were designed and built—1,000 MWe and 1,500 MWe—by
the design agent, the USSR’s Ministry of Nuclear Power Industry.

VVER Reactors Several versions of the VVER series reactor are in use in
the former Soviet Union, former Eastern Block, and elsewhere. The basic design of
this series of reactors resembles a Western designed PWR. However, these reactors
have a number of features that differ significantly from those in use in the United
States and other Western countries.

Put into operation in the 1970s, the VVER 440 series reactors are all rated at
440 MWe. All of these design reactors have six loops, isolation valves on each loop
and a uniquely designed horizontal tubed steam generator. The NSSS drives two
220 MWe steam turbines. Typical operating conditions for the VVER 440 series is
given in Table 4.2.

Design of the reactor core is significantly different from most Western de-
signs since it uses hexagonal fuel assemblies. Each fuel assembly is surrounded
by a shroud similar to that found in the U.S. BWRs. The core consists of 312 fuel
assemblies and 37 movable control assemblies. The control assemblies have fuel
followers that enter the core as the upper portion containing the boron steel control
material exits the core. Each assembly consists of 126 fuel rods, each arranged in
a triangular pitch. The fuel rod is 9.1 mm in diameter and contains 7.5-mm diam-
eter UO; fuel pellets enriched to 2.4-3.6 w/o. The fuel rods are 3.53 m in length.
Additional control is accomplished through the use of boric acid as in Western
PWRs.

Two series of 440s are in operation—the older VVER 230 and the newer
VVER 213. These two differ significantly in the design of the containment and the
engineered safety systems. The VVER 230s rely on a unique compartmentalization
design to contain fission products in the event of fuel failure. Unlike the later 213s,
the 230 series has only limited emergency core-cooling capability. The more recent
model VVER 213s have a more advanced emergency core-cooling system and a

TABLE 4.2 VVER 440 PARAMETERS

Power MWt
Core height m
Core diameter m
Fuel enrichment %
Coolant temperature

Inlet °C

Oulet °C
Steam pressure MPa

Coolant system pressure MPa
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pressure suppression system for minimizing containment pressure during LOCAs.
Figure 4.21 shows the layout of the reactor cooling system and containment for a
VVER 213.

The larger VVER 1000-series reactor is a four-loop PWR closely resembling
a standard Western PWR. Rated at 1,000 MWe, these reactors came into service
in the mid-1980s. They differ from the 440 design series in that they use a con-
tainment similar to Western PWRs and have four loops with a steam generator
in each loop. Like the VVER 440 reactors, the VVER 1000s use horizontal steam
generators and two turbines. Figure 4.22 shows the layout of a typical VVER 1000.

Like the VVER 440, the VVER 1000 uses hexagonal fuel elements. The
1000-series fuel assemblies are, however, much larger than those of the VVER
440 design and do not have fuel assembly shrouds. The fuel also uses a zoning
of the enrichment with fuel pins of lower enrichment located at the periphery of
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Figure 4.22 Layout of a VVER 1000 showing the containment. (From
the Web, www.insp.anl.gov.)
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the fuel assemblies. The control rod designs are nearly identical to those of West-
ern reactors and consist of identical control pins connected at the top into a spider
web unit. The unit can be inserted into corresponding water channels in the fuel
assembly.

Gas Cooled Thermal Reactor Natural uranium, graphite-moderated re-
actors were developed in the United States during World War 11 for the conver-
sion of 28U to 2*Pu for military purposes. Following the war, this type of reactor
formed the basis for the nuclear weapons programs of the United States and several
other nations. It is not surprising, therefore, that natural uranium-fueled reactors be-
came the starting point for the nuclear power industry, especially in nations such as
Great Britain and France, which at the time lacked the facilities for producing the
enriched uranium necessary to fuel reactors of the light-water type. Both of these
countries have now constructed diffusion plants, however, and recent versions of
both British and French reactors use enriched fuel.

The original plutonium-producing reactors in the United States had a once-
through, open-cycle, water coolant system, while the British-production reactors
utilized a once-through air-cooling system. However, for the British and French
power reactors, a closed-cycle gas-cooling system was adopted early on. This pro-
vides containment and control over radioactive nuclides produced in or absorbed
by the coolant. In these reactors, the coolant gas is CO,. This gas is not a strong
absorber of thermal neutrons and it does not become excessively radioactive. At the
same time, CO, is chemically stable below 540°C and does not react with either
the moderator or fuel.

A drawing of the Hinkley Point B advanced gas reactor (AGR) in western
England is shown in Fig. 4.23. The reactor core is a 16-sided stack of intercon-
nected graphite bricks, which contains vertical fuel channels arranged in a square
lattice. The fuel consists of slightly enriched (1.4%—-2.6% in different zones) UO,
pellets in stainless steel tubes, which in turn are located within a graphite sleeve to
form a single fuel element. These fuel elements are arranged in the fuel channels
in such a way that the CO, can pass smoothly between the fuel and moderator.

The actual flow of gas in the reactor is somewhat complicated, but the details
are unimportant for the present discussion. In effect, however, the CO, flows up
through the channels in the core into a plenum and then through one or the other of
several steam generators surrounding the core. From the steam generators, the CO;
goes through gas circulators (blowers) that provide the pumping power for the gas,
and the cycleis complete. As indicated in Fig. 4.23, the core, steam generators, and
circulators are all located within a large, prestressed concrete reactor vessel.

One of the great advantages of gas-cooled reactors is their high thermal ef-
ficiency. The plant described previously produces superheated steam at approxi-
mately 540°C and 16 MPa; it operates at an overall efficiency of about 40%, as
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Figure 4.23 The Hinkley Point B advanced gas reactor: (1) reactor
core, (2) supporting grid, (3) gas baffle, (4) circulator outlet gas duct, (5)
steam generator, (6) thermal insulation, (7,8) steam duct penetrations,
(9) steam gencrator feedwater inlet penetrations, (10) gallery for access
to cable stressing concrete reactor vessel, (11) gas circulators. (Courtesy
of the Nuclear Power Group, Limited.)

high as the most efficient fossil fuel plant available today. Nevertheless, the British
AGR evidently does not produce electricity as cheaply as a PWR, and in 1979,
the British government announced that in the future its nuclear program would be
based on the construction of PWRs.

In the United States, gas-cooled rcactor technology has been centered at the
General Atomic Company, where the high-temperature gas-cooled reactor (HTGR)
was developed. This is a graphite-moderated, helium-cooled. thermal reactor. As
a coolant, helium is excellent. It is far more inert than CO», does not absorb neu-
trons, and therefore does not become radioactive. Howevcr, the helium picks up
small amounts of radioactive gases that escape from the fuel along with radioac-
tive particles from the walls of the cooling channels, so as a practical matter the
coolant in the HTGR is somewhat radioactive.
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At startup, the HTGR is fueled with a mixture of thorium and highly en-
riched uranium, but in time the 23*U, converted from the thorium, replaces some
of the 2°U. The reactor does not breed, however, so that some 2*>U must always
be present. The equilibrium core contains 2>°U, fertile 23>Th, and all the recycled
233U. Because it uses high-enrichment fuel, the HTGR is considerably smaller than
comparable British gas-cooled reactors fueled with natural or slightly enriched ura-
nium. As aresult, the capital cost of the HTGR is much less than that of the British
reactor.

Fuel for the HTGR is in the form of small particles of uranium and thorium
dicarbides (U, Th) C,, which are specially coated to prevent the release of fission
products. These particles are cast into rods about 5 cm long and 1.3 cm in diameter
using a carbonaceous binder. The rods are then inserted into holes in hexagonal
graphite blocks about 80 cm high and 35 cm across, and the blocks are arranged in
a cylindrical array to form the core. Additional holes through the graphite provide
passages for the coolant gas while others hold channels for control rods.

The operation of the HTGR is similar to the British AGR described earlier.
As shown in Fig. 4.24, helium flows downward through the core, flows through the
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steam generators, and is pumped back to the core through the circulation blowers.
As in the British reactors, all of these components are located within a prestressed
concrete reactor vessel. Steam is obtained from the HTGR at approximately 540°C
and 16 MPa, which gives an overall plant efficiency of about 40%. The most recent
U.S. reactor of this type was the Ft. St. Vrain reactor. This unit was a 330 MWe
HTGR and operated until its shutdown in 1989.

A unique feature of the HTGR is the very high temperature of the circulat-
ing helium—between 815°C and 870°C Such helium can be used directly in a
gas turbine to drive an electrical generator, thus eliminating the need for an inter-
mediate steam cycle. There are many advantages to such a system. For one thing,
gas turbines and their associated cycle components are considerably more com-
pact than comparable steam cycle equipment. Furthermore, the temperature of the
reject (second-law) heat is so high that this energy can be used in a number of
practical applications, leading to an overall efficiency of the HTGR system as high
as 50%. Besides producing electricity, the HTGR can provide high-temperature
heat required in many chemical processes, such as the gasification of coal and de-
salination of sea water, among others.

The Heavy-Water Reactor The heavy-water moderated and cooled re-
actor (HWR) has been under development in several countries, especially Canada.
The interest in heavy-water reactors in Canada dates back to World War II, when
the country was deeply involved in HWR research for military purposes. After the
war, the Canadians immediately recognized the unique advantages of heavy-water
reactors. Since an HWR can be fueled with natural uranium, the large resources of
uranium known to exist in Canada could be used directly, thus making it unnec-
essary for that country to construct costly uranium enrichment plants or to depend
on the United States or any other nation for enriched fuel. The Canadians also rec-
ognized that the gas-cooled, graphite-moderated reactors of the type being built in
Great Britain had to be quite large if fueled with natural uranium; in the Canadian
economy, constructing such a plant would have proved too expensive. The Cana-
dian heavy-water reactor, known as CANDU, the acronym for CANada Deuterium
Uranium, has been successful in Canada and has been exported abroad.

A heavy-water reactor can operate on natural uranium because the absorption
cross-section of deuterium (D = 2H) for thermal neutrons is very small—much
smaller, for example, than the cross-section of ordinary hydrogen (H = 'H). How-
ever, since the deuterium in D, O is twice as heavy as the hydrogen in H,O, D0 is
not as effective in moderating neutrons as H,O. Neutrons, on the average, lose less
energy per collision in D,O than they do in H,O, and they require more collisions
and travel greater distances before reaching thermal energies than in H,O. The core
of an HWR is therefore considerably larger than that of an LWR, and if an HWR
is built like an LWR, with the fuel immersed in a D,O-filled pressure vessel, the
vessel must be very large.
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To avoid the use of a large pressure vessel, the CANDU utilizes the pressure
tube concept. In this design, the reactor consists of a large horizontal cylindrical
tank, called the calandria, which contains the D,O moderator under essentially no
pressure. This tank is penetrated by several hundred horizontal tubes or channels,
which contain the fuel. The D,0 coolant flows through these tubes at a pressure of
about 10 MPa and does not boil. Thus by pressurizing the coolant rather than the
whole reactor, a large pressure vessel is not required.

A simplified flow diagram for the coolant in a CANDU reactor is shown in
Fig. 4.25. As indicated, a complete coolant circuit involves two fuel tubes and two
circulation loops. The D,O enters the reactor at a temperature of about 266°C and
exits at 310°C. It passes from the reactor to a header—that is, a junction chamber
for the coolant tubes—and then to an inverted U-tube steam generator where steam
is produced and carried to the turbines. The coolant then returns to the reactor,
passing in the opposite direction through an adjacent fuel tube, where it is heated
again before flowing to a second steam generator. The pressurizer shown in the
figure performs the same function in the CANDU system as it does in the PWR.
Although most of the heat from the fuel is carried away by the D,0 coolant, some
energy is deposited in the D,O moderator. This energy is removed by the moderator
coolant loop shown at the bottom of the figure.

Unfortunately, the pressurized D,O coolant in a CANDU reactor cannot be
raised to a temperature high enough to produce steam at a pressure and temperature
comparable to that produced in light-water reactors. Therefore, the thermodynamic
efficiency of CANDU plants is only between 28% and 30%, and CANDU power
stations must use larger turbines with specially designed blades to prevent erosion
by wet steam. To circumvent these problems, the Canadians have experimented
with other coolants (but the same moderator)—in particular, boiling light water or
an organic fluid. The organic coolant is capable of providing an especially high-
outlet temperature from the reactor. However, both light water and organic fluids
increase the total amount of neutron absorption in the reactor. Thus, neither of
these coolants provide sufficient advantage over the D>O coolant to be adopted in
CANDUSs, as long as these are fueled with natural uranium.

CANDU fuel is arranged in what Canadians call bundles, one of which is
shown in Fig. 4.26. It is 49.5 cm long and 10.2 cm in diameter, and consists of 37
hollow Zircaloy tubes filled with natural uranium UQ; pellets. The fuel tubes are
welded to end plates and kept apart by spacers. This fuel is capable of delivering a
burnup of about 7.5 MWd/kg.

A unique feature of CANDU reactors is that they are refueled online—that is,
while the reactor is in operation. As shown in Fig. 4.27, this is accomplished by two
fueling machines operated together at opposite ends of a single fuel tube. A fresh
fuel bundle is introduced into one of the machines, which then pushes the bundle
into the end of the fuel tube. This simultaneously pushes a bundle out at the far end




Sec. 4.5 Power Reactors and Nuclear Steam Supply Systems 165

Steam pipes

T

Steam
generators

Primary pumps

)

Pressurizer

Calandria

O Light water steam
[ Light water condensate
E Heavy water coolant

3 Heavy water moderator

Moderator heat exchanger

Figure 4.25 Schematic diagram of a CANDU nuclear steam supply
system.

of the tube, where it is received by the second refueling machine. The latter bundle
is then transferred to an onsite underwater spent fuel repository. Online refueling
contributes to very high availability of CANDU plants (about 90%), since, unlike
LWR plants, they need not be shut down to refuel.

The overall size and hence the D,O inventory of a CANDU reactor can be
substantially reduced by using slightly enriched rather than natural uranium. This
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has the further advantage of reducing the annual fuel requirements for the reactor
and thus tends to conserve uranium resources. An enrichment in the neighborhood
of 1.2 w/o appears to be optimum for this purpose.

CANDU is not the only type of HWR in the world. The German firm
Kraftwerk Union (now part of the Siemens Group) has designed a natural uranium-
fueled HWR that uses a large pressure vessel instead of pressure tubes. Two reac-
tors of this type are located in Atucha, Argentina, near Buenos Aires. Japan has
also developed an HWR called Fugen. This reactor, like the CANDU, consists of
a tank of D,0 at relatively low pressure that is penetrated by a large number of
pressure tubes. Unlike CANDU, however, the pressure tubes contain ordinary wa-
ter that boils within the reactor core. The reactor is fueled with a mixture of oxides
of natural uranium and plutonium (obtained by conversion in LWRs) instead of
natural uranium alone. Fugen is therefore considerably smaller than CANDU.

Breeder Reactors

It is shown in Section 4.6 that the world’s reserves of 2U are not adequate to
indefinitely support the needs of a nuclear power industry based only on burner
or converter reactors. With the introduction of breeder reactors, however, the fuel
base switches from 2»U to 28U or thorium, both of which are considerably more
plentiful than 233U. Furthermore, all of the depleted uranium—that is, the residual
uranium, mostly 238U, remaining after the isotope enrichment process—can be uti-
lized as breeder fuel. Breeders are capable of satisfying the electrical energy needs
of the world for thousands of years.

There is a considerable difference of opinion in the United States and else-
where regarding the desirability or urgency of the need to develop breeders, owing
to a divergence of views on the adequacy of uranium resources and the potential for
nuclear proliferation. Some authorities feel that sufficient amounts of uranium will
be discovered and produced, albeit at increasing cost, to satisfy the requirements of
the domestic and export markets well into the first half of the next century. Other
experts are less optimistic about uranium supplies and see the development of the
breeder as insurance against future shortages of uranium. Yet still others express
deep concern over the possible diversion of plutonium to weapons use resulting in
the proliferation of nuclear weapons.

Abroad, the need for the breeder is less in doubt. The major industrial
nations—QGreat Britain, France, Germany, and Japan—have essentially no in-
digenous uranium resources, and these countries must utilize to the fullest extent
possible all of the uranium they import. In addition, these nations possess or can
lay claim to large quantities of depleted uranium. France, for instance, has enough
depleted uranium on hand to satisfy its electrical needs for the next 100 years if the
uranium is used for fuel in breeder reactor power plants. France and Japan have
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active breeder programs. The former Soviet Union also made a major commitment
to development of the breeder.

Four types of breeder reactors have been developed to date: the liquid-
metal cooled fast breeder reactor (LMFBR), the gas-cooled fast breeder reactor
(GCFR), the molten salt breeder reactor (MSBR), and the light-water breeder
reactor (LWBR). Each of these is considered in turn.

The LMFBR The fundamental principles underlying the fast breeder reac-
tor concept were discovered before the end of World War II, and the potential im-
pact of breeder reactors on future energy supplies was immediately recognized. The
first experimental breeder reactor was a small plutonium-fueled, mercury-cooled
device, operating at a power level of 25 kW, that first went critical in 1946 in
Los Alamos, New Mexico. A 1.3 MW breeder, cooled with a mixture of sodium
and potassium, was placed in operation in 1951 at the Argonne National Labora-
tory in Idaho. This reactor, the Experimental Breeder Reactor-I1 (EBR-I), produced
steam in a secondary loop that drove a turbine generator. The system produced 200
kW of electricity, the world’s first nuclear-generated electricity—and it came from
an LMFBR! Since these early experiments, dozens of LMFBRs have been con-
structed around the world. As of this writing, the LMFBR is the only breeder that
has reached a stage of significant commercialization anywhere in the world.

The LMFBR operates on the uranium—plutonium fuel cycle (for further dis-
cussion of reactor fuel cycles, see Section 4.6). This means that the reactor is fueled
with bred isotopes of plutonium in the core or driver, and the blanket is natural or
depleted uranium. It is recalled from Fig. 4.2 that n, the number of fission neutrons
emitted per neutron absorbed by 2¥Pu, increases monotonically with increasing
neutron energy for energies above 100 keV. It follows that the breeder ratio and
breeding gain increase with the average energy of the neutrons inducing fission in
the system. Therefore, insofar as possible, every effort must be made to prevent the
fission neutrons in a fast reactor from slowing down. This means, in particular, that
lightweight nuclei must largely be excluded from the core. There is no moderator,
of course, so the core and blanket contain only fuel rods and coolant.

Sodium has been universally chosen as the coolant for the modern LMFBR.
With an atomic weight of 23, sodium does not appreciably slow down neutrons
by elastic scattering, although, as noted earlier, it does moderate neutrons to some
extent by inelastic scattering. Sodium is also an excellent heat transfer agent, so
that an LMFBR can be operated at high power density. This, in turn, means that
the LMFBR core can be comparatively small. Furthermore, because sodium has
such a high boiling point (882°C at 1 atm), reactor coolant loops can be operated
at high temperature and at essentially atmospheric pressure without boiling, and
no heavy pressure vessel is required. The high coolant temperature also leads to
high-temperature, high-pressure steam, and high plant efficiency. Finally, sodium,
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unlike water, is not corrosive to many structural materials. Reactor components
immersed in liquid sodium for years appear like new after the excess sodium has
been washed off.

Sodium also has some undesirable characteristics. Its melting point, 98°C
is much higher than room temperature, so the entire coolant system must be kept
heated at all times to prevent the sodium from solidifying. This is accomplished
by winding a spiral of insulated heating wire called rracing along coolant piping,
valves, and so forth. Sodium is also highly reactive chemically. Hot sodium reacts
violently with water and catches fire when it comes in contact with air, emitting
dense clouds of white sodium peroxide smoke. This latter behavior is actually an
advantage for sodium cooling since it represents a kind of built-in leak detector.
Thus any sodium oozing from an incipient crack in a cooling pipe* or from the
packing of a valve can immediately be identified by the presence of white smoke.
For this reason, moreover, LMFBRs are inherently very tight systems and emit
far less radiation to the environment than comparable LWRs. Operation of these
reactors has yet to show that they can be operated with high availability on a large
commercial scale, however. The operational problems center on the use of Na and
how to properly design the reactor internals, valves, and pumps to reliably operate
the system.

Unfortunately, sodium absorbs neutrons, even fast neutrons, leading to the
formation of the beta-gamma emitter >*Na, with a half-life of 15 hours. Therefore,
sodium that passes through the reactor core becomes radioactive. LMFBR plants
operate on the steam cycle—that is, the heat from the reactor is ultimately utilized
to produce steam in steam generators. Because of the radioactivity of the sodium
and because sodium reacts so violently with water, it is not considered sound engi-
neering practice to carry the sodium coolant directly from the reactor to the steam
generators. Leaks have often occurred in steam generators between the sodium on
one side and the water on the other, and such leaks could lead to the release of
radioactivity. Therefore, all LMFBRs utilize two sodium loops: the primary reac-
tor loop carrying radioactive sodium, and an intermediate sodium loop containing
nonradioactive sodium, which carries the heat from the primary loop via an inter-
mediate heat exchanger (symbolized by IHX) to the steam generator.

The detailed manner in which the intermediate sodium loop is arranged
divides LMFBRs into two categories: the loop-type LMFBR and the pool-type
LMFBR. A schematic diagram of a loop-type LMFBR plant is shown in Fig. 4.28.
As indicated in the figure, the core and blanket of the reactor and control rods,
not shown) are located in a reactor vessel not unlike that of an LWR, except that
the vessel need not withstand high pressure. To catch any sodium that might leak

“Note that, because LMFBRs operate at close to atmospheric pressure, there is no tendency
for the sodium coolant to burst out of the system like the water in an LWR. This is one of the distinct
safety features of an LMFBR.
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through the reactor vessel, this is surrounded by a safety tank. In the loop-type
system, the IHX and all other components of the heat transfer system are located
external to the reactor vessel. A typical 1,000 MWe LMFBR plant has three or four
primary loops, each with its own intermediate and water-steam loop.

Since the sodium in a primary loop is radioactive, all components in a primary
loop must be heavily shielded. Furthermore, an atmosphere of nitrogen, with which
sodium does not react, is maintained in those portions of a loop-type LMFBR plant
containing the primary loops; this reduces the likelihood of fires involving radioac-
tive sodium. For the same reason, empty regions above the sodium within the re-
actor vessel and the primary reactor pumps are made inert with argon. The sodium
in the secondary loops is not radioactive and neither is the water or steam, so none
of these loops needs to be shielded.

The distinguishing feature of a pool-type LMFBR, which is pictured in Fig.
4.29, is that all of the primary loops—including the pumps and the IHXs—are lo-
cated, together with the core and blanket, within the reactor vessel. The sodium is
circulated by the pumps through the core and blanket and then through the IHXs.
The secondary sodium enters the reactor vessel, picks up heat from the IHXs, and
then exits to the steam generators. To prevent the sodium in the IHXs from becom-
ing radioactive, these components are carefully shielded from the reactor neutrons.
The sodium leaving a pool-type LMFBR is therefore not radioactive.
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Figure 4.29 Schematic drawing of a pool-type LMFBR power plant.
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Of the two types of LMFBRs, the loop-type appears based on the simpler con-
cept. Except for the presence of the intermediate loop, it is not much different in
design from an ordinary PWR. All primary loop components—the reactor, pumps,
heat exchangers, and so on—are separate and independent. This makes inspec-
tion, maintenance, and repairs easier than when these components are immersed in
hot, radioactive, and opaque sodium, as they are in pool-type systems. However,
substantial amounts of shielding are required around all the primary loops in a
loop-type plant, which makes these plants resemble large, heavily built fortresses.

With a pool-type LMFBR, by contrast, no radioactivity leaves the reactor ves-
sel, so no other component of the plant must be shielded.’> Furthermore, the usual
practice is to locate pool-type reactor vessels at least partially underground, so that
only the uppermost portion of the vessel requires heavy shielding. It is possible,
therefore, to walk into the reactor room where a pool-type reactor is operating and
even walk across the top of the reactor without receiving a significant radiation
dose—so tight and compact is this type of LMFBR. The two operating commer-
cial LMFBRs are the French Super Phénix and the Japanese Monju reactor. Super
Phénix is a pool type whereas Monju is a loop type LMFBR.

The core of an LMFBR consists of an array of fuel assemblies, which are
hexagonal stainless steel® cans between 10 and 15 cm across and 3 or 4 m long that
contain the fuel and fertile material in the form of long pins. An assembly for the
central region of the reactor contains fuel pins at its center and blanket pins at either
end. Assemblies for the outer part of the reactor contain only blanket pins. When
these assemblies are placed together, the effect is to create a central cylindrical
driver surrounded on all sides by the blanket.

The fuel pins are stainless steel tubes 6 or 7 mm in diameter, containing
pellets composed of a mixture of oxides of plutonium (PuQO;) and uranium (UQO5).
The equivalent enrichment of the fuel—that is, the percent of the fuel that is
plutonium—ranges between 15 and 35 w/o depending on the reactor in question.
The fuel pins are kept apart by spacers, or in some cases, wire wound helically
along each pin. The pins in the blanket, which contain only UO,, are larger in
diameter, about 1.5 cm, because they require less cooling than the fuel pins. Both
fuel and blanket pins are more tightly packed (closer together) in an LMFBR than
in an LWR or HWR because the heat transfer properties of sodium are so much
better than those of water. The liquid sodium coolant enters through holes near the
bottom of each assembly and passes upward around the pins, removing heat as it
goes and then exiting at the top of the core.

5In both loop-type and pool-type LMFBRs, shielding must also be provided for sodium dump
tanks and spent fuel areas.

6Zirconium and its alloys cannot be used in an LMFBR because zirconium reacts chemically
with sodium.
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Although virtually all present-day LMFBRs operate with uranium—plutonium
oxide fuel, there is considerable interest in the future use of fuel composed of
uranium—plutonium carbide since larger breeding ratios are possible with this kind
of fuel. This, in turn, is due to the fact that, although there are two atoms of oxygen
per atom of uranium in the oxide (chemical formula UQ,), there is only one atom
of carbon per uranium atom in the carbide (whose formula is UC). Light atoms
such as carbon and oxygen tend to moderate fission neutrons. Since there are frac-
tionally (one-half) fewer of the atoms in the carbide than in the oxide, it follows
that the energy distribution of neutrons in a carbide-fueled LMFBR is shifted to
higher energies than in a comparable oxide-fueled LMFBR. The breeding ratio,
therefore, goes up because 7 increases with neutron energy. At the same time, the
more energetic neutron spectrum leads to additional fissions in the fertile material.
This effect is shown in Table 4.3, where breeding ratios and compound doubling
times are given for the different types of fuel.

LMFBRs can also operate with thorium—2*3U oxide fuel. In this case, the
driver portions of the fuel assemblies contain 23*U instead of plutonium, and
thorium takes the place of natural or depleted uranium. The blanket assemblies
are all thorium. However, as indicated in Table 4.3, the substitution of thorium-—
23U for uranium—plutonium has a devastating effect on both breeding ratio and
doubling time. An LMFBR under these circumstances effectively does not breed.

The control rods for LMFBRs are usually stainless steel tubes filled with
boron carbide, although other materials have also been used. At one time, it was
thought that a fast reactor like the LMFBR would be more difficult to control than
most thermal reactors because the fission neutrons do not spend as much time slow-
ing down and diffusing before inducing further fissions. However, years of operat-
ing experience have shown that fast reactors, in fact, are highly stable and easily
controlled.

Steam from an LMFBR plant is delivered superheated to the turbines at about
500°C and between 16 and 18 MPa. The overall plant efficiency is in the neighbor-
hood of 40%.

TABLE 43 BREEDING RATIOS AND COMPOUND DOUBLING
TIMES IN YEARS FOR LMFBRS*

Compound U—Pu fuel Th-U fuel

Oxide Breeding Ratio 1.277 1.041
Doubling Time 16 112

Carbide Breeding Ratio 1.421 1.044
Doubling Time 9 91

*From Chang, Y.1.,etal., Alternative Fuel Cycle Options. Argonne
National Laboratory, 77-70, September 1977.
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Other Reactor Types

The GCFR This reactor concept is a logical extrapolation from HTGR
technology. It is a helium-cooled reactor fueled with a mixture of plutonium and
uranium. The core of the GCFR is similar to that of an LMFBR, with mixed PuO,
and UQ, pellets in stainless steel pins, except that the pins are not as close together
as they are in the LMFBR. Also, the pins in the GCFR have a roughened outer sur-
face to enhance heat transfer to the passing coolant. Figure 4.30 shows a drawing
of a 360 MWe (1090 MWt) GCFR nuclear steam supply system. The helium, at a
pressure of 10.5 MPa, enters the core from the bottom at a temperature of 298°C
and leaves from the top of the core at 520°C. The heated gas then passes down
through three steam generators under the action of electrically driven circulators
(blowers). The GCFR, unlike the LMFBR, requires no intermediate heat exchang-
ers. The reactor is provided with auxiliary circulators and heat exchangers for use
in case of a failure of the main cooling loops. All of the components except the
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Figure 4.30 Cross-section of a gas-cooled fast reactor. (Courtesy of
General Atomic Company.)



176 Nuclear Reactors and Nuclear Power Chap. 4

main circulator motors are located within a prestressed concrete reactor vessel as
shown in the figure. The steam generators produce superheated steam at 485°C and
10.5 MPa. In principle, the entire steam cycle can be circumvented in a GCFR, as
it can in an HTGR, and the helium coolant used directly in a gas turbine, with all
the advantages this offers.

Being a gas, helium is essentially a void in the reactor and it has almost no
effect on the neutrons in the reactor. The neutron spectrum is therefore harder (more
energetic) than in the LMFBR, where moderation occurs as the result of inelastic
collisions with the sodium. It follows that the breeding ratio is higher for the GCFR
than for the LMFBR since the average value of n is higher and the doubling time
is correspondingly shorter.

One additional advantage of helium cooling should be mentioned. The eco-
nomics of a power reactor are determined by many factors, including the availabil-
ity of the plant—the fraction of time during which the plant can, in fact, be oper-
ated. It is important that the time required for routine maintenance and corrective
repairs be kept as low as possible. Since the coolant in a GCFR does not become
overly radioactive, it is possible to work on any part of the coolant loops soon after
the reactor is shut down. If a problem develops within the reactor, the source of the
trouble can be quickly determined by visual means. Comparable maintenance and
repairs are much more difficult with the LMFBR because sodium is both radioac-
tive and opaque, and because it must be heated at all times to prevent solidification.
Some authorities believe that the GCFR is potentially capable of providing the low-
est power costs of any reactor conceived to date.

The MSBR This is a thermal breeder that operates on the 233*U-thorium
cycle. It is recalled that 2**U is the only fissile isotope capable of breeding in a ther-
mal reactor. The MSBR concept is a unique design among reactors in that the fuel,
fertile material, and coolant are mixed together in one homogeneous fluid. This is
composed of various fluoride salts that, at an elevated temperature, melt to become
a clear, nonviscous fluid. The composition of a typical molten salt mixture is given
in Table 4.4. All of the elements in the salt mixture, with the exception of the

TABLE 44 COMPOSITION IN MOLE PERCENT OF
A MOLTEN SALT REACTOR FUEL

Salt Mole percent
'LiF 72
BeF, 16
ThF, 12

*B3UF, 03
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Figure 4.31 Schematic drawing of a molten salt breeder reactor. (Cour-
tesy of Oak Ridge National Laboratory.)

thorium and uranium, have very small thermal neutron absorption cross-sections.’
This is a vital consideration in a thermal breeder since the value of n is low, and
neutrons must be carefully conserved. In addition to their excellent neutronic prop-
erties, the fluoride salts have a high solubility for uranium, they are among the
most stable of all chemical compounds, they have very low vapor pressure at high
temperature, and they have reasonably good heat transfer properties. Furthermore,
these salts are not damaged by radiation, do not react violently with air or water,
and are inert to some common structural materials and graphite.

Figure 4.31 shows a diagram of the principal components in an MSBR plant.
The reactor core consists of an assembly of graphite moderator elements, which
are provided with channels for the passage of the molten salt mixture. When this
fluid passes through the core, the system becomes critical and the fission energy is
absorbed directly in the fluid. The heated fluid then flows through a heat exchanger
in an intermediate coolant loop and returns to the reactor, a portion being diverged
for chemical processing.

Several important operations are performed in the chemical processing part
of an MSBR plant. It is remembered from Section 4.2 that the intermediate nuclide

7At 0.0253 eV, o, ("Li) = 0.037 b, g, (Be) = 0.0092 b, o, (F) = 0.0095 b.



178 Nuclear Reactors and Nuclear Power Chap. 4

in the conversion from 2*2Th to 2*3U is 2*3Pa, which has a half-life of 27.4 days.
Since this is long compared with the circulation time of the fluid in the reactor and
since 2*3Pa has a large absorption cross-section for thermal neutrons (about 41 b).
the 2*3Pa must be removed from the circulating fluid and stored, lest it be trans-
formed by neutron absorption to the valueless isotope 2**Pa before it has had an
opportunity to decay into 2>*U. The 23*U is eventually separated from the decay-
ing 2*Pa, a portion is returned to the reactor fluid, and the excess is sold for fuel
in other MSBRs. In a separate chemical processing operation, the fission products
produced from the fissioning of the fuel are removed from the diverted fluid. In
ordinary, solid-fueled reactors, these fission products accumulate in the fuel ele-
ments and are responsible, in part, for the necessity to make periodic fuel changes
in these types of reactors. The ease with which the fuel can be changed and the fact
that fission products can be removed, both on a continuous basis, are especially
attractive features of the molten salt reactor.®? No time is lost in refueling, and the
reactor can operate for long periods between shutdowns.

There are several other advantages to the MSBR. First of all, because of the
good neutron economy, the fuel inventory of an MSBR is very small—about 1.0 to
1.2 kg of fissile material per MWe of plant output compared with about 3 kg per
MWe for an LWR or 3 to 4 kg per MWe for the LMFBR. Furthermore, because of
the low vapor pressure of the molten salts, the MSBR operates at just a little above
atmospheric pressure and thus no expensive pressure vessel is required. Finally,
since high temperatures are possible with the molten salts, the MSBR can produce
superheated steam at 24 MPa and 540°C, which leads to a very high overall plant
efficiency of about 44%.

There are also drawbacks to the MSBR. For one thing, as the fuel flows out
of the reactor, it carries the delayed neutron precursors with it; when the neutrons
are emitted, they activate the entire fuel-containing loop. Maintenance and repairs
to any component in the system may therefore require extensive reactor down-
time and extensive automatic, remotely operated equipment. The breeding ratio
of the MSBR is in the 1.05 to 1.07 range, much smaller than for the LMFBR or
GCFR. Doubling times are expected to be from 13 to 20 years. Finally, the need
to handle and process the radioactive mixture limits the commercial application of
this technology.

The LWBR For many years, it was the accepted view that it is not possible
to build an ordinary light-water reactor that will breed even if it is fueled with

8However, the fact that solid fuel elements are not used in the MSBR may actually hinder its
development since reactor manufacturers are naturally reluctant to pursue reactor systems that do not
carry with them the promise of long-term fuel-fabrication contracts.
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23U. For one thing, it was thought that too many neutrons would be lost at thermal
energies owing to the large absorption cross-section of water. It was recognized
that this problem could be avoided by reducing the amount of water relative to fuel
in the core. In so doing, the energy spectrum of the neutrons would be shifted to
higher energies due to the decreased moderation from the water. This shift would.
in turn, mean that a larger fraction of the neutrons would be absorbed in the 2331
at intermediate energies (1eV < E < 10 keV), where the early data showed that
n fell to a value only slightly greater than 2. The overall result would therefore
be the same—namely, that the reactor would not breed. During the early 1960s,
however, new experiments showed that 7 is, in fact, sufficiently larger than 2 in the
intermediate energy range to make breeding possible, provided losses of neutrons
are strictly controlled.

Even when a special effort is made in the design of the LWBR to reduce
neutron losses, its overall breeding gain will be very small—too small to make
the reactor a net producer of 233U for other reactors of this type. However, enough
excess 23*U (namely, from 1%-2%) would be obtained over the life of a core to
compensate for the loss of 23*U accompanying the chemical reprocessing of the
fuel. Thus, once an LWBR is put into operation, it presumably could be fueled
indefinitely with 23>Th, of which there are abundant resources.

To see whether breeding can actually be achieved in a light-water reactor,
the U.S. Department of Energy developed an LWBR core that was installed in
the government-owned pressurized water reactor at Shippingport, Pennsylvania.
The system operated well, producing a breeding ratio between 1.01 and 1.02 as
designed. This experiment confirmed the technical feasibility of installing such
breeder cores in existing and future pressurized water reactors. Such a conver-
sion from the burning of relatively scarce 2*U to more plentiful thorium would
significantly improve the overall utilization of nuclear fuel in these reactors and
could extend indefinitely the light-water reactor component of the nuclear power
industry.

A cross-section through the LWBR core is given in Fig. 4.32. As indicated in
the figure, the core consists of hexagonal modules arranged in a symmetrical array
surrounded by a reflector-blanket region. Each module contains an axially movable
seed region—that is, a region having a multiplication factor greater than unity and
a stationary, annular hexagonal blanket with k& < 1. Each of these regions, in turn,
consists of arrays of tightly packed, but not touching, fuel rods containing pellets of
thorium dioxide (ThO,) and 233UC,, the latter in varying amounts from 0 to 6 w/o
in the seed and from O to 3 w/o in the blanket region. A module cross-section
showing the fuel rods, which are smaller in the seed than in the blanket, is shown
in Fig. 4.33.

Control of the reactor is accomplished by the movement of the seed region
within each module. This changes the leakage of neutrons from the core and hence
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Figure 4.32 LWBR core cross-section. (Courtesy of the U.S. Depart-
ment of Energy.)

the value of the multiplication factor. As indicated in Fig. 4.34, the leakage is small
when the seed is inserted, but increases as the seed is withdrawn. This novel method
of control is necessary for the LWBR to conserve neutrons. Ordinary control rods
cannot be used because they would absorb too many neutrons to permit breeding.
Figure 4.34 also shows the rather complex distribution of ThO, and #**UQO; in the
fuel modules, which is supposed to provide the reactor with good control and power
characteristics. The fuel distribution shown is obtained by differential loading of
the fuel tubes, which extend the full length of each module.

Mobile Power Reactors

One of the widest applications of nuclear power is in its use for propulsion of
ships. This idea was fostered by the legendary Admiral Hyman G. Rickover, who
also played a key role in development of the commercial nuclear power program.
Starting with the Nautilus, the U.S. Navy and later the British, French, and former
Soviet Union all adopted nuclear propulsion as the primary power source for sub-
marines. Both the U.S. and former Soviet Union Navies also use nuclear power for
the propulsion of surface ships.
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Figure 4.33 Typical LWBR fuel module cross-section. (Courtesy of
the U.S. Department of Energy.)

The requirements of a mobile power reactor differ somewhat from those of a
commercial central power station, in that the reactors and associated systems must
be compact and long lived. As a result, the designs are different from those of the
larger commercial reactors. Initially, two competing concepts were developed—
a PWR and a liquid metal-cooled design. The PWR reactor concept was used in
the Nautilus and the liquid metal-cooled reactor in the Seawolf. The Nautilus went
operational in January 1955 and demonstrated its capabilities by sailing underneath
the North Pole in August 1958.

Because of maintenance and reliability problems, the liquid metal-cooled de-
sign was abandoned in favor of the PWR concept, and the Seawolf reactor was
removed and replaced with a reactor similar to that of the Nautilus. Later reactors
were designed for the propulsion of surface ships. The success of nuclear power is
clear. All submarines are nuclear powered, and eventually all U.S. aircraft carriers
will be as well.
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The clear advantages of nuclear power over fossil fuel in a submarine is ob-
vious. With its nearly unlimited undersea endurance and its ability to provide a
compact high power source without the need for oxygen, the nuclear reactor en-
ables submarines to stay submerged for months at a time. The designs are similar
to those found in commercial reactors, but they use a much higher classified level
of enrichment. Based on a typical PWR reactor primary secondary system, the re-



Sec. 4.5 Power Reactors and Nuclear Steam Supply Systems 183

TABLE 4.5 NUCLEAR SUBMARINES AUTHORIZED, UNDER CONSTRUCTION,
COMMISSIONED, AND DECOMMISSIONED IN THE UNITED STATES (1997)

Authorized
by Under
Congress Construction ~ Commissioned  Decommissioned
SEAWOLF (SSN 21) Class 3 2 0 0
USS LOS ANGELES 62 0 54 8
(SSN 688) Class
Other Fast Attack 68 0 59
Submarines
Total Fast Attack
Submarines 133 2 66 67
TRIDENT/USS OHIO 18 0 18 0
(SSNB 726) Class
POLARIS/POSEIDON 41 0 0 39%*
Submarines
Total Ballistic Missile
Submarines 59 0 18* 39
Total Submarines 192 2 84 106
Research Vessels (NR-1) 0 0
Nuclear-powered Aircraft
Carriers 10 9 0
Nuclear-Powered Guided
Missile Cruisers 9 0
Total Nuclear-Powered
Surface Ships 19
Total Nuclear-Powered
Ships 212 3 96 113

*Two ships originally authorized by Congress as Fleet Ballistic Missile submarines are currently
operating as fast attack submarines.

actor provides steam for both a propulsion turbine and for electrical generation as
well.

Table 4.5 lists the number of nuclear submarines and surface ships in oper-
ation in the U.S. Navy. A submarine of the newer Seawolf class is shown in Fig.
4.35.
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Figure 4.35 USS Seawolf, SSN 21, transiting the Thames River in
Connecticut. (U.S. NAVY photo.)

Nuclear Power Around the World

As of this writing, nuclear power is employed as a source of power throughout the
world. The United States, Europe, and the former Eastern Block countries derive
significant amounts of electricity from nuclear power plants. Over 30 countries
rely on nuclear energy for a portion of their electrical needs. In 1996, 442 nuclear
power plants generated 2,300 billion kilowatt hours of electricity. In some coun-
tries, nearly all of the electricity is generated by nuclear energy. Nearly 42% of the
electricity in Europe is generated by nuclear, 17% in eastern Asia, and 21% in the
United States. By country, the percentages are even higher. In France, for example,
over 75% of the electricity comes from nuclear energy. In the United States, 105
nuclear power plants contribute 674 billion kilowatt hours of electricity—or 20%
of the nation’s electricity supply. Figure 4.36 shows the distribution of electricity
generated by nuclear energy in the top 19 producer countries.

An additional 40 nuclear power plants are under construction and will add 95
million kilowatts of capacity by thc year 2010. Table 4.6 iists many of the major
users of nuclear energy and the types of reactors employed.
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46 NUCLEAR CYCLES

The procurement, preparation, utilization, and ultimate disposition of the fuel for a
reactor is called the reactor fuel cycle. Those parts of a fuel cycle that precede the
use of the fuel in a reactor are collectively called the front end of the fuel cycle.
That portion related to the fuel after it has been withdrawn from a reactor is called
the back end of the fuel cycle.

Figure 4.37 shows the once-through fuel cycle for a PWR plant. The mass
flows indicated in the figure are in kilograms for a nominal 1,000 MWe (1 GWe)
plant operated for 1 year at a capacity factor of 0.75—that is, the masses correspond
to 0.75 GWe-year. The fuel cycle for a BWR plant is entirely similar except that
the mass flows are somewhat different.

The cycle begins with the mining of uranium ore. This ore contains uranium
in the form of a number of complex oxides and is reduced to the oxide U;QOsg,
which is then converted to uranium hexafluoride, UFg, the form in which uranium is
accepted at current isotope enrichment plants. Approximately 0.5% of the uranium
is lost in the conversion to UF. Following enrichment to about 3 w /o in *¥U,
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TABLE 46 NUMBER OF POWER REACTORS, BY
COUNTRY, IN THE WORLD

Country Reactor type Number
Argentina Pressurized Heavy Water 3
Canada CANDU 22
France LMFBR 2
PWR 58
India PHWR 14
BWR 2
Japan BWR 28
PWR 23
GCR 1
HWLWR 1
LMFBR t
Kazakhstan LMFBR 1
Korea PWR 10
PHWR 2
Lithuania RBMK 2
Pakistan PHWR 1
PWR 1
Romania PHWR 2
Russia PWR 14
RBMK 11
LMFBR 1
Ukraine PWR 13
RBMK 2
United Kingdom GCR 20
AGR 14
PWR 1
United States PWR 69
BWR 36
Taiwan BWR 4
PWR 2
China PWR 3
Germany PWR 14
BWR 6
Sweden BWR 9
PWR 3
Spain PWR 7
BWR 2

Chap. 4
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Figure 4.37 LWR once-through fuel cycle. (Based on Nuclear Prolif-
eration and Civilian Nuclear Power, U.S. Department of Energy report
DOE/NE-0001/9, Volume 9, 1980.)

which occurs essentially without loss of uranium but that leaves residual tails, the
UFg is converted to UQO;. Finally, the UO, is fabricated into PWR or BWR fuel
assemblies and, in time, loaded into the reactor. Fuel fabrication is accompanied
by about 1% loss of uranium.

Approximately once every 2 years, the reactors are shut down and a portion
of the fuel (one third of the core of a PWR, one quarter of the BWR) is removed
and placed in a spent fuel pool adjacent to the reactor containment building. In the
once-through cycle, the spent fuel, after much of its radioactivity has died away,
is removed from the pool and disposed of as radioactive waste. Because of the
limited capacity of reactor spent fuel pools, it is necessary to transfer the spent fuel
to special storage facilities. There the fuel is stored in dry storage casks prior to its
ultimate disposal. Figure 4.38 is an example of a dry storage facility used for the
interim storage of spent fuel.

The once-through cycle is quite wasteful of nuclear energy resources. Both
the PWR and BWR have conversion ratios of about 0.6. Since most of the fuel
in these reactors is fertile 2**U, non-negligible amounts of the fissile plutonium
isotopes 23“Pu and 24! Pu are produced while the reactors are in operation. Thus, as
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Figure 4.38 Dry cask storage facility located at the Calvert Cliffs
nuclear power station. (Courtesy of Baltimore Gas and Electric.)

indicated in Fig. 4.37, a LWR in a nominal 1,000 MWe nuclear plant discharges
about 180 kg of fissile plutonium plus 220 kg of 2*3U at each refueling. This fissile
material, if consumed in a reactor, would release the energy equivalent to that of
about 1 million tons of coal. For this reason, the once-through cycle is sometimes
called a rhrow-away fuel cycle.

The plutonium and uranium in spent fuel can be utilized if it is recycled as
shown in Fig. 4.39. In this arrangement, the spent fuel is reprocessed (reprocessing
is discussed in Section 4.8); that is, the plutonium and uranium are chemically
extracted from the fuel. The plutonium, in the form of PuQ;, is then mixed with
UQO,.? fabricated into what is called mixed-oxide fuel, and returned to the reactor. The
residual, slightly enriched uranium produced in the reprocessing plant is converted
to UFg for reenrichment. It is estimated that the adoption of a uranium—plutonium
recycle would reduce the cumulative U3;Og requirements of LWRs by about 40%
over the 30-year lifetimes of these reactors. Nevertheless, as of this writing (2000),
it is still not clear whether the additional costs of reprocessing and mixed-oxide
fuel fabrication can in fact render uranium—plutonium recycling an economically
attractive fuel option. However, economics notwithstanding, it is reasonable for
some nations such as Japan to adopt recycling in an effort to reduce their dependence
on foreign uranium suppliers and ensure independence.

The fuel cycle for a breeder is similar to that of an LWR with recycling be-
cause, of course, reprocessing and refabrication play key roles in any breeder sys-
tem. Figure 4.40 shows the fuel cycle for an LMFBR. Either natural or depleted

“Natural uranium, depleted uranium, or the slightly enriched uranium from the reprocessing
plant can be used in mixed-oxide fuel. The proportions of fissile plutonium, >**U, and ***U in the fuel
would amount to between 3 and 3.5 w/o.
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DOE/NE-0001/9, Volume 9, 1980.)

uranium can be used in the blanket. This uranium, together with the uranium and
plutonium from the reprocessing plant, is fabricated into core and blanket assem-
blies and introduced into the reactor. The spent fuel, after a cooling period in the
spent fuel pool, is sent to be reprocessed. Since an LMFBR produces more fissile
plutonium than it needs for its own operation, the excess plutonium is sold for use
in other LMFBRs. The fuel cycles for breeders operating on thorium and 2**U are
essentially the same as that in Fig. 4.40, except that the primary fuel is now thorium
and the reprocessed product is ThO, and 2**UQ,.

The extremely simple fuel cycle of the CANDU reactor is given in Fig. 4.41.
In this cycle, there is no enrichment necessary since the reactor is fueled with
natural uranium. The Canadians also do not reprocess their spent fuel in view of
the abundant uranium resources in Canada. Should enriched uranium ever be used
in CANDU-like reactors, UF conversion and enrichment steps would have to be
introduced into the cycle.

Nuclear Resource Utilization

In comparing the merits of different types of reactors and their associated fuel cy-
cles, an important consideration is the efficiency with which each is capable of
utilizing natural uranium or thorium resources. Thus, in general, different reactor
systems require different quantities of uranium ore (or U30g) or thorium to pro-
duce the same amount of electrical energy. Since most countries lack abundant in-
digenous uranium resources, uranium utilization is often a key factor in a national
decision to adopt a particular type of reactor and fuel cycle.
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The nuclear resource utilization, U, is defined quantitatively as the ratio of
the amount of fuel that fissions in a given nuclear system to the amount of natural
uranium or thorium input required to provide those fissions—that is,

fuel fissioned
U=———. (4.15)
resource input

In short, U is the fraction of the naturally occurring resource that can be utilized in
a reactor fuel cycle for the purpose of generating electric power.

As a first example, consider the CANDU reactor operating on a once-through
cycle. This reactor is fueled directly with natural uranium dioxide, and the maxi-
mum specific burnup of the fuel is about 7,500 MWd per metric ton of uranium.
Let F be the mass of fuel that fissions out of a total uranium fuel load, L. Then
U = F/L, which is also equal to the burnup, B, of the fuel. According to Eq.
(3.57), the fissioning of approximately 1 gram of fissile material releases 1 MWd.
Thus, it follows that

U = 17,500 g/t = 7,500 g/10° g = 0.0075.

Thus, only .75% of the natural uranium fuel introduced into a CANDU reactor
eventually undergoes fission on the once-through cycle.

Consider next an LWR, also on a once-through cycle. Since the fuel is now
partially enriched, the amount of natural uranium M required to produce a fuel
load L is considerably larger than L due to the nature of the enrichment process.
Thus, for 3 w/o-enriched fuel, it is shown in the next section that M, = 5.48L.
The uranium utilization is then

F F

T M, 548L

At a nominal maximum specific burnup of 30,000 MWd/t,
U = 30,000/5.48 x 10° = 0.0055,

somewhat less than for a CANDU.

With an LWR or CANDU or other converter reactors operated with recycling,
the calculation of fuel utilization is much more complicated. A simplified diagram
depicting the material flow in such a cycle is shown in Fig. 4.42. In this illustration,
the Ls represent the masses of fuel, either fissile or fertile, loaded into the reactor
per cycle; the F's and Rs, respectively, the masses of fuel fissioned or having under-
gone radiative capture; the Ds the masses of fuel discharged from the reactor; and
the Ws the masses of fuel lost in reprocessing and fuel fabrication, taken together.
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Finally, Mjs is the mass of fissile material—not the total amount of fuel—added
as makeup per cycle.

The amount of natural uranium My required to produce Mjsss can be written
as

My = ¢ M., (4.16)

where the parameter ¢ is determined by the nature of the enrichment process. It is
shown in the next section that ¢ is numerically equal to about 200 and is almost
independent of the enrichment of the fuel.

The uranium utilization is then given by

F F
U: —_— = s
MU gMﬁss

4.17)

where
F= Fﬁssions + Ffent (41 8)

is the total mass of fissions in the fissile and fertile material. To obtain an expression
for U, it is necessary to introduce three parameters—c, 8, and y The first,

, 4.19)

is an application of the capture-to-fission ratio, from Eq. (3.45), to a mixture of
fissile materials;!'? the second,

'Note that in converters—for instance, those operating on the uranium—plutonium cycle—the
fuel contains a mixture of >>U and the fissile isotopes of plutonium.
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Ffer\

F b
is the fraction of fissions (all fast fissions) occurring in fertile material; and the
third,

‘B:

(4.20)

_ Wﬁss _ ern
Dﬁss Dfert '
is the fraction of isotope lost in reprocessing and fabrication. This fractional loss is

presumed to be the same for fissile and fertile materials.
rrom Fig. 4.41, it is easy to demonstrate that the fissile makeup My is given

14 4.21)

by
Mjiss = Lass — Diiss + Wi, (4.22)
so that, by incorporating Eq. (4.21),
Mjyiss = (Ltiss — Driss)(1 — ¥) + ¥ Liiss, (4.23)

where the difference Ly — Dygss is the net decrease in fissile material resulting
from the operation of the reactor. Since neutron capture in fertile material produces
fissile material, it follows that

Lass — Dyiss = Fpiss + Rps — Reert- (4.24)
But from the definition of the conversion ratio C,
Rier = (Fiiss + Rass) C,
so that
Lfiss — Diiss = (Fiiss + Rpiss)(1 — C).
Next, using the definition of « and S, this expression becomes

Lgss — Dﬁss = F(l +Q’)(1 - ,B)(] - C)

and
Mg = F(1 +a)(1 — B)(1 — y)(1 — C) + ¥ Lyiss. (4.25)
Introducing Eq. (4.25) into Eq. (4.17) gives
F

U= ) 4.26
(FA+ o) AU -7 —C) & 7Lal (4.26)

This formula can be simplified by dividing numerator and denominator by L, the
total fuel load, and observing that F/L is equal to B, the specific burnup, and
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Lgss/ L is the fuel enrichment e. The final expression for U then becomes

B
U= .
¢[B(1+a)(1—B)(1—y)(1—=C) +yel

It was implicitly assumed in the derivation of Eq. (4.27) that, in supplying the
reactor with the necessary fissile material to maintain the cycle, sufficient fertile
material would automatically be included to make up for fertile material lost in fis-
sion, conversion, reprocessing, and fabrication. This is the case for reactors such as
LWRs that use low-enriched or natural uranium fuel having relatively low conver-
sion factors. However, for reactors with high values of C—that is, near breeders,
provision must be made for separate introduction of fertile material aside from that
which accompanies the other fuel. The total makeup is then

4.27)

M = Mrer + Mfigs.
From Fig. 4.42, the total material balance is
M=L-D+W
=F(-y)+vL,
and so
Mien = F(1 — y) + y L — M. (4.28)

The definition of U is now

F F
U= - , (4.29)
MU + Mfen gMﬁss + Mfert

where the fertile material is treated as additional resource material. Inserting Egs.
(4.25) and (4.28) and again using the definitions for burnup and enrichment gives
finally

B
U= .
Bl-y)+y+ € - DBA+a)-8)A—-y)1—-0C) +yel

Figure 4.43 shows a plot of U as a function of conversion ratio for nominal
values of B = 0.04 (4% burnup), (1 + a)(1 — B) ~ 1,!' y = 0.02 (2% losses)
and e = 0.08 (8% average fuel enrichment). More appropriate numbers can be
used for each reactor type and for its corresponding fuel enrichment and conversion
factor; these are simply compromise values lying between high- and low-efficiency

(4.30)

"Detailed calculations show that o and 8 are numerically small and within a few percentages
of one another.
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converters. It is observed in the figure that the resource utilization is extremely low,
although much higher than in the orice-through cycle even up to high values of C.
Thus, even at C = 0.95, U is about 0.05, which means that only 5% of uranium or
thorium resources are utilized in sudh a high converter with recycling.

When the term corresponding to My, in Eq. (4.30) is equal to zero, the cycle
is self-sustaining on fertile material—that is, no outside fissile material must be
added to maintain the reactor in operation. In the prior example, this occurs at a
conversion ratio of 1.0484. At this point, U is given simply by

_ B
B(1-y)+y

and in the previous example it has the value of 0.676. Any increasein C causes the
reactor to breed. However, this does not increase the resource utilization because
any additional fertile material added to the reactor over and above M.y computed
earlier is merely converted to excess fissile material. It eventually fissions, but not
in the reactor in question. Note that breeders do not consume plutonium; they con-
sume uranium. Thus, as shown in Fig. 4.43, U is a constant in the breeding region
and is not a function of C. Incidentally, values of U in the range from 0.60 to 0.70,
corresponding to a resource utilization of between 60% and 70%, are typical for
true breeders such as the LMFBR.

U (4.31)

Example 4.5

Suppose a given nation (such as the United States) has sufficient natural uranium to
meet its nuclear electric power needs for 30 years using only LWRs on the once-
through cycle. How long would this same uranium last if used to fuel LMFBRs at
the same electrical capacity?
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Solution. According to the earlier discussion, U = 0.0055 for the once-through
LWR and about 0.67 for an LMFBR. Therefore, the resource would last approxi-
mately 30 x 0.67/0.0055 = 3,655 years. [Ans.] However, note that the 30-year re-
source supply is based on conventional sources of uranium. With the breeder, costly,
nonconventional uranium resources can be utilized since uranium costs are irrelevant
to breeder power costs.

Resource Limitations

Table 4.7 summarizes the uranium resource requirements for various nuclear plants
and fuel cycles over a 30-year operating period—the assumed lifetime of the plants.
In each case, the plant is assumed to produce 1,000 MWe at a capacity factor of
70%. The tails assay (see Section 4.7) was taken as 0.2 w/o. The table demon-
strates again the savings in natural uranium resources resulting from recycle and
the enormously reduced need for uranium with breeder reactors.!?

The total, world-wide requirements for uranium over the years depend on the
growth of installed nuclear capacity and the mix of reactor types and fuel cycles
that is adopted with the passage of time. It is impossible, of course, to accurately
predict future nuclear electric capacity because so many uncertain factors enter
into decisions to construct new nuclear plants—the growth in the world population,

TABLE 4.7 LIFETIME NATURAL URANIUM
REQUIREMENTS FOR DIFFERENT TYPES OF NUCLEAR
POWER PLANTS AND FUEL CYCLE OPTIONS*

Plant (Reactor) Types Natural Uranium
and Cycle Requirements (¢)
LWR

Once-through 4,260

U-Pu recycling 2,665
HWR

Natural uranium, once-through 3,655

Natural uranium, Pu recycling 1,820

Low-enriched uranium 2,505
LMFBR

U-Pu recycling 36

*From International Nuclear Fuel Cycle Evaluation, Summary
Volume, International Atomic Energy Agency, 1980.
*Natural or depleted uranium.

12Values of all fuel cycle parameters, those in Table 4.7, and in Figs. 4.37 and 4.39 through
4.41, are sensitive to the assumptions used in their derivation. Such calculated values should therefore
be treated as nominal only.
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TABLE 4.8 PROJECTIONS OF NUCLEAR ELECTRIC
GENERATING CAPACITY (GWE)

United States* World*
Year Low High Low High
1994 99 340
1995 100 345
2000 100 345
2005 100 371
2010 91 91 415 487

*From Uranium 1995-Resources, Production, and Demand,
Nuclear Energy Agency, OECD and IAEA (1996).

the state of world economics, the climate of international politics (wars and other
political confrontations), the availability of competing energy sources, and so on.
Predictions of installed nuclear capacity made today can appear ludicrous only a
few years later.

Since precise prognostication of nuclear capacity cannot be made, it has be-
come a common practice to give projections in terms of high- and low-capacity
projections. Future capacity then lies somewhere in between, although there is by
no means any guarantee that this will be so. Table 4.8 gives such projections for
the United States and the world as prepared by the U.S. Department of Energy and
the International Atomic Energy Agency (IAEA). These predictions do not provide
the breakdown by reactor type or fuel cycle; that will be determined over the long
term by decisions thathave not as yet been made. However, some things are evident
now. For instance, because of the long lead time required to build a nuclear plant
in the United States, especially a new type of plant, and because breeder develop-
ment has been terminated by the government, it is reasonably safe to presume that
none of the U.S. nuclear capacity will originate in breeder plants until well into this
century. For other countries, such as Japan, who have active breeder programs, this
may not be the case.

Whether sufficient uranium will be available to fuel expanding world nuclear
capacity is an issue of continuing controversy even among experts. Uranium is not
an especially rare element. It is present in the earth’s crust at a concentration by
weight of about four parts per million, which makes uranium more abundant than
such common substances as silver, mercury, and iodine. There are an estimated
10'* tons of uranium located at a depth of less than 12 or 13 miles, but most of this
is at such low concentrations it will probably never be recovered.

Most of the uranium used in nuclear plants over the period up to the year
2025 will undoubtedly come from deposits that are now or could be exploited at
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TABLE 49 ESTIMATED WORLD* URANIUM
RESOURCES AS OF JANUARY, 1995, IN 1,000 t OF

URANIUM+t
Up to $80 to
Resource $80/kg U $130/kg U
Conventional
Reasonably assured (RAR) 2,124 2,951
Estimated additional reserves 637 1,015
Category I

Undiscovered conventional
Estimated additional 11,000
(EAR-II) and speculative

*U.S. Totals: RAR 366, EAR 1 & 11 1273, RAR + EAR = 1639
and speculative of 1,339,000.

tFrom Uranium 1995-Resources, Production, and Demand,

op. cit.

a forward cost,' in U.S. dollars, of up to $130 per kg U or about $50 per b of
U;0Og. Estimates of these so-called conventional resources are shown in Table 4.9
under two categories: reasonably assured resources (RAR)-and estimated addi-
tional resources-category I (EAR-I), which reflect different levels of confidence in
their actual existence. It should be noted that almost 80% of the total RAR occur in
North America, Africa, and Australia. Resources recoverable at a cost of less than
$40 per kg of U, denoted as known resources, amount to 886,000 tons.

In addition to the RAR and EAR-I categories, the more nebulous categories
of estimated additional resources—category 11 (EAR-II) and speculative resources
are also defined. EAR-II refers to uranium that is expected to occur in deposits for
which the evidence is inferred from like mineral deposits. By comparison, spec-
ulative resources are those based on indirect evidence and extrapolation and that
consist of the quantity of uranium that conceivably could be discovered in areas
geologically favorable for the location of uranium deposits. It is estimated that 11
million tons of uranium may be in the speculative category worldwide. Accord-
ing to the U.S. Department of Energy, the United States may have as much as 1.4

BForward cost is a specialized term used to describe the economic availability of uranium
resources. It includes the estimated costs of developing, building, and operating uranium mines and
mills at the sites of established uranium resources. It does not include the cost of exploration, the cost
of money (interest charges), marketing costs, profits, and so forth, which contribute to the price of
uranium or U;0g. As a rule of thumb, the actual market price of uranium is about twice its forward
cost.
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million tons in this category. However, it is doubtful that much, if any, of these
speculative resources will actually be recovered before the year 2025.

Besides the conventional uranium resources, there are abundant unconven-
tional resources of low-grade materials. In the United States, for example, there is
a geological formation called Chattanooga shale that extends westward from east-
emn Tennessee and underlies at shallow depths much of the areas of half a dozen
midwestern states. Much of this shale is rich in uranium (up to about 66 ppm'#),
but not to an extent that it can be extracted for less than $130 per kg. Neverthe-
less, this shale contains an estimated total of 5 million tons of uranium. Indeed,
an area of this shale only 7 miles square contains the energy equivalent to all the
petroleum in the world. Similar deposits in alum shale in Sweden were actually
mined at one time and produced significant amounts of uranium. The mining was
halted, however, because of environmental concerns.

More recently, additional fissile material from the former Soviet Union and
the U.S. weapons programs have become available. In the form of highly enriched
uranium and plutonium, these materials are now being considered as possible fuels
for commercial reactors. The consumption of these materials in a reactor has been
cited as the best way to dispose of the weapons grade material.

Sea water also contains a virtually unlimited amount of uranium but at a very
low concentration—about 0.003 ppm. No economically feasible method for its ex-
traction has yet been devised.

Estimates of uranium resources, proven and speculative, are not directly re-
lated to the availability of uranium in the marketplace for consumption in nuclear
plants. Uranium in the ground, especially uranium in the speculative category, ob-
viously cannot be used to fuel reactors. Mines must first be developed, mills must
be constructed and placed into operation, transportation must be arranged, and so
on. All of this requires the investment of effort and capital long before the de-
mand for fuel has been firmly established. Needless to say, if uranium production
and stockpiles fail to meet the demand, reactors somewhere in the world have to
be shut down or reduced in power, and the price of uranium would go up for the
others.

Several studies of uranium supply and demand have been carried out, espe-
cially in connection with the International Nuclear Fuel Cycle Evaluation exercise
and the periodic uranium resources, production, and demand assessment by the
OECD and IAEA. These studies show that, until about 1990, an oversupply of
uranium existed. The oversupply was caused mainly by an overly optimistic esti-
mate of uranium utilization. For example, studies cited in the second edition of this
book predicted between 255 and 395 GWe of nuclear-generating capacity in the
United States alone. These estimates should be compared with the actual level of

14The average grade of ore processed in the United States in 1978 contained about 1,400 ppm.
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100 GWe of nuclear-generating capacity. Similar high estimates were also made
for the nuclear-generating capacity worldwide.

Since 1990, reductions have occurred in uranium production and explo-
ration. While uranium requirements have continued to increase, production has
contracted. The difference between production and requirements since 1990 was
met by a drawdown of existing stockpiles. The imbalance between production and
requirements has also led to a rebound in market price for uranium since 1995.

Although it is possible to predict short-term requirements for uranium, a
number of uncertainties in the long-term uranium market have recently been in-
troduced. These include the decision to convert high-enrichment uranium from
warheads to low-enriched uranium by blending and the availability of uranium
from the former Soviet Union and Eastern Block countries. After the breakup of
the Soviet Union and independence of the former Eastern Block countries, pro-
duction in these areas declined drastically. Prior to the breakup, these countries
had considerable excess production. Because of facility closures and environmen-
tal concerns, it is uncertain whether these countries’ production capabilities will
ever be regained.

At present, insufficient uranium production capability exists to meet present
and future requirements. The demand for uranium is being met by a combination
of production and utilization of the excess inventory built prior to 1991. This could
eventually lead to a destabilization of the uranium market, resulting in significantly
higher prices for uranium.

The HEU from both the United States and former Soviet Union nuclear
weapons may help alleviate the shortfall. In 1997, the U.S. and Russian govern-
ments signed an agreement under which Russian HEU would be blended down
to LEU for commercial reactor application. It is expected that similar efforts will
occur in the United States as well. The first shipments of LEU converted from
HEU were delivered to the U.S. Enrichment Corporation in 1995. Eventually plu-
tonium from nuclear weapons will also be available for use in mixed-oxide (MOX)
fuel. Some European reactors are already licensed to use MOX fuel derived from
recycling of fissile reactor material.

Recycled material may also play an important role in meeting demand. Al-
though at current uranium prices, recycled material is too costly, future price in-
creases may eventually negate this difference. It is estimated that over 150,000
tons of heavy metal are stored in spent fuel. This material represents a significant
resource that could be used. Further, the removal from the waste stream of the un-
burnt plutonium and fissile uranium will help the concerns over long-term waste
disposal.

Changes on the demand side may also impact the imbalance. In recent years,
there has been a trend toward improved fuel utilization through better, more ef-
ficient fuel design as well as improved fuel management. A negative impact on
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the demand side may arise from higher than expected use of nuclear power for the
generation of electricity. Recently, there has been a growing realization that nuclear
energy is environmentally friendly, producing no acid rain, green house gasses, or
ozone-depleting emissions. As Third World countries accelerate their economies,
it is expected that the per capita consumption of electricity will rise. Many such
countries are looking toward nuclear-based generation to meet these energy needs.

Only if the breeder option were adopted would the total capacity no longer
be resource limited. Initially, the growth in breeder capacity is determined by the
growth in electrical demand, the construction capability of industry, and the avail-
ability of plutonium from LWRs for fueling new breeders. Eventually, the breeders
would provide sufficient plutonium for fueling new breeders. Beyond this point in
time, indicated by the sharp break in the breeder curves, the rate of increase in
capacity is very rapid, determined only by the doubling time of the reactors. As
discussed in Section 4.5, this is shorter for carbide than for oxide fuel.

4.7 ISOTOPE SEPARATION

The problem of enriching uranium is a formidable one because it requires the sep-
aration of two isotopes, 2>°U and 233U, which have nearly the same atomic weight.
Ordinary chemical separation is out of the question, of course, since both isotopes
are the same element—uranium. Separation must be accomplished, therefore, by
physical means, and several processes have been developed for this purpose. Be-
fore describing some of these processes, it is useful to consider some of the basic
relationships that underlie isotope separation.

Material Balance and Separative Work

The amount of starting or input material (i.e., feed material) that must be furnished
to an enrichment plant to obtain a given amount of enriched product depends on
the original enrichment of the feed, the desired enrichment of the product, and the
enrichment of the residual, depleted uranium, or tails. Specifically, suppose it is
required to produce Mp kg of uranium enriched to xp weight fraction'” in 23U from
Mpr kg of feed with enrichment xg, leaving behind Mt kg of tails of enrichment xy.
The overall material flow is depicted in Fig. 4.44. Since there is little or no loss of
uranium in the plant, it follows that

Mg = Mp + Mr. (4.32)
15 Although isotope abundance is always given in atom percent, uranium enrichment is speci-

fied in weight percent or weight fraction. The isotope abundance of >**U in natural uranium is 0.72%.
This corresponds to an enrichment of 0.711 w/o or a weight fraction of 0.00711.
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Product
Feed _ | Enrichment Mp.xp
g lant i . .
Mg, xg p —MTa‘:lS Figure 4.44 Flow diagram for
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The total amount of 233U is also the same before and after enrichment, so that
xpMF = xPMp + XTMT.

Eliminating M from the last two equations gives

My = <x" - xT) Mp. (4.33)

XF — XT

If the feed is natural uranium, then the value of xg is fixed by nature at
0.00711. The value of xr is set by the operator of the enrichment plant. At this
writing, the enrichment plants in the United States are operating with xt = 0.002—
that is, 0.2 w/o. The denominator in Eq. (4.33) is therefore constant, and it follows
that the amount of feed needed to produce a specified amount of product increases
linearly with the enrichment. Except for very low enrichments, M is directly pro-
portional to xp. The variation of Mg/ Mp with enrichment is shown in Fig. 4.45.

At the enrichment xp, the mass of 23U in the product mass Mp is

M25 = )CpMp.
Substituting for Mp in Eq. (4.33) then gives
— M
Mg = (x—" xT) == (4.34)
XF — XT Xp
Except for low enrichments, xp — xT >~ xp, so that

1
Xg — XT

With xg = 0.00711 and xt = 0.002, this gives

Mg >~ M25.

MF =~ 196M25.

Thus, as stated earlier in Section 4.6, the order of 200 kg (or 200 atoms) of
natural uranium feed are required to produce enriched fuel containing 1 kg (or 1
atom) of 233U, almost independent of the fuel’s enrichment. It is shown in Section
4.6 that this circumstance has considerable bearing on the utilization of natural
uranium resources in nonbreeding reactors.
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Figure 4.45 Feed and separative work, in kg, as a function of product
enrichment.

The cost of enriching uranium is described in terms of a special unit called
the separative work unit, (SWU). This concept is based on the observation that
isotope separation is equivalent to the unmixing of gases that had been previously
irreversibly mixed. Since separated isotopes represent a more ordered situation than
unseparated isotopes, the entropy of the former is clearly smaller than that of the
latter. According to the laws of thermodynamics, work must be performed on a
system to decrease its entropy in an isothermal process. Therefore, it follows that
work must be performed to separate isotopes, and this work is measured in SWU.

Separative work can be expressed in terms of a function V (x) known as the
value function, given by

V(x)=(1—2x)ln(1 _x), (4.35)
X
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Vi(x)

Lo Figure 4.46 The value function
1.0  versus enrichment x in weight
x percent.

where x is the enrichment in weight fraction.'® As indicated in Fig. 4.46, V (x) is
zero at x = 0.5 and increases symmetrically on either side of this point.

The separative work associated with the production of a given amount of
product material is defined as the increase in total value of the product and tails,
taken together, over the value of the feed. Specifically, if Mp kg of product are
produced from Mg kg of feed, with a residual of Mt kg of tails, the separative
work is

SWU = MpV (xp) + M1V (x1) — MgV (xp), (4.36)
where xp, xT, and xg are the respective enrichments. However, since
Mt = Mg — Mp,
Eq. (4.36) can be written as
SWU = Mp[V (xp) — V(x1)] — Me[V (xp) — V(x1)]. (4.37)

It should be noted that SWU has units of mass (kilograms). For fixed values
of xg and x, the separative work necessary to produce a given amount of product
increases monotonically with enrichment. This is illustrated in Fig. 4.45, where
SWU/Mp is plotted as a function of xp.

Example 4.6

One third of the core of a PWR is removed and replaced with fresh fuel approx-
imately once a year. For a nominal 1,000 MWe PWR plant, each reload requires
about 33,000 kg of 3.2 w/o-enriched UQ,. If the feed to the enrichment plant is

16]t can be shown that V (x) is proportional to the total amount of fluid that has to be pumped
in all stages of a separation system per unit amount of material processed.
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natural uranium, and the tails assay is 0.20 w/o: (a) How much feed is required per
reload? (b) How much would the enrichment cost at the 1981 U.S. price of $130.75
per kg SWU?

Solution.

1. There are

238
238+2x 16

of enriched uranium in 33,000 kg of UO,;. Using xp = 0.032, xg = 0.00711,
and xt = 0.002 in Eq. (4.33) gives

_0.032 - 0.002
~0.00711 — 0.002

2. The value of the 3.2 w/o uranium is

x 33,000 = 29, 089 kg

F x 29,089 = 170, 777 kg [Ans.]

1 -0.032
V(0.032) = (1 —2x0.032)In{ ————— ] =3.191.
0.032

Similarly, V(0.00711) = 4.869 and V (0.002) = 6.188. From Eq. (4.36), the
separative work is

SWU = 29, 089(3.191 — 6.188 — 170, 777(4.869 — 6.188)
= 138,075 kg.

At $130.75 per SWU, the charge for enrichment would be
138,075 x 130.75 = $18, 053, 306.[Ans.]

It is of some interest to consider the variation of feed and separative work
requirements with the residual enrichment of the tails. As shown in Fig. 4.47, the
feed requirements decrease with decreasing tails enrichment for fixed values of xg
and xp. This would be expected since decreasing tails enrichment means that more
25U is extracted per kg of feed. However, the SWU required to produce a given
product goes up with decreasing tails enrichment simply because it takes more
work to extract more 2°U out of a given mass of feed. Whether it makes sense to
increase or decrease tails enrichment at any time depends on the relative costs of
separative work and uranium feed, on the one hand, and the desire to conserve nat-
ural uranium resources, on the other. For instance, in producing ~ 3 w/o uranium
for LWRs, a reduction in tails enrichment from 0.20 w/o to 0.10 w/o would lead
to a saving of about 15% in feed, but this would increase the SWU per kg of prod-
uct by 43%. Therefore, a decrease in tails assay would not be indicated until the
ratio of the cost of uranium to separative work increases substantially or a shortfall
in uranium supply appears imminent.
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Figure 4.47 Feed and separative work, in kg, as a function of tails
enrichment.

The rate at which an enrichment facility can produce enriched uranium is de-
termined by its ability to deliver separative work in a unit of time. Accordingly,
enrichment plant capacities are measured in SWU/yr or, more appropriately, in
millions of SWU/yr. Clearly, the greater the separative work capacity, the more
reactors can be serviced by a given facility or facilities. For example, in 1983, the
U.S. government had 27.3 million SWU/yr of separative capacity in operation. Ap-
proximately 116,000 SWU/yr are needed to fuel a 1,000 MWe PWR (aside from
the initial loading; see Problem 4.33). It follows that U.S. enrichment plants will
be capable of handling the fuel needs of 27.3 x 10%/116,000 = 235 one thou-
sand MWe PWRs for a total electrical capacity of 235 GWe. Today, this represents
an excess in capacity despite the sale of fuel on the international market and is
therefore being reduced.

Uranium Enrichment Processes

At least a dozen methods have been devised for the separation of isotopes, but only
a few have been shown to be economically practical or hold promise of becoming
so. Some of the more prominent of these methods are considered briefly.
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Gaseous Diffusion The first economic enrichment process to be success-
fully developed was the gaseous diffusion method. This process is based on the
observation that, in a mixture of two gases, on average the lighter molecules travel
faster than the heavier molecules. As a result, the lighter molecules strike the walls
of a container more frequently than their heavier counterparts. If a portion of the
container consists of a porous material having holes large enough to permit the
passage of individual gas molecules, but not so large that a mass flow-through of
the gas can occur, then more light molecules than heavy molecules will pass out of
the container. The gas leaving the container is therefore somewhat enriched in the
lighter molecules, whereas the residual gas is correspondingly depleted. This phe-
nomenon is illustrated in Fig. 4.48, which shows the actual type of container, bar-
rier configuration, and piping connections used in some gaseous diffusion plants.
A single container like that shown in the figure is called a diffuser.

Uranium, of course, is not a gas, and the diffusion enrichment of uranium is
carried out using uranium hexaflouride, UFg. Although this substance is a solid at
room temperature, it is easily vaporized. However, this requires that all components
of a diffusion plant be maintained at an appropriate temperature to ensure that the
UFg remains in gaseous form. Although UF is a stable compound, it is highly reac-
tive with water and corrosive to most common metals. As a consequence, internal
gaseous pathways must be fabricated from nickel, or austenitic stainless steel, and
the entire system must be leak tight. Despite its unpleasant characteristics, UFg
is the only compound of uranium sufficiently volatile to be used in the gaseous
diffusion process.

Fortunately, fluorine only consists of the single isotope '°F, so that the differ-
ence in molecular weights of different molecules of UFg is only due to the differ-
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Figure 4.48 Operation of a diffuser in a gaseous diffusion process.
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ence in weights of the uranium isotopes. However, because the molecular weights
of 23UF, and 23¥UFy are so nearly equal, very little separation of the >*>UF, and
238UFy is affected by a single pass through a barrier (i.e., in one diffuser). It is
necessary, therefore, to connect a great many diffusers together in a sequence of
stages, using the outputs of each stage as the inputs for two adjoining stages, as
shown in Fig. 4.49. Such a sequence of stages is called a cascade. In practice,
diffusion cascades require thousands of stages depending on the desired product
enrichment.

As indicated in Fig. 4.49, the gas must be compressed at each stage to make
up for a loss in pressure across the diffuser. This leads to compression heating of
the gas, which then must be cooled before entering the diffuser. The requirements
for pumping and cooling make diffusion plants enormous consumers of electricity.
For instance, a plant capacity of 10 million SWU/yr requires about 2,700 MW of

Figure 4.49 Three stages of a gaseous diffusion cascade. (U.S. Depart-
ment of Energy.)
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electrical power. In the United States, the diffusion plants of the Department of
Energy make it the nation’s single largest user of electricity.

Although this is the principle method used today in the United States, other
countries have developed this technology. China, France, and Argentina have all
built prototype or large-scale plants using this method.

Gas Centrifuge The gas centrifuge process for separating isotopes is a
sophisticated version of the common method used for many years in biology and
medicine for fractionating blood and other biological specimens. Historically, cen-
trifuging was one of the first processes considered for enriching uranium for mil-
itary purposes in World War II, and it was carried to the pilot plant stage before
being abandoned in favor of gaseous diffusion. The separation of the isotopes of
chlorine had already been successfully demonstrated in the 1930s by J. W. Beams
at the University of Virginia.

In the gas centrifuge method, the gases to be separated—namely, >3>UFg and
238UFg—are placed in an appropriate container or rotor and rotated at high speed.
The rotation creates what is, in effect, a strong gravitational field. As a result, the
heavier gas tends to move to the periphery of the vessel, whereas the lighter gas ac-
cumulates nearer the center—buoyed by the heavier gas. The amount of separation
that can be attained in a single centrifuge machine depends on the mass difference
between the two gas components, the length of the rotor, and, most important, its
speed of rotation. The basic principles of the centrifuge are shown in Fig. 4.50,
provided by the U.S. Department of Energy. The electromagnetically driven rotor
is located in an evacuated chamber. UFg is fed into the rotor at the axis, and the en-
riched and depleted fractions are withdrawn near the top and bottom of the rotor, as
shown. An important feature in the operation of an isotope-separating centrifuge is
that an axial countercurrent of the gas is maintained within the rotor, as indicated in
the figure, by the establishment of a temperature difference between the ends of the
rotor and/or the appropriate mechanical design of the 2 output scoops. As the gas
moves upward near the rotor axis, the 238UF diffuses toward the outer wall. The
gas arriving at the upper scoop is therefore slightly enriched in 23>UFg; similarly,
the stream reaching the lower scoop is depleted in 2>UFg.

Since the rate of gas flow through one centrifuge is not large, a great many
machines must be connected in parallel in a commercial-size enrichment plant.
Also, because the necessary degree of enrichment cannot be carried out in a single
centrifuge, the machines must be connected together in cascade as in a gaseous
diffusion plant.

The principle advantage of the gas centrifuge method over gaseous diffusion
isthat, according to the U.S. Department of Energy, a gas centrifuge plant uses only
96% less electric power than a gaseous diffuson plant of the same separative work
capacity. Thus, although a nominal 10 million SWU/yr diffusion plant requires
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2,700 MW of electrical capacity, the same enrichment plant with centrifuges would
need only 109 MW of electricity.

Several countries have developed enrichment facilities based on the cen-
trifuge process. These include the United Kingdom, Russia, China, Pakistan, India,
Brazil, Germany, The Netherlands, Japan, and possibly Iran and Israel.

Aerodynamic Processes Aerodynamic processes exploit the small dif-
ferences in mass between 23#U and 2*°U bearing molecules in much the same way
as gaseous diffusion plants operate. To date, two methods have been tried at least
in a prototype manner—the Becker nozzle and the aerodynamic process.

The Becker nozzle was devised by E. W. Becker in the Federal Republic
of Germany. In this process, a mixture of UFg and hydrogen flows at supersonic
speeds through a specially designed curved nozzle as shown in Fig. 4.51. Due to
the centrifugal pressure gradient created in the gas, the heavier molecules tend to
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diffuse preferentially toward the outer wall, as they do in a centrifuge machine.
The emerging gas can therefore be separated into lighter and heavier fractions by
placing a sharp divider at an appropriate location on the far side of the nozzle. It has
been shown that the nozzle process provides a much larger degree of separation per
stage than the gaseous diffusion process. Unfortunately, the process was not found
competitive with other methods.

The Republic of South Africa has developed enrichment facilities based on
a similar concept to the Becker nozzle. In the aerodynamic process, uranium hex-
aflouride gas and hydrogen enters a tube at high speed through holes in the side.
The gas spirals down the tube. The tube narrows along the axis, and the heavier
fraction, rich in 28U, exits to the side. The lighter fraction exits through the bot-
tom. The plant successfully operated for several years, but proved uneconomical.

Electromagnetic Separation This method is an extension on a large
scale of the principle of the mass spectrometer. lonized uranium gas is accelerated
by an electrical potential into a magnetic field, where the more massive particles
travel in arcs of larger radii than the lighter particles. The separated beams are then
collected in properly spaced graphite receivers. The uranium ions react with the
graphite and form uranium carbide, which is then chemically treated to obtain the
separated isotopes.

One of the obvious advantages of the electromagnetic process is that virtually
complete separation of the uranium isotopes can be obtained in one pass through
the machine. A large pilot plant was placed in operation in Oak Ridge, Tennessee,
during World War II. The Iraqi government also chose this method for their clan-
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destine nuclear program. However, the method is less economical than gaseous
diffusion plants for enriching uranium. Today it yields small laboratory amounts
of elements enriched in particular isotopes but was actively pursued by Iraq for its
weapons program.

Laser Isotope Separation

The newest and most ingenious method for separating isotopes relies on laser tech-
nology and the light-absorbing properties of atoms or molecules. The science of
laser optics lies outside the scope of this book; suffice it to say that lasers have the
unique ability to produce intense beams of light of well-defined frequencies—that
is, beams of essentially monochromatic light.

As explained in Chapter 2, atoms normally exist in their ground states, but
they can be placed in excited states by absorption of appropriate amounts of energy.
Molecules, like atoms, also have a ground state and excited states. Whereas the ex-
cited states of atoms are due to different configurations of electrons, the states in
molecules may also arise because of different vibrational or rotational energies of
the molecular structure. In either case, the absorption of electromagnetic radiation
occurs in the same way. If the energy of the incident radiation does not correspond
to a possible transition between states, very little absorption occurs; when the in-
cident energy matches a possible transition, considerable energy absorption may
result. This phenomenon of resonance absorption is shown in Fig. 4.52 for excita-
tion resonances in 2**U and ?*8U at approximately 5,027 angstroms (1 angstrom=1
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A = 1078 cm), the wavelength of green light, which corresponds to annihilation
incident photon energy of about 2.4 eV.

Laser isotope separation (LIS) is based on the fact that the energies of the
excitated states of atoms and molecules depend to some degree on their atomic
masses. This is reflected in a shift, known as the isotope shift, in the energies of
the excitation resonances. In the case of uranium atoms, as indicated in Fig. 4.52,
the resonances shown in 233U and 238U are separated by about 0.1 A. By exposing
uranium vapor to a laser beam having a bandwidth (i.e., a variation in wavelength)
less than 0.1 A, it is possible to place the 23°U in an excited state while leaving
the 238U in its ground state. Subsequent exposure of the vapor to other laser beams
can then raise the energy of the excited 2>>U to a point where the atom becomes
ionized. In principle, the charged ion can then be extracted by electron fields from
the system without disturbing the neutral 2*U.

The mechanism just described relates to separation effected with individual
atoms, and it is sometimes referred to as atomic vapor LIS (AVLIS). A similar
method based on the selective excitation and decomposition of UF¢ gas is called
molecular LIS (MLIS). Both techniques are being rapidly developed in major lab-
oratories around the world.

The main components of one proposed AVLIS chamber are indicated in Fig.
4.53. Molten metallic uranium contained in the water-cooled crucible at the bottom
of the unit is vaporized by exposure to an intense beam of high-energy electrons.
The vapor expands rapidly into the chamber and enters the extraction structure,
consisting of a number of parallel plates. Here it is exposed to four intense laser
beams—the choice of four different beams is based on the detailed physics of the
optical excitation of uranium. The lasers selectively ionize a portion of the 23U
atoms, which are drawn to the product collector plates by electric and magnetic
fields. The neutral 233U atoms pass through the product collectors to the tails col-
lector. However, all the atoms falling on the product collectors are not solely 233U.
Much of the material that accumulates on the collectors is simply uranium vapor,
which has flowed directly to the collecting plates from the crucible source. The
uranium collected is therefore enriched in 233U, but is not pure >>3U.

For the sake of clarity, only one laser beam and mirror are shown in Fig.
4.53; in fact, several beams, reflected repeatedly within the chamber, are used to
increase the utilization of laser energy. To further increase laser utilization, several
chambers are connected in series so the beams traverse each in turn. The overall
energy consumption of an AVLIS plant is estimated to be less than one tenth that
of a gaseous diffusion plant of the same capacity.

For complex reasons, the AVLIS system operates most satisfactorily at low-
feed enrichments, with either natural uranium or depleted uranium. Thus, the pro-
posed pilot plant could use depleted uranium (enrichment 0.2-0.3 w /o) to produce
3 w/o-enriched uranium for use in LWRs, leaving a tails enrichment of 0.08 w/o.
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Figure 4.53 Schematic representation of one proposed laser isotope
separation process. (Courtesy of Jersey Nuclear-Avco Isotopes, Inc.)

Operating on natural uranium, the AVLIS system would increase the availability of
25U for LWRs by about 18% (see Problem 4.39).

Other Processes There are two other competing processes that may
prove more economical than current techniques. Although still under development,
these methods are considered technically feasible and potentially commercially vi-
able. The methods are chemical exchange and plasma separation.

The chemical exchange process relies on the behavior of molecules bear-
ing the heavier 238U atom to be different from that of the lighter 23U-bearing
molecules. Thus, in certain reactions, one isotope tends to concentrate in one
molecule over another. The process is similar to the enrichment of water in deu-
terium discussed later.

The second process relies on the cyclotron frequency of 2>>U being different
from that of 238U. This difference allows the ions of one species to be preferentially
collected over the other.

Production of Heavy Water

Up to this point, the discussion of isotope separation has centered on the problem
of producing enriched uranium to fuel reactors moderated or cooled with ordinary
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water. As explained earlier, such reactors cannot be made critical with natural ura-
nium. However, natural uranium can be used as fuel in heavy-water moderated
reactors such as CANDU and the Argentine reactors at Atucha (see Section 4.5).
With these reactors, the burden of isotope separation lies in producing the heavy
water, rather than in enriching the fuel. If heavy water is used both as the mod-
erator and coolant, approximately one metric ton is required per MWe of nuclear
plant capacity. Heavy water has been produced commercially by a variety of meth-
ods, including electrolysis, distillation of water or liquid hydrogen, and a method
of chemical exchange described later. This last method has come to be preferred
because it uses an abundant feed material (water) and requires little energy.

Because they possess the same number of protons and electrons, isotopes of
the same element are normally assumed to be chemically identical. However, such
isotopes may not undergo chemical reactions at precisely the same rate, owing to
differences in their atomic mass. Naturally the difference in reaction rates increases
with the disparity among the isotopic masses, and it is most pronounced in the case
of ordinary hydrogen and deuterium, whose masses differ by a factor of two.

Consider, for example, the reaction between deuterated hydrogen sulfide and
water:

H,0 + HDS = HDO + H,S.

If H and D were chemically the same, the equilibrium constant for the reaction

_ [HDOJ][H,S]
~ [H,O][HDS]

where the brackets denote concentration, would be equal to unity. Actually, K is
substantially greater than unity and is also a function of temperature. Thus, at25°C,
K is 2.37;at 125°C, K is 1.84. By writing K in the form

_ [HDOJ[H;S]
- [HDS][H,0]’

it is clear that, in equilibrium, the concentration of HDO in H,O is greater than
that of HDS in H,S. What is more, the relative concentration of HDS in H,O in-
creases with increasing temperature. These circumstances make it possible to sepa-
rate D from H and underlie the so-called GS dual-temperature exchange process'’
by which most heavy water is produced commercially.

The GS process takes place in a chemical exchange tower where H,S gas is
bubbled upward through a sequence of perforated trays, along and around which

17 Although the GS process was invented by K. Geiband J. S. Spevack, the initials GS evidently
refer to Girdler-Sulfide, Girdler being the name of the company that designed the first GS plant in
the United States. (See Benedict et al. in the references.)
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water flows downward as shown in Fig. 4.54. The tower is divided into two parts:
a hot section (T =~ 125°C) and a cold (cooler) section (T~ 32°C). Since the equi-
librium concentration of deuterium in the H,S leaving the hot section is greater
than it is leaving the cold section, it follows that there is a net transfer of D from
the HDO to the H,O in the cold section. The overall effect is that D is carried
around the tower and enriches the feedwater in the cold section. In short, the water
is enriched in the cold section; the H,S is reconstituted in the hot section. Some of
the enriched water is extracted at the junction of the two sections and passes into
additional separation towers. By adjusting the water and H,S flow rates, the H,S
can be entirely reconstituted within the tower. In some versions of the GS process,
especially those used in Canada, the enriched gas rather than the enriched water
is carried forward to additional towers until at the last tower the enriched water is
finally withdrawn.
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In practice, only a few stages (sets of exchange towers) are required to
produce water enriched to between 20 and 30 w/o D,0O. Further enrichment to
99.75 w /o required in CANDU s is carried out using vacuum distillation.

4.8 FUEL REPROCESSING

In an LWR fuel cycle with recycle or in any breeder reactor cycle, it is necessary to
reprocess the spent fuel to recover the plutonium or uranium. Several methods have
been developed over the years to do so. However, virtually all reprocessing plants
that have been built since the 1950s utilize the Purex solvent extraction process.

The Purex process is based on the following experimental facts. Uranium and
plutonium can exist in a number of valence (oxidation) states. Because of differ-
ences in their oxidation and reduction potentials, it is possible to oxidize or re-
duce one of these elements without disturbing the other. Furthermore, compounds
of uranium and plutonium in different states have different solubilities in organic
solvents. For instance, in the 4™ and 6" states, the nitrates of both uranium and
plutonium are soluble in certain solvents, while in the 3% state their compounds
are virtually insoluble in the same solvents.

Therefore, solvent extraction involves three critical steps: (a) separating the
uranium and plutonium from the fission products by absorbing the first two in the
appropriate solvent, leaving the latter in solution; (b) reducing the oxidation state
of the plutonium to 3% so that it is no longer soluble in the solvent; and (c) back-
extracting the plutonium into aqueous solution.

A simplified flow diagram for a Purex reprocessing plant is shown in Fig.
4.55. The fuel rods are first cut into short lengths—3 to 5 cm long. This occurs
in the so-called mechanical head-end of the plant. The chopped pieces are next
heated to remove radioactive gases, mostly tritium and the fission product gas #Kr,
trapped within the fuel. These gases are collected and stored.

The batch of fuel is then dissolved in a concentrated solution of nitric acid
(HNOs). This aqueous solution of uranium and plutonium, both of which at this
point are in high states of oxidation, together with the fission products and dis-
solved remnants of the fuel assemblies, next passes through a filter to remove
undissolved components of the assemblies and enters at the middle of the first
extraction column.

In this column, the organic solvent tributylphosphate (TBP), diluted in the
kerosenelike substance dodecane, flows up the column extracting uranium and plu-
tonium from the aqueous solution. At the same time, more nitric acid enters from
the top of the column to scrub the rising solvent of any fission products that it
may have picked up. The organic solution that leaves the top of the column con-
tains essentially all the uranium and plutonium and only a trace of fission products,
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Figure 4.55 Simplified flow diagram of a PUREX reprocessing plant.

whereas the aqueous solution exiting at the bottom holds most of the fission prod-
ucts and very little uranium or plutonium.

The organic solution passes next into a second column, where it counterflows
against a dilute solution of a chemical-reducing agent (a ferrous compound is often
used), which reduces the plutonium to the 3% state, but leaves the uranium in the
6% state. Since the plutonium is no longer soluble in the TBP, it passes into the
aqueous solution before leaving the column.

The uranium is stripped from the organic solvent in a third column, where it
passes into a counterflowing stream of dilute nitric acid. The solvent leaving the top
of the column, from which most of the plutonium, uranium, and fission products
have now been removed, is piped to a recovery plant for purification and reuse. The
uranium exits the column in aqueous solution.

To further purify the uranium and plutonium fractions, their respective solu-
tions can be processed through additional extraction columns. However, the plu-
tonium is often purified and concentrated by ion exchange. This process involves
passing the plutonium solution into an ion exchange resin and then eluting the plu-
tonium with dilute acid. The concentration of the purified plutonium can then be
increased by partially evaporating the solution, taking care not to approach critical-
ity. This is the usual form of the plutonium output from a fuel reprocessing plant—a
highly purified solution of plutonium nitrate. It is an easy matter to transform the
plutonium to the oxide PuO,.
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4.9 RADIOACTIVE WASTE DISPOSAL

Radioactive wastes in several different forms are produced at various points in the
fuel cycle of a nuclear power plant: during the mining of uranium, the manufacture
of the fuel, the operation of the reactor, and the processing and recycling of the
fuel (if this is part of the cycle). Wastes are also produced when the plant is ulti-
mately decommissioned and dismantled. The nuclear power industry is not the sole
purveyor of radioactive wastes, however. Hospitals have become a major source of
such wastes due to the widespread use of radiopharmaceuticals in medicine. Ra-
dioactive wastes are also a significant by-product of nuclear weapons programs.

It is usual to classify waste in four categories. High-level waste consists of
spent fuel, if this is discarded as waste, and any wastes generated in the first stages
of a fuel reprocessing plant (since this waste contains the bulk of the fission prod-
ucts). Transuranic (TRU) waste consists mostly of the isotopes of plutonium at
concentrations in excess of 10~° Ci/g; TRU wastes are generated by fuel reprocess-
ing, plutonium fuel fabrication, and manufacturing of nuclear weapons. Low-level
waste contains less than 10~ Ci/g of TRU nuclides. It also includes material that is
free of TRU and requires little or no shielding, but it is still potentially dangerous.
Mine and mill tailings consist of residues from uranium mining and milling op-
erations; such residues contain low concentrations of naturally occurring radionu-
clides.

A perusal of the chart of nuclides reveals that the vast majority of the several
hundred fission products are very short-lived. Only five have half-lives between 1
and 5 years; two—namely, *°Sr and !3’Cs—have half-lives of about 30 years, and
three—3Zr, '?°I, and '3 Cs—have half-lives in excess of a million years, and hence
are effectively stable. In 100 years, the activity of a 5-year nuclide decreases by a
factor of 10, and the shorter lived nuclides disappear altogether. Over the long-
term, therefore, the fission product activity of high-level waste is due only to *°Sr
and '¥’Cs. The latter radionuclide decays into stable '*’Ba. However, *°Sr decays
to *°Y, which decays with a 64-hr half-life to stable °°Zr. Thus, high-level waste
ultimately contains three fission products, °Sr, ®°Y and '3"Cs.

The half-lives of many of the TRU nuclides tend to be considerably longer.
For instance, the half-life T}, of 2**Pu is 24,000 years. Therefore, the activity of
these nuclides dies off more slowly than that of the fission products. In the spent
fuel from a typical LWR, the TRU activity exceeds the fission product activity after
approximately 700 years.

The total high-level activity from spent fuel, including both the fission prod-
ucts and the TRU nuclides, depends on the nature of the reactor fuel cycle. With
the once-through cycle, the activity of the fuel persists for hundreds of thousands
of years owing to the presence of TRU material. However, with a closed cycle,
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Figure 4.56 High-level waste activities from different reactor fuel cy-
cles. (Based on Nuclear Proliferation and Civilian Nuclear Power, U.S.
Department of Energy report DOE/NE-0001/9, Volume 9, 1980.)

the plutonium isotopes are returned to the reactor where, on fissioning, they are
transformed into short-lived fission products.

This situation is illustrated in Fig. 4.56, where the activity of high-level waste
generated in 1 GWE year is shown for the LWR with and without recycling; for
the LMFBR (with recycling, of course) and for a special case in which LWR spent
fuel is reprocessed, the fission products are treated as waste and the plutonium is
merely stored. Except in the early and late years, the activity in this last cycle is
due almost entirely to °°Sr, ®°Y, and '3’Cs. Also shown in the figure is the range
of activities of the uranium ore required to produce the original fuel. It is observed
that the high-level activity associated with the fuel cycles approaches within an
order of magnitude of the ore in about 1,000 years.'8

'8 A more fair comparison of ore and high-level waste should take into account the relative
toxicity of the heavy elements, which decay in large part by a-emission, with that of fission products,
which emit B-rays. The toxicity of «-emitters is about 10 times greater than that of S-rays (see
Section 9.2).
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Most of the high-level waste in the world today is a by-product of nuclear
weapons programs. For the most part, pending permanent disposal, this waste is
either stored in liquid form in large tanks or is being solidified to reduce the pos-
sibility of leakage. Increasing amounts of high-level waste are also accumulating
in the spent-fuel pools of nuclear power plants. Commercial reprocessing of spent
fuel is occurring in a number of foreign countries. However, because of prolifera-
tion concerns, the United States is not participating.

How commercial high-level waste is disposed of clearly depends on whether
or not spent fuel is reprocessed. With no reprocessing, the fuel may be disposed
of intact. Presumably this would be done by placing the spent fuel assemblies in
suitable containers and burying these containers in some stable geological setting.
Historically, stable rock formations have been considered for this purpose.

If the fuel is reprocessed and the plutonium is recycled (or stored), the dis-
posal problem becomes more manageable and susceptible to unique technological
solution. Since fission products represent a small fraction of the mass of the fuel,
reprocessing substantially reduces the volume of the waste. The waste, in liquid
form, can then be calcinated—that is, dried at high temperature; mixed with frit,
the substance from which glass is made; and then vitrified—that is, made into glass.
Another newer technique involves surrounding beads of waste with layers of ce-
ramic as in the fabrication of HTGR fuel. These and similar methods for solidifying
the waste effectively immobilize the radioactive particles, something that cannot be
done as easily with unprocessed spent fuel. The glass or ceramic complexes are fi-
nally placed in cannisters and deposited in stable geological formations.

If a canister holding either a whole fuel assembly or solidified waste should
disintegrate, even soon after its emplacement in a repository, there is good reason
to believe that the fission products and TRU nuclides would not diffuse far into
the environment. Strong support for this contention is furnished by what has be-
come known as the Oklo phenomenon. Oklo is the name of a uranium mine in the
African nation of Gabon, where France obtains much of the uranium for its nuclear
program. When uranium from this mine was introduced into a French gaseous dif-
fusion plant, it was discovered that the feed uranium was already depleted below
the 0.711 w/o of ordinary natural uranium. It was as if the uranium had already
been used to fuel some unknown reactor.

And so it had. French scientists found traces of fission products and TRU
waste at various locations within the mine. These observations were puzzling at
first because it is not possible to make a reactor go critical with natural uranium,
except under very special circumstances with a graphite or heavy-water moderator,
neither of which could reasonably be expected to have ever been present in the
vicinity of Oklo. The explanation of the phenomenon is to be found in the fact that
the half-life of 2>3U, 7.13 x 10® years, is considerably shorter than the half-life of
238U, 4.51 x 10° years. Since the original formation of the earth, more 2*U has
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therefore decayed than 233U. This, in turn, means that the enrichment of natural
uranium was greater years ago than it is today. Indeed, it is easy to show (see Prob-
lem 2.37) that about 3 billion years ago this enrichment was in the neighborhood
of 3 w/o—sufficiently high to form a critical assembly with ordinary water, which
is known to have been present near Oklo at that time. The relevance of the Oklo
phenomenon to present-day disposal of radioactive wastes is that neither the fission
products (identified by their stable daughters) nor the plutonium migrated from the
Oklo site in the billions of years since the reactor was critical.

Compared with high-level waste, low-level waste represents more of a nui-
sance than a hazard. However, it comprises a much larger volume. A nominal 1,000
MWe LWR power plant produces the order of 100 m? of solid low-level waste,
mostly contaminated laundry wastes, protective clothing, glassware, tools, con-
tainers, and so on, and somewhat higher level waste in the form of spent resins
from reactor coolant demineralizers, air filters, and so on. Such wastes are nor-
mally placed in drums and shipped off-site to waste depositories, where the drums,
several hundred per GWe-year, are buried. Liquid low-level wastes are usually so-
lidified or retained for decay, diluted, and discharged to the environment.

In terms of total activity, a typical large hospital generates more low-level
waste than a nuclear power plant. The bulk of this activity is due to *H and '*C; the
remainder consists of short-lived nuclides that quickly decay. Fortunately, the total
amount of *H and '*C originating in medical institutions is trivial compared with
their natural production rates in the atmosphere from cosmic rays (see Section 9.7).
At least in principle, these wastes can safely be incinerated, although, for political
reasons, this procedure has not been generally adopted.

The major source of concern from uranium mining and mill tailings is the
increased release of the radioactive gas radon—in particular, the isotope 2>’Rn,
which has a half-life of 3.8 days. This nuclide is one of the products in the long
decay chain beginning with 28U and is the immediate daughter of the decay of
226Ra. Chemically, radon is a noble gas, and therefore it readily diffuses out of
solid materials containing uranium or radium. Although radon does not present a
health hazard, its longer lived daughters do, especially 2'°Pb (T, ;2 = 19.4 years).
When these daughter products, formed by the decay of radon in the atmosphere,
are inhaled, they may become attached to the tissues at the base of the bronchial
network. Their subsequent decay can lead to lung cancer (see Chap. 9 for further
discussion of this process). Disposal of such tailings is either by placement under-
ground, the preferred but more costly method, or by covering the tailings with no
less than 3 m of earth and then planting vegetation to prevent erosion.
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PROBLEMS

1. If 57.5% of the fission neutrons escape from a bare sphere of 23°U, what is the multi-
plication factor of the sphere? In this system, the average value of 7 is 2.31.

2. Measurements on an experimental thermal reactor show that, for every 100 neutrons
emitted in fission, 10 escape while slowing down and 15 escape after having slowed
down to thermal energies. No neutrons are absorbed within the reactor while slowing
down. Of those neutrons absorbed at thermal energies, 60% are absorbed in fission
material. (a) What is the multiplication factor of the reactor at the time these observa-
tions are made? (b) Suppose the thermal leakage is reduced by one third. How would
this change the value of k? [Note: The values of n and v for the reactor fuel are 2.07
and 2.42, respectively.]

3. (a) Show that the energy released in the nth generation of a fission chain reaction,
initiated by one fission, is given by

En = knERa

where k is the multiplication factor and EjR is the recoverable energy per fission. (b)
Show that the total energy released up to and including the nth generation is given by

kn+] -1
E,= ——E
n k-1 R
4. Show that the fraction, F, of the energy released from a supercritical chain reaction
that originates in the final m generations of the chain is given approximately by
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10.

11.

12.

13.

F=1-k"

provided the total number of generations is large.

(a) Most of the energy from a nuclear explosion is released during the final moments
of the detonation. Using the result of the previous problem, compute the number of
fission generations required to release 99% of the total explosive yield. Use the nom-
inal value k = 2. (b) If the mean time between generations is the order of 1078 sec
over what period of time is energy released during a nuclear explosion?

. Aburst of 1 x 10° neutrons from a pulsed accelerator is introduced into a subcritical

assembly consisting of an array of natural uranium rods in water. The system has a
multiplication factor of 0.968. Approximately 80% of the incident neutrons are ab-
sorbed in uranium. (a) How many first-generation fissions do the neutrons produce in
the assembly? (b) What is the total fission energy in joules released in the assembly
by the neutron burst?

. It is found that, in a certain thermal reactor, fueled with partially enriched uranium,

13% of the fission neutrons are absorbed in resonances of 2>3U and 3% leak out of
the reactor, both while these neutrons are slowing down; 5% of the neutrons that slow
down in the reactor subsequently leak out; of those slow neutrons that do not leak out,
82% are absorbed in fuel, 74% of these in 2>3U. (a) What is the multiplication factor
of this reactor? (b) What is its conversion ratio?

A natural uranium-fueled converter operates at a power of 250 MWt with a conversion
ratio of 0.88. At what rate is 2**Pu being produced in this reactor in kg/year?

Assuming a recoverable energy per fission of 200 MeV, calculate the fuel burnup and
consumption rates in g/MWd for (a) thermal reactors fueled with 233U or 2°Pu; (b)
fast reactors fueled with 23%Pu. [Note: In part (b), take the capture-to-fission ratio to
be 0.065.]

Because of an error in design, a thermal reactor that was supposed to breed on the
22Th-23U cycle unfortunately has a breeding ratio of only 0.96. If the reactor oper-
ates at a thermal power level of 500 megawatts, how much 232Th does it convert in 1
year?

What value of the breeding gain is necessary for a fast breeder operating on the 238U-
2Py cycle to have an exponential doubling time of 10 years if the specific power for
this type of reactor is 0.6 megawatts per kilogram of >*Pu?

Per GWe-year, a typical LMFBR produces 558 kg and consumes 789 kg of fissile
plutonium in the core while it produces 455 kg and consumes 34 kg of fissile pluto-
nium in the blanket. What is the breeding ratio for this reactor? [Note: As would be
expected, there is a net consumption of plutonium in the core and a net production
in the blanket, with a positive output from the reactor as a whole. By adjusting the
properties of the blanket, it is easy to make breeders into net consumers of plutonium
if dangerously large stockpiles of this material should ever accumulate in the world.]

A certain fossil fueled generating station operates at a power of 1,000 MWe at an
overall efficiency of 38% and an average capacity factor of 0.70. (a) How many tons of
13,000 Btu per pound of coal does the plant consume in 1 year?(b) If an average coal-
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14.

15.

16.

17.

18.

19.

20.

21.

22.
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carrying railroad car carries 100 tons of coal, how many car loads must be delivered to
the plant on an average day? (c) If the coal contains 1.5% by weight sulfur and in the
combustion process this all goes up the stack as SO, how much SO, does the plant
produce in 1 year?

Had the plant described in Problem 4.13 been fueled with 6.5 million Btu per barrel
bunker-C fuel oil containing .37% sulfur, (a) how many barrels and tons of oil would
the plant consume in 1 year? (b) how much SO, would the plant release in 1 year?
[Note: 1 U.S. petroleum barrel = 5.61 cubic feet = 42 U.S. gallons; the density of
bunker-C oil is approximately the same as water.]

Rochester Gas and Electric’s Robert Emmett Ginna nuclear power plant operates at
a net electric output of 470 megawatts. The overall efficiency of the plant is 32.3%.
Approximately 60% of the plant’s power comes from fissions in 233U, the remainder
from fissions in converted plutonium, mostly 23°Pu. If the plant were operated at full
power for 1 year, how many kilograms of 233U and 23°Pu would be (a) fissioned? (b)
consumed?

Consider two electrical generating stations—one a fossil fuel plant and the other
nuclear—both producing the same electrical power. The efficiency of the fossil fuel
plant is (eff);, whereas that of the nuclear plant is (eff),,.
(a) Show that the ratio of the heat rejected to the environment by the two plants is
given by

Qm _1—=1(effn y (eff)r

Qy  1—=(eff);~ (effn’

(b) Evaluate Q.,/Q ¢y for the case where (eff) = 38% and (eff), = 33%.

An MSBR power plant produces 1,000 MWe at an overall efficiency of 40%. The
breeding ratio for the reactor is 1.06, and the specific power is 2.5 MWt per kilogram
of 233U. (a) Calculate the linear and exponential doubling times for this reactor. (b)
What is the net production rate of 23>U in kg/year?

A 3,000 MW reactor operates for 1 year. How much does the mass of the fuel change
during this time as the result of the energy release?

Referring to the nominal LWR cycle described in Fig. 4.37, compute (a) the specific
burnup of the fuel in MWd/t; (b) the fractional burnup of the fuel; (c) the enrichment of
the fresh fuel; (d) the enrichment (?3°U) of the spent fuel; (e) the fraction of the power
originating in fissions in 2>>U and plutonium, respectively; (f) the 30-year requirement
for uranium for this system. The plant operates at an overall efficiency of 33.4%.
Show that the fuel cycle data on the LMFBR in Fig. 4.40 are consistent with the
reactor operating at a thermal efficiency of 36.5%.

Referring again to the LMFBR in Fig. 4.40, (a) what fraction of the total power is pro-
duced by the core and blanket, respectively? (b) What is the average specific burnup
of the fuel in the core? (c) What is the breeding ratio of the reactor?

Using the data in Fig. 4.41, compute (a) the enrichment of the fresh fuel; (b) the
residual enrichment of the spent fuel; (c) the fraction of power originating in fissions



Problems 227

23.

24,

25.

26.

27.

28.

29.

30.

31.

in 23°U; (d) the burnup of the fuel. [Note: The reactor operates atan efficiency of 30%.]

Reliable nuclear weapons cannot be made using plutonium containing much more
than 7 w/0%*°Pu because this isotope has a high spontaneous fission rate that tends to
preinitiate—that is, fizzle—the device. Using Fig. 4.37 and Figs. 4.39 through 4.40,
determine whether any of these commercial power systems produce weapons-grade
plutonium (< 7 w/o 2*°Pu). Assume that all nonfissioning plutonium is >*°Pu (some
of it is actually >*?Pu).

Compute and plot annual and cumulative uranium requirements through the year 2015
for the projected nuclear electric capacities given in Table 4.8 for each of the following
assumptions: (a) all reactors are PWRs with no recycling; (b) all reactors are PWRs,
and all operate with recycling after 2000; (c) all reactors are PWRs until 2000 after
which 20% of new reactors are LMFBRs. [Note: For simplicity, ignore the extra fuel
required for startup; that is, take the annual uranium needs to be the values in Table
4.7 divided by 30.]

A nuclear fuel-fabricating company needs 10,000 kg of 3 w/o uranium and furnished
natural uranium (as UFg) as feed. Assuming a tails assay of 0.2 w/o, (a) how much
feed is required? (b) How much will the enrichment cost?

Suppose that the tails enrichment in the preceding problem weredecreasedto 0.15 w/o.
(a) How much uranium feed would this save? (b) How much more would the enriched
fuel cost? (c) What is the cost per kg of feed saved?

If a customer supplies DOE as part of his feed—uranium that is partially enriched above
(or depleted below) the natural uranium level—the total amount of natural uranium
feed that he must furnish to obtain a given amount of product is reduced (or increased)
by an amount equal to the natural uranium feed needed to provide the partially enriched
(or depleted) feed. The customer receives a credit (or debit) for the separative work
represented by his enriched (or depleted) feed.

Suppose that the fuel-fabricating company in Problem 4.25 offers to supply as part of
its feed 10,000 kg of 1% assay uranium. How much natural uranium feed is required
in addition, and how much will the total job cost?

Repeat Problem 4.27 for the case in which the customer furnishes 10,000 kg of .6%
feed.

Referring to Problem 4.28, suppose exactly 33,000 kg of 3.2 w/o UO, is required
per reload. (a) How much UFs must be given to the enrichment plant, assuming 1%
loss in fabrication? (b) How much yellow cake must be used in the conversion to UF¢
assuming .5% loss in conversion?

It is proposed to produce 25 kg of 90 w/o for a nuclear weapon by enriching 20 w/o
fuel from a research reactor. (a) How much fresh reactor fuel would be required? (b)
Computethe total SWU required. (c) Compare the SWU/kg requiredto produce 20 w/o
fuel starting from natural uranium with the SWU/kg for 90 w /o material beginning at
20 w/o. [Note: Assume the tails enrichment to be 0.2 w/o.]

(a) Derive an explicit expression for the mass of tails produced in a specified enrich-
ment requiring a given amount of separative work. (b) Show that in enriching natu-
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ral uranium to 3 w/o, approximately 1 kg of 0.2 w/o tails are produced per SWU
expended. (c) In 1981, the total enrichment capacity in operation in the world was
28.4 x 10® SWU/yr. At what rate was depleted uranium being produced, assuming all
the capacity was used to produce 3 w/o fuel?

32. In 1980, the United States had approximately 300,000 tons of depleted uranium in
storage at its gaseous diffusion plants. If the entire 1980 electrical capacity of 600
GWe were furnished by LMFBRs fueled with this uranium, how long would the 1980
depleted uranium stock (which is continuing to grow; see preceding problem) last?
Use LMFBR data from Fig. 4.40.

33. Show that approximately 116,000 SWU of separative work is required annually to
maintain the nominal 1,000 MWe LWR described in Fig. 4.37.

34. The enrichment consortium EURODIF operates gaseous diffusion plants in France
with a capacity of 10.8 million SWU/year. Using the result of the preceding problem,
how much LWR capacity can this company service?

35. Compute and plot the relative cost in SWU of enriched uranium, per unit of contained
233, as a function of enrichment to 93 w/o. Compare with Fig. 4.45.

36. Based on the projections of future installed nuclear electric generating capacity given
in Table 4.8, how large an industry (dollars per year) can isotope enrichment be ex-
pected to be in 2010 based on current U.S. SWU prices if most of the capacity is in
LWRs?

37. The principle of enrichment by gaseous diffusion can be seen in the following way.
Consider a chamber (diffuser) split into two volumes, A and B, by a porous barrier
with openings having a total area S as shown in Fig. 4.48. Volume A contains two iso-
topic species of mass M, and M, at atom densities Njo and N, respectively. Volume
B is at low pressure and is pumped out at the rate of F m3/sec. According to kinetic
theory, the number of atoms or molecules in a gas striking the wall of a container per
m?/sec is

1
J = -N7,
1 v

where N is the atom density and v is the average speed given by

g=2/%*T
M

where M is the mass of the atom and T is the absolute temperature. (a) Show that in
equilibrium the atom concentration in B is

i = (J +J)S
VB— 1 2Fa

where J; and J;, refer to the two isotopic species. (b) Show that the ratio of equilibrium
concentrations in B is given by
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38.

39.

40.

41.

42,

43.

N _ N 1
N, N\ M’

Ni/N _ M
Ny /Nao M,

The quantity

in the preceding problem is called the ideal separation factor a,. Compute «, for a
gas consisting of molecules of 22> UF4 and 238UFg. (The small value of «, in this case
means that a great many stages must be used to enrich uranium to useful levels.)

If, using LIS, it is possible to enrich diffusion plant tails from 0.2 w/o to 3 w/o with
residual tails of 0.08 w /o, verify that the utilization of natural uranium for 3 w /o fuel
would be increased by 18%.

To how much energy in eV does the isotopic shift of 0.1 A shown in Fig. 4.52 corre-
spond?

(a) Show that the specific activity of fuel irradiated for T days up to a burnup of B
MWd/kg, ¢ days after removal from a reactor, is given by

B
a=14x 1067[1—0-2 — (t + T)™°2)Ci/kg.

(b) Compute and plot the specific activity for fuel irradiated for 3 years to a burnup of
33 MWd/kg from 1 day to 1 year after removal from the reactor.

The fission yields of °°Sr and '37Cs are 0.0593 atoms per fission, respectively. Calcu-
late the specific activity due to these nuclides and to *°Y in spent fuel irradiated to 33
MWd/k g from the time the fuel is removed from the reactor up to 1,000 years.
Carbon-14, with a half-life of 5,730 years, is produced in LWRs by way of an (n,p)
reaction with nitrogen impurities (in both the fuel and the coolant water) and via an
(n,@) reaction with '70. About 60 to 70 Ci of '“C are generated this way per GWe-
year. (a) What is the total '“C activity in the fuel unloaded each year from a 1,000
MWe reactor that has operated with a 0.70 capacity factor? Assume that one third of
the core is unloaded each year. (b) How much '“C will be produced per year in the
year 2010 by all the reactors in the world if high or low projections of Table 4.8 come
to pass and all reactors are LWRs?
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Neutron Diffusion
and Moderation

To design a nuclear reactor properly, it is necessary to predict how the neutrons
will be distributed throughout the system. The importance of a knowledge of the
neutron distribution is illustrated in an example in the following section. Unfortu-
nately, determining the neutron distribution is a difficult problem in general. The
neutrons in a reactor move about in complicated paths as the result of repeated
nuclear collisions. To a first approximation, however, the overall effect of these
collisions is that the neutrons undergo a kind of diffusion in the reactor medium,
much like the diffusion of one gas in another. The approximate value of the neu-
tron distribution can then be found by solving the diffusion equation—essentially
the same equation used to describe diffusion phenomena in other branches of en-
gineering such as molecular transport. This procedure, which is sometimes called
the diffusion approximation, was used for the design of most of the early reactors.
Although more sophisticated methods have now been developed, it is still widely
used to provide first estimates of reactor properties.

5.1 NEUTRON FLUX

It was shown in Section 3.4 that, for monoenergetic neutrons, the reaction rate F
is related to the macroscopic cross-section ¥; and the flux ¢ by:

230
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F=2%¢.
or
F =2Xnv 5.1

It is easy to enlarge these results to include neutrons that have a distribution of
energies. Thus, let n(E) be defined as the neutron density per unit energy; that is,
n(E)dE is the number of neutrons per cm® with energies between E and E + dE.
From Eq. (5.1), the interaction rate for these essentially monoenergetic neutrons is

dF = X(E) xn(E)dE x v(E), 5.2)

where the energy dependence of all parameters is noted explicitly. The total inter-
action rate is then given by the integral

F= /00 X (EYyn(EY(E)dE = /00 X (EYP(E)IE, (5.3)
0 0

where
¢(E) =n(E)v(E) (5.4)

is called the energy-dependent flux or the flux per unit energy. The limits on the
integrals in Eq. (5.3) are written as 0 and oo to indicate that the integration is to be
carried out over all neutron energies.

Equation (5.3) refers to the total interaction rate. Rates of particular interac-
tions can be found from similar expressions. Thus, the number of scattering colli-
sions per cm?/sec is

F; = /Ooo X(E)P(E)IE; (5.5)
the number of neutrons absorbed per cm?/sec is

Fo= /:o L (E)YP(E)E; (5.6)
and so on.

In the next few sections, it is assumed that the neutrons are monoenergetic.
The diffusion of nonmonoenergetic neutrons is considered in Section 5.8.

5.2 FICK'S LAW

Diffusion theory is based on Fick’s law, which was originally used to account for
chemical diffusion. It was shown early in chemistry that if the concentration of a
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d(x)

Figure 5.1 Neutron flux and
X current.

solute is greater in one region of a solution than in another, the solute diffuses from
the region of higher concentration to the region of lower concentration. Further-
more, it was found that the rate of solute flow is proportional to the negative of the
gradient of the solute concentration. This is the original statement of Fick’s law.

To a good approximation, neutrons in a reactor behave in much the same
way as a solute in a solution. Thus, if the density (or flux) of neutrons is higher
in one part of a reactor than in another, there is a net flow of neutrons into the
region of lower neutron density. For example, suppose that the flux' varies along
the x-direction as shown in Fig. 5.1. Then Fick’s law is written as

Je = —Dd—¢. 5.7
dx

In this expression, J, is equal to the net number of neutrons that pass per
unit time through a unit area perpendicular to the x-direction. J, has the same
units as flux—namely, neutrons/cm?-sec. The parameter D in Eq. (5.7) is called
the diffusion coefficient and has units of cm.

Equation (5.7) shows that if, as in Fig. 5.1, there is a negative flux gradient,
then there is a net flow of neutrons along the positive x-direction as indicated in the
figure. To understand the origin of this flow, consider the neutrons passing through
the plane at x = 0. These neutrons pass through the plane from left to right as the
result of collisions to the left of the plane; conversely, they flow from right to left
as the result of collisions to the right of the plane. However, since the concentration
of neutrons and the flux is larger for negative values of x, there are more collisions
per cm’/sec on the left than on the right. Therefore, more neutrons are scattered
from left to right than the other way around, with the result that there is a net flow
of neutrons in the positive x-direction through the plane, just as predicted by Eq.
(5.7). It is important to recognize that neutrons do not flow from regions of high

't is usual in nuclear engineering to make calculations with the flux, which is proportional to
neutron density, rather than with the density.
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flux to low flux because they are in any sense pushed that way. There are simply
more neutrons scattered, or moving, in one direction than in the other.

The flux is generally a function of three spatial variables, and in this case
Fick’s law is

J=-Dgrad¢ = —DV¢. (5.8)

Here J is known as the neutron current density vector or simply the current, and
grad = V is the gradient operator. We have assumed that the diffusion coefficient,
D, is not a function of the spatial variables.? The physical significance of the vector
J may be seen by taking the dot product of J with a unit vector in the x-direction
a,. This gives the x-component of J, namely J,:

J axzjx,

which, as already noted, is equal to the net flow of neutrons per second per unit
area normal to the x-direction. It follows that if m is a unit vector pointing in an
arbitrary direction, then

J n=1J, (5.9)

is equal to the net flow of neutrons per second per unit area normal to the direction
of n.

Example 5.1
In Section 5.6, it is shown that the flux at the distance r from a point source emitting
S neutrons per second in an infinite moderator is given by the formula

Se—r/L

4n Dr’

where L is a constant. Find expressions for (a) the neutron current in the medium,
(b) the net number of neutrons flowing out through a sphere of radius r surrounding
the source.

o(r) =

Solution.

1. Because of the geometry of the problem, the neutron current density vector
clearly must point outward in the radial direction. From Appendix III, the r-

component of the gradient, V,, in spherical coordinates is
d
V,=a -,
" "dr

where a, is a unit radial vector. Then from Fick’s law, Eq. (5.8),

—-r/L
J(r) = —Da,i <Se ) = S (—1— + : )e_r/L [Ans.]

a,— —
dr \ 47 Dr 4n \r?2 ' rL

2Vectors and vector operators are discussed in Appendix III.
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2. Since J is everywhere normal to the surface of the sphere, the net number of
neutrons crossing per unit area of the sphere is just the magnitude of J, that is,
J a, = J The net flow through the whole sphere of area 47 r? is then

4rrty(ry =5 (1+ %) e/t [Ans.]

Returning to Eqgs. (5.7) and (5.8), it may be noted that, since J, and J have the
same units as ¢, D has units of length.? It can be shown by arguments,* which are
too lengthy to be reproduced here, that D is given approximately by the following
formula:

A
D ==, (5.10)
3
where A is called the transport mean free path and is given in turn by
1 1

Ae = (5.11)

Ty Z(1-m
In this equation, X, is called the macroscopic transport cross-section. ¥ is the
macroscopic scattering cross section of the medium, and i is the average value of
the cosine of the angle at which neutrons are scattered in the medium. The value of
¢ at most of the neutron energies of interest in reactor calculations can be computed
from the simple formula

2
nw=—, 5.12
B= (5.12)
Example 5.2

The scattering cross-section of carbon at 1 eV is 4.8 b. Estimate the diffusion coeffi-
cient of graphite at this energy.

2
Solution. Using Eq. (5.12) with A = 12 gives it = 36 = 0.555. From Table 1.3,

the atom density of graphite is 0.08023 x 10%* Introducing these values into Egs.
(5.11) and (5.12) gives

1 1
D= = .
33;(1 = @) 3 x0.08023 x 4.8(1 —0.055)
= 0.916 cm. [Ans.]

It must be emphasized that Fick’s law is not an exact relation. Rather, it is an
approximation that in particular is not valid under the following conditions:

3In chemistry and chemical engineering, Fick’s law is written in terms of concentration rather
than flux. The units of the diffusion coefficient in that case are cm?/sec.
4See particularly the first two references by Glasstone et al.
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1. In a medium that strongly absorbs neutrons;

2. Within about three mean free paths of either a neutron source or the surface
of a medium; and

3. When the scattering of neutrons is strongly anisotropic.

To some extent, these limitations are present in every practical reactor prob-
lem. Nevertheless, as noted earlier, Fick’s law and diffusion theory are often used
to estimate reactor properties. Higher order methods are available for cases near
sources or boundaries and in strongly absorbing media.

5.3 THE EQUATION OF CONTINUITY

Consider an arbitrary volume V within a medium containing neutrons. As time
goes on, the number of neutrons in V may change if there is a net flow of neutrons
out of or into V, if some of the neutrons are absorbed within V, or if sources are
present that emit neutrons within V' The equation of continuity is the mathematical
statement of the obvious fact that, since neutrons do not disappear unaccountably,5
the time rate of change in the number of neutrons in V must be accounted for in
terms of these processes. In particular, it follows that

__| rate of production
~ | of neutrons in V

_[ rate of absorption ] _ [ rate of leakage of ]

Rate of change in
number of neutrons in V

. .1
of neutrons in V neutrons from V (.13)
Each of these terms is considered in turn.
Let n be the density of neutrons at any point and time in V The total number
of neutrons in V is then
/ ndV
1%

where the subscript on the integral indicates that the integration is to be performed
throughout V The rate of change in the number of neutrons is

d
— dv
dt Vn

SNeutrons do disappear, of course, when they undergo -decay. However, this process has a
comparatively long half-life and need not be taken into consideration.
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0
/ Mav
v 0t

In moving the time derivative inside the integral, it is necessary to change to partial
derivative notation because n may be a function of space variables as well as time.

Next, let s be the rate at which neutrons are emitted from sources per cm? in
V' The rate at which neutrons are produced throughout V is given by

which can also be written as

Production rate = / sdV
v

The rate at which neutrons are lost by absorption per cm?/sec is equal to £, ¢,
where X, is the macroscopic absorption cross-section (which may be a function of
position) and ¢ is the neutron flux. Throughout the volume V, the total loss of
neutrons per second due to absorption is then

Absorption rate = / YpdV
v

Consider next the flow of neutrons into and out of V If J is the neutron
current density vector on the surface of V and n is a unit normal pointing outward
from the surface, then, according to the results of the preceding section,

J n

is the net number of neutrons passing outward through the surface per cm?/sec. It
follows that the total rate of leakage of neutrons (which may be positive or negative)
through the surface A of the volume is

Leakage rate = / J ndA.
A

This surface integral can be transformed into a volume integral by using the diver-
gence theorem (see Appendix III). Thus,

/J ndA=/ div]dV,
A 14

Leakage rate = / div JdVv
|4

and so

The equation of continuity can now be obtained by introducing the prior re-
sults into Eq. (5.13). This gives
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/—dV /st—/Eatf)dV /dideV
v v

All of the previous integrals are to be carried out over the same volume, and so their
integrands must also be equal. The equation must hold for any arbitrary volume.
Therefore, the integrands on the right when summed must equal to the integrand
on the left. Thus,

a
8_'; =5 — .6 — div]. (5.14)

Equation (5.14) is the general form of the equation of continuity. If the neu-
tron density is not a function of time, this equation reduces to

div]+ 20 —5 =0, (5.15)

which is known as the steady-state equation of continuity.

5.4 THE DIFFUSION EQUATION

Unfortunately, the continuity equation has two unknowns—the neutron density,
n, and the neutron current density vector, J. To eliminate one of these requires
a relationship between them. The relationship is based on the approximation that
the current and flux are related by Fick’s law (Eq. 5.8). On substitution of Fick’s
law into the equation of continuity (Eq. 5.14), one obtains the neutron diffusion
equation. Assuming that D is not a function of position, this gives

on
at’
where the symbol V? = div grad is called the Laplacian. Formulas for the Lapla-
cian in various coordinate systems are given in Appendix III. Since ¢ = nv, where
v is the neutron speed, Eq. (5.16) can also be written as

19d¢

DV —Top+5 = ——. (5.17)
v ot

DV — T +5 = (5.16)

In the remainder of this chapter, only time-independent problems are consid-
ered. In this case, Eq. (5.17) becomes

DV?¢ — T, +s = 0. (5.18)

This is the steady-state diffusion equation.
It is often convenient to divide Eq. (5.18) by D, which gives
1 s

Vi — —¢p = — 5.19
¢ I D’ (5.19)
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where the parameter L? is defined as
L? = —. (5.20)

The quantity L appears frequently in nuclear engineering problems and is called
the diffusion length; L? is called the diffusion area. Since D and X, have units
of cm and cm™!, respectively, it follows from Eq. (5.20) that L? has units of cm?
and L has units of cm. A physical interpretation of L and L? is given later in this
chapter.

5.5 BOUNDARY CONDITIONS

The neutron flux can be found by solving the diffusion equation. Since the diffusion
equation is a partial differential equation, it is necessary to specify certain boundary
conditions that must be satisfied by the solution. Some of these are determined
from obvious requirements for a physically reasonable flux. For example, since a
negative or imaginary flux has no meaning, it follows that ¢ must be a real, non-
negative function. The flux must also be finite, except perhaps at artificial singular
points of a source distribution.

In many problems, neutrons diffuse in a medium that has an outer surface—
that is, a surface between the medium and the atmosphere. It was pointed out in
Section 5.2 that Fick’s law is not valid in the immediate vicinity of such a surface,
and it follows that the diffusion equation is not valid there either. Higher order
methods show, however, that if the flux calculated from the diffusion equation is
assumed to vanish at a small distance d beyond the surface, then the flux deter-
mined from the diffusion equation is very nearly equal to the exact flux in the
interior of the medium. The assumption that the flux vanishes a small distance d
beyond the surface is clearly nonphysical. Rather, it is a convenient mathematical
approximation that provides a high degree of accuracy for estimates of the flux
inside the medium. This state of affairs is illustrated in Fig. 5.2.

The parameter d is known as the extrapolation distance, and for most cases
of interest it is given by the simple formula

d =071\, (5.21)
where Ay, is the transport mean free path of the medium. From Egq. (5.10),
Ar=3D
and so d becomes

d =2.13D. (5.22)
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Figure 5.2 The extrapolation distance at a surface.

Measured values of D for nongaseous materials (some of which are given in Sec-
tion 5.9) are usually less than 1 cm and frequently much less so. Thus, from Eq.
(5.22), it is seen that d is usually small compared with most reactor dimensions. It
is often possible, therefore, when solving the diffusion equation to assume that the
flux vanishes at the actual surface of the system.

In those cases where d is not negligible, we must establish a mathematical
boundary for the problem. This boundary is referred to as the extrapolated bound-
ary. It is located a distance d from the real physical boundary. This boundary con-
dition is referred to as the vacuum boundary condition. 1t is typically imposed in
problems where there is a media having a low density or in a region at the edge
of the problem where there are few neutrons that reenter the regions of interest. A
typical case is in the air-filled annulus outside the reactor vessel. In such cases, the
dimensions of the problem are increased by d. For our case, if the distance from the
center of the diffusing media in Fig. 5.2 is a, then the distance to the extrapolated
boundary is a + d, and we define the quantity a as

d=a+d.

It is on the boundary at @ that the flux is assumed to vanish.®

It is also necessary to specify boundary conditions at an interface between
two different diffusing media, such as the interface between the reactor core and the
reflector. Since the neutrons cross an interface without hindrance, it is not difficult
to see that both the flux and component of the current normal to the surface must

61t must be emphasized that the assumption that the flux vanishes is merely a mathematical
convenience. The flux is nonzero beyond the boundary and varies in a way defined by the geometry
and material properties in that region.
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be continuous across the boundary. Thus, at an interface between two regions A
and B, the following relations must be satisfied:

éa = ¢B (5.23)
(Ja)n = (JB)ns (5.24)

where ¢ and ¢p are, respectively, the fluxes in region A and B evaluated at the
interface, and (Ja), and (Jg), are the normal components of the neutron current
evaluated at the interface. Equations (5.23) and (5.24) are sometimes called inter-
face boundary conditions.

5.6 SOLUTIONS OF THE DIFFUSION EQUATION

Some simple diffusion problems are now considered to illustrate how the diffusion
equation may be solved subject to the prior boundary conditions. These methods
are applied in Chapter 6 to calculations of reactor properties.

Infinite Planar Source

Consider first an infinite planar source emitting S neutrons per cm?/sec in an infi-
nite diffusing medium. Examining Fig. 5.3, one sees that there is no variation in the
y or z direction that could cause the flux to change. The flux in this case can only
be a function of x—the distance from the plane. Also on further examination, one
sees that the problem has symmetry about the x = 0 plane. The solution can then
be divided into one for x > 0 and one for x < 0. Since there are no neutron sources
present except at x = 0, the diffusion equation (Eq. 5.19) for x # 0 becomes

d*¢ 1
dx? L?

Because of symmetry, we need only solve the equation in one-half of the plane.
Then, by an appropriate transformation, one may obtain the solution for the other

6=0x#0. (5.25)

S n/sec

L

Figure 5.3 Planar source at origin
x=0 x=0.
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\

e

L= 0 plane

Figure 5.4 Pillbox inthex =0
plane.

half plane. As discussed earlier, this is a second order differential equation that
requires two boundary conditions.

The boundary conditions may be determined by recalling that the flux must
be everywhere finite and positive definite. For this problem, the flux must remain
finite as x goes to either positive or negative infinity. This condition may be used
here.

Equation (5.25) has the following general solution:

¢ = Ae ™'t 4 ceX/t (5.26)

where A and C are constants’ to be determined by the boundary conditions. For
the moment, consider the right-half plane where we have only positive values of
x. Since the second term in Eq. (5.26) increases without limit with increasing x, it
follows that C must be taken to be zero. Equation (5.26) then reduces to

¢ = Ae 't (5.27)

The constant A in Eq. (5.27) is found in the following way. Suppose that a
small pillbox of unit surface area and thickness 2x is constructed at the source
plane as shown in Fig. 5.4. There clearly is no net flow of neutrons parallel to the
source plane through the sides of the pillbox since the source plane and medium
are infinite in this direction. Therefore, in view of the symmetry of the problem in
the x direction, the net flow of neutrons out of the pillbox is simply 2J(x), where
J (x) is the neutron current density on the surface of the pillbox located at x. In
the limit as x goes to zero, the net flow out of the box must approach S, the source

"The symbol B has a special meaning in nuclear engineering and is not used as a constant in
calculations of the present type.
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density of the plane. It follows that

lir% J(x) = (5.28)

>
This relation is known as a source condition and is useful for other situations as

well.8
From Fick’s law,

d¢ DA
dx L ¢
Inserting this into Eq. (5.28) and taking the limit gives
SL
2D

—x/L

J=

A=

From Eq. (5.27), the flux is then

SL _,
= —e /L
¢=20°
This solution is valid only for the right-half plane where x is positive. However,
again because of the symmetry of the problem, the flux must be the same at —x as
at +x. Thus, a solution valid for all x can be obtained by replacing x by its absolute
values |x|.

SL

¢=3p

(5.29)

Point Source

Consider next a point source emitting S neutrons per second isotropically in an
infinite medium. If the source point is taken to be at the center of a spherical co-
ordinate system, the flux obviously only depends on r. Then, with the Laplacian
expressed in spherical coordinates (see Appendix III), the diffusion equation be-
comes forr # 0

_ 4249 4, (5.30)

The same approach may be applied here as for the planar source. The appropriate
source condition for this problem is obtained by drawing a small sphere around the

81t must be emphasized that this source condition is only valid for a planar source in a sym-
metric problem. For the treatment of an asymmetric case, see Problem 5.13.
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source and computing the net number of neutrons that pass through its surface per
second. If the sphere has the radius r, this number is just 4mr2J(r), so that in the
limit, as r goes to zero, the following condition is obtained:

S
limr?J(r) = —. (5.31)
r—0 4
To solve Eq. (5.30), it is convenient to introduce a new variable, w, defined
by
w =r¢. (5.32)

When Egq. (5.32) is substituted into Eq. (5.30), the following equation is found for
w:

d*w 1
dr? L?

The general solution to this equation is obviously the same as for the planar source

w =0,

w=ae "t + Ce'lt

and ¢ is therefore

—r/L er/L
+C

e

¢=A

r b
where A and C are unknown constants. Again, as in the preceding example, ¢

must remain finite as r becomes infinite, so that C must be placed equal to zero.
The constant A is found from the source condition, Eq. (5.31). Thus,

d 11
J = _p% _pa (— + —> et

dr rL " r?
and so
S
A= ——
47 D
The flux is therefore given by
S —r/L
=X (5.33)
47 Dr

It is important to note that this solution is quite different than would be obtained
for a point source in a vacuum (see Problem 5.1). This difference occurs since the
diffusing media both absorbs and scatters neutrons, whereas a vacuum does not.
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[ 2a % Figure 5.5 Two point sources.
Example 5.3

Two point sources, each emitting S neutrons/sec, are located 2a cm apart in an in-
finite diffusing medium as shown in Fig. 5.5. Derive expressions for the flux and
current at the point P; midway between the sources.

Solution. Since the flux is a scalar quantity and the diffusion equation is a linear
equation, the total flux at P; is the sum of the contributions from each source.’ Thus,

Se—¢/L Se—a/L
4rDa ~ 2xDa’

The neutron current at P; in Fig. 5.5 must clearly be zero because the current vectors
from the sources are equal and oppositely directed at this point. (In Problem 5.6 at
the end of the chapter, it is required to find the flux and current at the point P,. The
individual current vectors do not cancel in this case.)

¢(P1) =2 x [Ans.]

Bare Slab

Finally, consider an infinite slab of thickness 2a that has an infinite planar source
at its center emitting S neutrons per cm?/sec as in Fig. 5.6. If the zero of the co-
ordinate system is at the center of the slab, the diffusion equation for x # 0 and

S n/cm?%-sec

3,D @

a’

Figure 5.6 Infinite slab with
x=0 planar source at x = 0.

%Since the diffusion equation is a linear equation, the ability to add the flux and current from

different sources and obtain the total flux or current is a general property.
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|x| < a is again Eq. (5.25). We may again use symmetry and the source condition
given by Eq. (5.28). Now, however, the condition on the flux as |x| — 0o must be
different from that used before. Here the flux is required to vanish at the extrap-
olated surfaces of the slab—that is, at x = a + d for the right-half plane and at
x = —a — d for the left, where d is the extrapolation distance. These boundary
conditions are,

$p(a+d)=¢(—a—d)=0.
For the right-half plane, the general solution to Eq. (5.25) is
¢ = Ae ¥/t + Ce*/t (5.34)
Then, in view of the boundary condition ata + d,
b(a+d) = Ae~@HDIL 4 Ccolatd/L —

so that

C = —Ae~2atd)/L

Substituting this result into Eq. (5.34) gives
¢ = A[e—x/L _ ex/L—2(a+d)/L].
The constant A is found from the source condition (Eq. 5.28) in the usual
way, and is
SL
A="(1 e—2(a+d)/L -1
5 D( + )
For positive x, therefore, ¢ is given by
SL ¢ /L _ gx/L=2@@+d)/L
2D 1+ e 2@rd)L

In view of the symmetry of the problem, a solution valid for all x is obtained by
substituting |x| for x; thus

SL e XI/L _ plxl/L—2(a+d)/L

® =D 1ge@rar

This solution can be written in more convenient form if the numerator and
denominator are multiplied by e@*4/L This gives

(5.35)

SL elatd=Ixh/L _ ,—(a+d—|x)/L

T 2D eltd/L 4 g—(@+d)/L
_ SL sinh[(a +d — |x])/L]

~ 2D cosh[(a +d)/L] (5.36)
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where sinh and cosh are hyperbolic functions defined as

) ef —e ¥ e+ e *
sinhx = — coshx = ——

Example 5.4

(a) Derive an expression for the number of neutrons that leak per second from 1 cm?
on both sides of the slab discussed earlier. (b) What is the probability that a source
neutron will leak from the slab?

Solution.

1. Since the current represents the net number of neutrons passing through a sur-
face per cm?/sec, the number of neutrons leaking per cm?/sec can be found
by computing the neutron current at the surface of the slab. Consider first the
surface located at x = a. By use of Fick’s law,

d SL sinh[(a+d —x)/L]
dx 2D cosh[(a + d)/L]
cosh(d/L)

cosh[(a + d)/L]’

J(a)

x=

S
2

2. The probability that a neutron escapes is equal to the number that escape
per cm?/sec divided by the number emitted per cm?/sec by the source. For
example, if 100 neutrons are emitted per cm?/sec and 10 escape from the
surface, then the probability that a source neutron will ultimately escape is
10/100 = 100 = 0.10. The leakage probability is thus

2J(a) _ cosh(d/L)
S cosh{(a+d)/L]

[Ans.]

5.7 THE DIFFUSION LENGTH

Itis of interest at this point to examine the physical interpretation of the diffusion
length, which appears in the diffusion equation and in so many of its solutions.
To this end, consider a monoenergetic point source emitting S neutrons per sec-
ond in an infinite homogeneous moderator. As these neutrons diffuse about in the
medium, individual neutrons move in complicated, zigzag paths due to successive
collisions as indicated in Fig. 5.7. Eventually, however, every neutron is absorbed
in the medium—none can escape since the medium is infinite.

The number of neutrons, dn, that are absorbed per second at a distance from
the source between r and r + dr is given by

dn = Zap(r)dV,
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Neutron Neutron
/ emitted here / absorbed here
r

< Actual path Figure 5.7 Trajectory of a
of neutron neutron in a moderating medium.

where ¢ (r) is the flux from the point source and dV = 4mr2dr is the volume of a
spherical shell of radius » and thickness dr. Introducing ¢ (r) from Eq. (5.33) gives

S¥.
dn =

S
re " tdr = —re "'tdr,
12

where use has been made of the definition of L? from Eq. (5.20). Since S neutrons
per second are emitted by the source and dn are absorbed per second between r
and r 4 dr, it follows that the probability p(r)dr that a source neutron is absorbed
indris

1
p(r)dr = ﬁre_’/l‘dr.

It is now possible to compute the average distance from the source at which
a neutron is absorbed by averaging r over the probability distribution p(r)dr For
somewhat obscure reasons, however, it is more usual in nuclear engineering to
compute the average of the square of this distance, rather than the average of the
distance itself. Thus,

r2 = f rp(r)dr
0
1 oo

=12 rie~tdr = 6L
0

Solving for L? gives

1—
L? = 6r2. (5.37)

In words, Eq. (5.37) states that L? is equal to one-sixth the average of the
square of the vector (crow-flight) distance that a neutron travels from the point
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where it is emitted to the point where it is finally absorbed. It follows from this
result that the greater the value of L, the further neutrons move, on the average,
before they are absorbed, thus the more diffusive and less absorptive the medium
is. Measured values of L and L? for thermal neutrons are discussed in Section 5.9.

5.8 THE GROUP-DIFFUSION METHOD

In Chap. 3, the energy dependence of the flux was discussed and a method intro-
duced for approximating the dependence for the thermal flux. Since neutrons in
a nuclear reactor actually have a distribution in energy, this distribution must be
accounted for in the diffusion equation. To begin with, neutrons are emitted in fis-
sion with a continuous energy spectrum x (E), and this distribution broadens as the
neutrons are scattered in the medium and diffuse about the system, losing energy in
elastic and inelastic collisions. In thermal reactors, it is recalled, most of the fission
neutrons succeed in slowing down all the way to thermal energies before they are
absorbed in the fuel. In fast reactors, they slow down much less before inducing
the fissions required to maintain the chain reaction.

One of the most effective ways to calculate the slowing down and diffusion
of neutrons is by the group-diffusion method. In this method, the entire range of
neutron energy is divided into N energy intervals as indicated in Fig. 5.8. All of the
neutrons within each energy interval are then lumped together, and their diffusion,
scattering, and absorption are described in terms of suitably averaged diffusion
coefficients and cross-sections.

Consider, for instance, the neutrons in the gth energy interval—these are
called the gth group neutrons. (Note that, by convention, the most energetic group
is denoted by g = 1; the least energetic group has g = N.) To obtain an equation

Group 1

—

<+— Group 2

Group 6

Increasing energy

<+— Group N —

1 Group N Figure 5.8 'Energy groups fora
group-diffusion calculation.
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describing these neutrons, it is first necessary to define the flux of neutrons in this
group as

b =/¢(E)dE, (5.38)
8

where ¢ (E) is the energy-dependent flux defined in Section 5.1, and the subscript
on the integral means that the integration is carried out over all energies within the
group. Clearly all we have done is sum the flux within the energy range defined by
the gth energy group.

Neutrons disappear from the gth group both in absorption reactions and as
the result of scattering collisions that cause them to change their energy such that
they no longer belong to the gth energy group but instead to another group. The
total absorption rate per cm? in the gth group is given by the integral

Absorption rate = / Y. (EYP(E)IE.
g

Thus, we have again summed simply all the events that occur in the gth group. By
defining the macroscopic group absorption cross-section X,, as

Yog = —I—/Ea(E)fb(E)dE, (5.39)
¢g g

the absorption rate can be written as a product of the group cross-section and the
group flux

Absorption rate = X, @,. (5.40)

The rate at which neutrons in the gth group are scattered into the Ath group is
written in a form analogous to Eq. (5.40)—namely,

Transfer rate, g to h = Z,_, 4¢b,. (5.41)

The quantities ¥,_,, are called group transfer cross-sections; their derivation is
somewhat complicated and is not given here. In any case, they may be viewed as
known numbers that depend on the scattering properties of the medium. The total
rate at which neutrons are scattered out of the gth group per cm?/sec is then'°

191t is assumed here that neutrons can only lose energy in a scattering collision, which is true
for energetic neutrons. However, at low thermal energies, a neutron can gain energy in a collision
with the nucleus of an atom in thermal motion. Such upscattering must be taken into account in
group-diffusion calculations involving low-energy neutrons.
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N
Total transfer rate out of g = Z DIFENN I (542)
h=g+1

Note that here we have assumed that neutrons lose energy when scattered, which
is true except for very slow neutrons. In this case, we are assuming only down
scattering to occur and no upscattering.

Neutrons enter the gth group either from sources that emit neutrons directly
into the group or as the result of scattering from groups at higher energy. The
number per cm’/sec entering g from the Ath group is

Transfer rate hto g = Zh_g®ns (5.43)

and the total number scattered into g is obtained by summing over all groups that
can scatter into the gth group-that is, all higher energy groups:

g—1
Total transfer rate into g = Z Xho g (5.44)
h=1

Again, we have assumed that no upscattering takes place.
Combining the prior terms in the obvious way gives the following steady-
state diffusion equation for the gth group neutrons:

N g—1
DyVPPy — Tagbg — Y Toonte+ D Thosghn = —5g. (5.45)
h=g+1 h=1

In this equation, Dy, the group-diffusion coefficient, is given by

1 1 1
D, = —/D(E)¢(E)dE = —/ ¢(E)dE, (5.46)
¢ ¢g g 3¢g 4 z:tr(E)
where X is the transport cross-section, and s, is the total number of neutrons
emitted per cm?®/sec into the group from sources.
The multigroup approximation forms the basis for many reactor analysis
codes used today. Computer codes such as DIFF3D and SIMULATE use this ap-
proach.

Example 5.5

Microscopic three-group cross-sections of sodium for calculations of sodium-cooled
fast reactors are given in Table 5.1. Suppose that at some point in such a reactor the
three group fluxes are ¢, = 6 x 10'4, ¢, = 1 x 10'3, and ¢3 = 3 x 10" Calculate for
this point the number of neutrons (a) absorbed per cm*/sec in sodium; (b) scattered
per cm?/sec from the first group to the second as the result of collisions with sodium.
The sodium is at normal density.
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TABLE 5.1 NOMINAL THREE-GROUP CROSS-SECTIONS, IN BARNS, FOR SODIUM*

Energy
g range, MeV oy Oy Ogg+l Oggt2
1 1.35-00 0.0005 2.0 0.24 0.06
2 0.4-1.35 0.001 32 0.18
3 0-04 0.001 3.7

*From Reactor Physics Constants, 2nd ed., Argonne National Laboratory report ANL-5800, 1963.

Solution.

1. The total absorption rate F, is the sum of the absorption rates in three groups,

3

3
Fo= Zzagd’g = Nzorgd’gv
g=1

g=1

where N is the atom density of sodium. From Table I1.3, N = 0.02541 x 10%*
Then using the values of o, in Table 5.1 gives

F, = 0.02541(0.0005 x 6 x 10" + 0.001 x 1 x 10" +0.001 x 3 + 10")

= 1.09 x 10'! neutrons/cm3-sec. [Ans.]
2. The rate at which neutrons are scattered from the first to the second group is

Fi, =212
= Noio2¢1
=0.02541 x 0.24 x 6 x 10"

= 3.66 x 10'? neutrons/cm3-sec [Ans.]

Because of the complexity of the group-diffusion equations, Eq. (5.45), or the
multigroup equations as they are sometimes called, it is common practice to use a
computer program to evaluate the group fluxes. The techniques by which this is
done involve approximating the derivatives by numerical methods and then requir-
ing the equations hold only at a series of discrete points in space. The equations
are then reduced to algebraic equations valid for only those points. The exact ap-
proaches vary, and such methods lie beyond the scope of this text. It suffices here
to note that many computer programs such as those mentioned earlier have been
written by which the equations represented by Eq. (5.45) can be evaluated.

In the special case of a one-group calculation, the group-transfer terms are
missing and Eq. (5.45) reduces to

DV*¢p — T,¢ = —s, (5.47)
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where the subscript denoting the group number has been omitted. It is observed
that Eq. (5.47) is precisely the same as the diffusion equation for monoenergetic
neutrons, as would be expected from the derivation of the group equations. The
one-group and multigroup methods are utilized in Chapter 6 for calculations of
reactor criticality.

5.9 THERMAL NEUTRON DIFFUSION

An important application of the one-group method is in the diffusion of thermal
neutrons. It is recalled that these are neutrons that have slowed down to thermal
energies and whose energy distribution is given by the Maxwellian function (see
Section 2.12),

27tn 1/2 —E/kT

In this formula, n(E) is defined so that n(E)dE is the number of neutrons per
cm? with energies between E and E 4+ dE, and n is the total neutron density (i.e.
neutrons per cm?>).

From Eq. (5.4), the energy-dependent flux for thermal neutrons is

¢(E) =n(E)v(E)
2 2\ /2
=__(nk’;';/z (;> -ET (5.49)

Using the usual formula for speed,

2E\ /2
v(E) = (—)
m

where m is the neutron mass, has been introduced. The one-group thermal flux,
which is denoted as ¢r, is then given by Eq. (5.38) as

or =/¢(E)dE, (5.50)
T

where the subscript 7' on the integral signifies that the integration is to be carried
out over thermal energies, which are normally taken to extend up to about 5k7" ~
0.1 eV. However, since the exponential in ¢ (E) drops to such small values above
this energy, very little error is made by carrying the integral to infinity. Substituting
Eq. (5.49) then gives

2mwhn 2\/2 oo E 2n (2kT\'?
__==" (= —E/kT _ = (="
or = kT2 ( ) /0 e dE = N < ) . (5.51)
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At this point, it is convenient to denote by E7 the neutron energy correspond-
ing to kT and to let vy be the corresponding speed—that is,

Er =kT (5.52)

and

L

FMr = Er. (5.53)
The numerical values of E7 and vy can be computed from the following formulas:
Er = 8.617T x 107° eV (5.54)

and
vr = 1.284T"/2 x 10* cm/sec, (5.55)

where T is the temperature in degrees Kelvin. Equation (5.51) can now be written
as
2 5.56
¢r = ﬁnvr- (5.56)

It is important to recognize that the thermal flux ¢ and the 2,200 meters-
per-second flux ¢p, which was defined in Section 3.6, are quite different concepts.
Thus, although ¢ represents the flux of all thermal neutrons lumped together and
computed by the integral in Eq. (5.50), ¢¢ is not a real flux, but a pseudoflux cal-
culated by assuming that all the thermal neutrons have only one energy—namely,
Eo = 0.0253 eV. That is ¢p is a number created to yield the same reaction rate
obtained in the actual case using the value of the cross-section at Ey. In contrast,
the flux ¢r is the sum over energy of all the flux of particles at each energy in the
thermal range. The thermal flux ¢ is appropriate for calculations involving the
diffusion of thermal neutrons, whereas the flux ¢g is more useful in computations
of neutron absorption rates in targets exposed to thermal neutrons. To put it sim-
ply, ¢r is used in the design of a reactor, whereas ¢ is appropriate when using a
reactor.

The relationship between the two fluxes can be found by dividing ¢ by ¢r,
where ¢y is given by

¢o = nvo,

where vp = 2,200 meters/sec. This gives

b _ VT (5.57)

or 2 vr
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However, vy can be computed from Eq. (5.55) as
vo = 1.284T)/* x 10* cm/sec,
using the value of Tp = 293.61 K. Then Eq. (5.57) becomes

% _ VT (@)‘”

5 2 \T (5.58)
which is the desired relation.

The diffusion coefficient in a one-group calculation of thermal neutron diffu-
sion is denoted as D and is obtained by evaluating the integral in Eq. (5.46) or from
measurements of thermal neutrons. Values of D are given in Table 5.2 for several
moderators.

The one-group thermal absorption cross-section, denoted by X,, is found
from Eq. (5.39):

— 1

Yo = —/ T (E)P(E)E.
ér Jr

The integral is just the total absorption rate, and from Eq. (3.38) this is equal to

8a(T) Xa(Eo)¢o,

where g,(T) is the non-1/v factor, X,(Ep) is the macroscopic absorption cross-

section at 0.0253 eV, and ¢y is the 2,200 meters-per-second flux. Thus, X, becomes

T, = 8a(T)Ea(Eo)go/¢r

T\ 12
= ggamza(b‘o) (7") (5.59)

TABLE 5.2 THERMAL NEUTRON DIFFUSION PARAMETERS OF COMMON
MODERATORS AT 20°C*

Density,
Moderator g/cm’ D, cm 3, cm! L2, cm? Ly, cm
H,0 1.00 0.16 0.0197 8.1 2.85
D,O% 1.10 0.87 9.3 x 10~ 9.4 x 10° 97
Be 1.85 0.50 1.04 x 1073 480 21
Graphite 1.60 0.84 2.4 x 10~ 3500 59

*Based on Reactor Physics Constants, 2nd ed., Argonne National Laboratory report ANL-5800,
1963, Section 3.3.

1D, 0 containing 0.25 weight/percent H,O. These values are very sensitive to the amount of H,O
impurity (see Problem 5.28).
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where use has been made of Eq. (5.58). Numerical values of ¥, at 20°C for the
common moderators, for which g,(7T) is unity, are given in Table 5.2.

With the thermal flux defined and the parameters D and ¥, known, it is
now possible to write down the one-group-diffusion equation for thermal neutrons.
From Eq. (5.47), this is

DV2¢r — Tudr = —sr, (5.60)

in which s7 is the density of thermal neutron sources. Dividing Eq. (5.60) by D
gives

1 ST
Vipr — — ¢y = ——, 5.61
or 12 ér > (5.61)

where

L2 = (5.62)

M| o

is called the thermal diffusion area; Lt is the thermal diffusion length. Table 5.2
also gives values of these parameters.

It is observed that Eq. (5.61) is identical in form to the diffusion equation
for monoenergetic neutrons (see Eq. 5.19), and it follows that the solutions to this
equation are valid for thermal neutrons provided D, L?, and ¢ are replaced by D,
L2, and ¢r. This is illustrated by the next example.

Example 5.6

A point source emitting 10’ thermal neutrons per second is located in an infinite
body of unit-density water at room temperature. What is the thermal neutron flux 15
cm from the source?

Solution. The flux is given by Eq. (5.33) with appropriate changes in designations
of the parameters—that is,

Se~"/Lt

AxDr

From Table 5.2, L7 = 2.85cmand D = 0.16 cm. Also, S = 107 and r = 15 cm.
Inserting these values gives

T

107 x e—15/2.85
T 47 x 0.16 x 15

The values of the thermal diffusion parameters given in Table 5.2 are for nor-
mal density and room temperature. It is often necessary to know these parameters
at other densities and temperatures, and these can be found by appropriately mod-
ifying the tabulated values. Consider first ,. Being a macroscopic cross-section,

= 1.72 x 10° neutrons/cm?-sec. [Ans.]

or
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X, is proportional to N, the atom density, which in turn is proportional to p, the
physical density. It follows that

T, ~p.

The dependence of X, on temperature is given by Eq. (5.59).
According to Egs. (5.10) and (5.11), the diffusion coefficient is inversely pro-
portional to X;. Since this is also proportional to p,

— 1
D~ —.
0

The situation with regard to temperature is somewhat more complicated. For mod-
erators other than H,O and D, 0, D is essentially independent of temperature. How-
ever, for H,O, D varies approximately as

D ~ T0470
whereas for D,0, it behaves as
D ~ 70112

where T is the absolute temperature. The dependence of D on p and T may then
be summarized by

_ _ T m
D(p, T) = D(po. To) (@) (—) (5.63)
P Ty

where 5(,00, Ty) is the value of D at density pg and temperature Ty, and m = 0.470
for H,O and 0.112 for D,0 and zero otherwise.

Finally, by combining the previous results with the definition of L2 given in
Eq. (5.62), it is not difficult to see that

oo\ [ T \"H72
L7(p, T) = L7 (po, To) (—) <—> (5.64)
P Ty
The utility of these expressions is shown by the following example.

Example 5.7

Calculate the diffusion coefficient and diffusion area of ordinary water at SO0°F and
at a pressure of 2,000 psi. The density of water at this temperature and pressure is
49.6 1b/ft

Solution. From Table 5.2, D(py, Tp) = 0.16 cm at py = 1 g/cm® = 62.4 1b/ft> and
Tp = 293°K. Using the formula relating temperature on the Celsius and Fahrenheit
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scales, namely,

5
°C = =(°F - 32),
) )

it is found that 500°F is equivalent to 260°C. The absolute temperature is then T =
260 + 273 = 533°K. Substituting these values into Eq. (5.64) then gives

— 62.4 5330470
D =0.16 x (49—6) X (ﬁ) = 0.267 cm. [Ans.]

Finally, introducing LZT(;OO, Ty) = 8.1 cm? from Table 5.2 into Eq. (5.64) gives

62.4\% [(533\%7°
L% =8.1x (m) X (Eﬁ) =229cm? [Ans.]

5.10 TWO-GROUP CALCULATION OF NEUTRON MODERATION

In a number of reactor calculations, especially those involving the criticality of
thermal reactors to be discussed in Chapter 6, at least two groups of neutrons must
be used to obtain reasonably accurate results. One group is necessary to describe
the thermal neutrons in the manner explained in the preceding section. The second
or fast group includes all the neutrons having energies above thermal—that is, the
neutrons that are slowing down from fission energies to about 5k T

As preparation for the computations to be presented in Chapter 6, it is conve-
nient at this point to illustrate the use of two groups in a simple example. Consider,
therefore, the problem of computing the two-group fluxes as a function of distance
from a point source emitting S fission (fast) neutrons per second in an infinite uni-
form moderator. The group-diffusion equation for the fast neutrons can be obtained
from the general group-diffusion equation, Eq. (5.45), with g = 1. However, the
absorption cross-sections of all moderating materials are small, especially above
the thermal energy region, and so X,, can be taken to be zero. Also, since there are
only 2 groups in the calculation, neutrons scattered out of the fast group necessarily
must enter the thermal group. Thus, only ¥,_,, is nonzero in the third term of Eq.
(5.45). Furthermore, the last term in this equation is zero because no neutrons are
scattered into the fast group. The diffusion equation for the fast neutrons is thus
simply approximated by

D, V?¢; — T1¢; = 0. (5.65)

In this equation, X; has been written for the transfer cross-section ¥,_,,. The
source term is zero since there are no sources except at the point source.

In nuclear reactor theory, the number of neutrons that slow down to thermal
energies per cm’/sec is known as the slowing-down density and is usually denoted
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by the symbol gr. The term ¥,¢; in Eq. (5.65) is equal to the number of neutrons
scattered per cm3/sec from the fast group to the thermal group. Since the neutrons
entering the thermal group have obviously just slowed down, it follows that X;¢;
is also equal to the slowing-down density—that is,

qr = L1¢1. (5.66)

To turn next to the thermal neutrons, these are described by the thermal dif-
fusion equation, Eq. (5.61). However, the only source of thermal neutrons in the
problem are those that slow down out of the fast group. Since these appear at the
rate of g7 neutrons per cm>/sec, the source term in Eq. (5.61) is £;¢;. The thermal
group equation is then

z
Vi — ¢>T Ll (5.67)
D
To find ¢7 from Eq. (5.67), it is necessary first to solve Eq. (5.65) for ¢;. In
view of the symmetry of the problem, both ¢, and ¢r clearly depend only on r,
the distance from the source. Dividing Eq. (5.65) through by D; and writing the
Laplacian in spherical coordinates then gives
1 d ,de¢ 1

— — —¢; =0. 5.68
r2 drr dr tT¢] ( )

where tr is defined as
r = (5.69)

The parameter t7 occurs in many types of reactor problems and is called the neu-
tron age. It is given this odd name because it can be shown to be a function of how
long it takes a neutron to slow down. The age does not have units of time, however.
As seen from Eq. (5.69), 77 actually has units of cm?

A comparison of Eq. (5.68) with Eq. (5.30), which describes the diffusion of
neutrons from a point source, shows that these two equations are identical except
that 7 in Eq. (5.68) replaces L% in Eq. (5.30). As a consequence, the solution to
Eq. (5.68) is given by Eq. (5.33), but with /77 written for L and D;, for D

Se~T/VT
= — 5.70
Y= GxDir 70
Furthermore, it is recalled from Section 5.7 that L? is equal to one sixth the average
of the square of the crow-flight distance that a neutron travels from the source to
the point where it is finally absorbed. The same kind of interpretation can be made
for 77, except that neutrons are not absorbed in the fast group—they are scattered
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out of that group and into the thermal group. It is not difficult to see, therefore, that
the parameter tr is equal to one-sixth the average of the square of the crow-flight
distance from the point where a neutron is emitted as a fast neutron to the point
where it slows down to thermal energies. In symbols,

1—
T = grz. (571)

The age of neutrons as defined by Eq. (5.71) can be determined experimentally.
Measured values of t7 for fission neutrons in various moderators are given in Table
5.3.

When Eq. (5.70) is substituted into Eq. (5.67), the result is an inhomogeneous
differential equation. The details of solving this equation are not given here. It can
be readily verified by direct substitution, however, that the solution is

SLZ

or = 47tr5(L2T —17)

(e~ — eIV, (5.72)

This expression gives the thermal flux arising from a point source of fast neu-
trons according to two-group theory. It must be emphasized that Eq. (5.72) is
by no means exact. Indeed, a two-group model is not particularly appropriate for
computing the slowing down of neutrons in most media—there are far better and
more accurate (and more complicated) methods for calculating the slowing down
of neutrons from point sources. Nevertheless, as shown in Chapter 6, the two-group
model can be used for rough, first-order calculations of thermal reactors.

Incidentally, the experimental values of t7 given in Table 5.3 are for moder-
ators at room temperature and normal density. Neither D; nor X, in Eq. (5.69) is
particularly sensitive to temperature, but both depend on density. To compute 7 at
other than normal density, it may be noted that tr, like L%, varies inversely as the
square of the density. Thus, the value of 77 at density p is given by

2
0
tr(p) = 77 (P0) (f) (5.73)
where 11 (pp) is the age at density pg.

TABLE 5.3 FAST-GROUP CONSTANTS FOR VARIOUS

MODERATORS

Moderator D;, cm ¥, cm™! 77, cm?
H,0 1.13 0.0419 ~27
D,O 1.29 0.00985 131
Be 0.562 0.00551 102

Graphite 1.016 0.00276 368
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PROBLEMS

1. A point source emits S neutrons/sec isotropically in an infinite vacuum.
(a) Show that the neutron flux at the distance » from the source is given by

_ S
T Amr?’

¢

(b) What is the neutron current density vector at the same point? [Note: Neu-
trons do not diffuse in a vacuum.]

2. Three isotropic neutron sources, each emitting S neutrons/sec, are located in
an infinite vacuum at the three corners of an equilateral triangle of side a.
Find the flux and current at the midpoint of one side.

3. Using Eqgs. (5.10) and (5.11), estimate the diffusion coefficients of (a) beryl-
lium, (b) graphite, for monoenergetic 0.0253 eV neutrons.

4. The neutron flux in a bare spherical reactor of radius 50 cm is given by

5 8in 0.0628r

r

¢ =5x10' neutrons/cm?-sec,

where r is measured from the center of the reactor. The diffusion coefficient
for the system is 0.80 cm. (a) What is the maximum value of the flux in the
reactor? (b) Calculate the neutron current density as a function of position in
the reactor. (c) How many neutrons escape from the reactor per second?
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S.

N

10.

11.

12.

Isotropic point sources each emitting S neutrons/sec are placed in an infinite
moderator at the four corners of a square of side a. Compute the flux and
current at the midpoint of any side of the square and at its center.

Find expressions for the flux and current at the point P, in Fig. 5.5

An isotropic point source emits S neutrons/sec in an infinite moderator.
(a) Compute the net number of neutrons passing per second through a spher-
ical surface of radius r centered on the source. (b) Compute the number of
neutrons absorbed per second within the sphere. (c) Verify the equation of
continuity for the volume within the sphere.

Two infinite planar sources each emitting S neutrons/cm? are placed parallel
to one another in an infinite moderator at the distance a apart. Calculate the
flux and current as a function of distance from a plane midway between the
two.

Suppose the two planar sources in the preceding problem are placed at right
angles to one another. Derive expressions for the flux and current as a function
of distance from the line of intersection of the sources in a plane bisecting the
angle between the sources.

An infinite moderator contains uniformly distributed isotropic sources emit-
ting S neutrons/cm’-sec. Determine the steady-state flux and current at any
point in the medium.

An infinite bare slab of moderator of thickness 2a contains uniformly dis-
tributed sources emitting S neutrons/cm>-sec. (a) Show that the flux in the
slab is given by

S coshx/L

¥, cosh (a+d)
L

where x is measured from the center of the slab. (b) Verify the equation of
continuity by computing per unit area of the slab the total number of neutrons
(i) produced per sec within the slab; (ii) absorbed per second within the slab;
and (iii) escaping per second from the slab. [Hint: The solution to an inho-
mogeneous differential equation is the sum of solutions to the homogeneous
equation plus a particular solution. Try a constant for the particular solution.]

¢:

A point source emitting S neutrons/sec is placed at the center of a sphere of
moderator of radius R. (a) Show that the flux in the sphere is given by

1
b S sinhz(R+d—r)
R+d .

47 D sinh (-’Z-) g
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where r is the distance from the source. (b) Show that the number of neutrons
leaking per second from the surface of the sphere is given by
(R+d)S
R+d\’
L sinh (L)
L

(c) What is the probability that a neutron emitted by the source escapes from
the surface?

No. leaking/sec =

13. An infinite planar source emitting S neutrons/cm?-sec is placed between in-
finite slabs of beryllium and graphite of thickness a and b, respectively, as
shown in Fig. 5.9. Derive an expression for the neutron flux in the system.
[Note: Since the media are different on opposite sides of the source, this prob-
lem is not symmetric and the source condition Eq. (5.28) is not valid. The
appropriate boundary conditions for this problem are

(1) lim,olp(x >0) —@(x <0)]=0
(1)) limeo[J(x >0)—J(x <0)]=S.

Condition (i) states, in effect, that ¢ is continuous at the source, whereas (ii)
accounts for the neutrons emitted from the source.]

Planar source emitting S
/ neutrons/cm?- sec at x = 0

Air | Beryllium Graphite Air

Figure 5.9 Infinite planar source
between two finite slabs of material.

14. A sphere of moderator of radius R contains uniformly distributed sources
emitting S neutrons/cm3-sec. (a) Show that the flux in the sphere is given by

S 1 R+d sinhr/L

X, r (R+d)
sinh{ ——
L

(b) Derive an expression for the current density at any point in the sphere.

¢:
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15.

16.

17.

18.

19.

(c) How many neutrons leak from the sphere per second? (d) What is the
average probability that a source neutron will escape from the sphere?

The three-group fluxes for a bare spherical fast reactor of radius R = 50 cm
are given by the following expressions:

hi(r) = 3—Xr1i5 sin (77

R
$2(r) 2 x 10'0 (nr)
r) = ——ssin( —
2 r R
1 x 10  7r
¢3(r) = ———sin (?)

The group-diffusion coefficients are D, = 2.2 cm, D, = 1.7 cm, and D3 =
1.05 cm. Calculate the total leakage of neutrons from the reactor in all three
groups. [Note: Ignore the extrapolation distance.]

The thermal flux in the center of a beam tube of a certain reactor is 2 x 10'3
neutrons/cm?-sec. The temperature in this region is 150°C. Calculate (a) the
thermal neutron density; (b) the energy E7; (c) the 2,200 meters-per-second
flux.

The thermal flux at the center of a graphite research reactor is 5 x 10'?
neutrons/cm?-sec. The temperature of the system at this point is 120°C. Com-
pare the neutron density at this point with the atom density of the graphite.

The thermal flux in a bare cubical reactor is given approximately by the func-

tion

TX /4 nZ

¢r(x,y,2) = Acos (T) Ccos (Ty) Ccos <T) s
a a a

where A is a constant, a is the length of a side of the cube, a is a plus 2d, d is
the extrapolation distance, and x, y, and z are measured from the center of the
reactor. Derive expressions for the (a) thermal neutron current as a function
of position in the reactor; (b) number of thermal neutrons leaking per second
from each side of the reactor; and (c) total number of thermal neutrons leaking
per second from the reactor.

A planar source at the center of an infinite slab of graphite 2 meters thick
emits 10% thermal neutrons per cm?/sec. Given that the system is at room
temperature, calculate the: (a) total number of thermal neutrons in the slab
per cm? at any time; (b) number of thermal neutrons absorbed per cm?/sec
of the slab; (c) neutron current as a function of position in the slab; (d) total
number of neutrons leaking per cm?/sec from the two surfaces of the slab;
(e) probability that a source neutron does not leak from the slab.
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20.

21.

22,

23.

24.
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The thermal flux in a bare cubical reactor of side a = 800 cm is given by the
expression

or(x,y,2) =2 % 10" cos (Q) cos (n_~y) cos (g) ,
a a a

where x, y, and z are measured from the center of the reactor and @ = a + 2d.
The temperature is 400°C, and the measured values of the thermal diffusion
coefficient and diffusion length are 0.84 cm and 17.5 cm, respectively. (a) How
many moles of thermal neutrons are there in the entire reactor? (b) Calculate
the neutron current density vector as a function of position in the reactor.
(c) How many thermal neutrons leak from the reactor per second? (d) How
many thermal neutrons are absorbed in the reactor per second? (e) What is the
relative probability that a thermal neutron will leak from the reactor?
The thermal (0.0253 eV) cross-section for the production of a 54-minute iso-
mer of ''%In via the (n, ¥) reaction with ''’In is 157 b. A thin indium foil
weighing 0.15 g is placed in the beam tube described in Problem 5.16. (a) At
what rate are thermal neutrons absorbed by the foil? (b) After 1 hour in the
beam tube, what is the 54-minute activity of !'®In? [Note: !'In has an isotopic
abundance of 95.7% and is a non-1/v absorber.]
The thermal flux in a bare spherical reactor 1 m in diameter is given approxi-
mately by

45in 0.0628r
r

or(r) =229 x 10! neutrons/cm?-sec.

If the reactor is moderated and cooled by unit density water that takes up to
one-third of the reactor volume, how many grams of 2H are produced per year
in the reactor? Assume that the water is only slightly warmed by the heat of
the reactor.

Tritium (*H) is produced in nuclear reactors by the absorption of thermal
neutrons by ®Li via the reaction °Li(n, a)*H. The cross-section for this reaction
at 0.0253 eV is 940 b and it is 1/v. (a) Show that the annual production of *H
in a thermal flux ¢, per gram of SLi, is given by

production rate/g = 2.28 x 10°¢7 atoms/g-yr.

(b) Compute the annual production in curies of 3H per gram of °Li in a flux
of ¢7 = 1 x 10" neutrons/cm?-sec.

A radioactive sample with half-life 7/, is placed in a thermal reactor at a
point where the thermal flux is ¢r. Show that the sample disappears as the
result of its own decay and by neutron absorption with an effective half-life
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25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

given by

(1) 1 | Tatr
T1/2 eff T|/2 In2 ’

where o, is the average thermal absorption cross-section of the sample.

Calculate the thermal diffusion coefficient and diffusion length of water near

the outlet of a pressurized-water reactor—that is, at about 300°C and density
of 0.68 g/cm?

Calculate for natural uranium at room temperature and 350°C the value of
D, T,, and Ly. The measured value of Ly at room temperature is 1.55 cm.
[Note: The value of o, is constant atlow neutron energies and is approximately
the same for 23U and 2*8U. The densities of uranium at 350°C and room
temperature are essentially the same.]

Repeat the calculation of Problem 5.26 for uranium enriched to 2 weight/per-
cent in 23U.

Compute and plot for mixtures of D,0O and H,0O, at H,O concentrations up to
5 weight/percent: (a) X, at 0.0253 eV; (b) L7 at room temperature.
Calculate the thermal neutron diffusion length at room temperature in water
solutions of boric acid (H3;BO3) at the following concentrations: (a) 10 g/liter,
(b) 1 g/liter, and (c) 0.1 g/liter. [Hint: Because of the small concentration of
the boric acid, the diffusion coefficient for the mixture is essentially the same
as that of pure water.]

An infinite slab of ordinary water 16 cm thick contains a planar source at
its center emitting 10® thermal neutrons per cm?/sec. Compute and plot the
thermal flux within the slab.

Repeat the calculations of Problem 5.30 and plot the thermal flux for boric
acid solutions having the concentrations given in Problem 5.29.

Verify that Eq. (5.72) is in fact the solution to Eq. (5.68). Discuss this solution
in the cases where T — 0 and 17 — L3.

Calculate the neutron age of fission neutrons in water for the conditions given
in Problem 5.25.

An infinite slab of moderator of extrapolated thickness a contains sources of
fast neutrons distributed according to the function

s(x) = Scos (%)

Using the two-group method, derive an expression for the thermal flux in the
slab.
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Nuclear Reactor Theory

In a critical reactor, as explained in Section 4.1, there is a balance between the
number of neutrons produced in fission and the number lost, either by absorption in
the reactor or by leaking from its surface. One of the central problems in the design
of a reactor is the calculation of the size and composition of the system required to
maintain this balance. This problem is the subject of the present Chapter.

Calculations of the conditions necessary for criticality are normally carried
out using the group-diffusion method introduced at the end of the last Chapter. It is
reasonable to begin the present discussion with a one-group calculation. Although
this type of calculation is most appropriate for fast reactors, it is shown later in
the Chapter that the one-group method can also be used in a modified form for
computations of some thermal reactors.

6.1 ONE-GROUP REACTOR EQUATION

Consider a critical fast reactor containing a homogeneous mixture of fuel and
coolant. It is assumed that the reactor consists of only one region and has neither a
blanket nor a reflector. Such a system is said to be a bare reactor.

266
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This reactor is described in a one-group calculation by the one-group time-
dependent diffusion equation (see Eq. [5.17])

Dv2¢—2a¢+s=—1%. (6.1)
v Jt

Here ¢ is the one-group flux, D and X, are the one-group diffusion coefficient and
macroscopic absorption cross-section for the fuel-coolant mixture, s is the source
density (i.e., the number of neutrons emitted per cm3/sec), and v the neutron speed.
Note, we are making no assumptions as to the state of the reactor so that there may
be time dependence involved. If this were not the case, then there would be no time
derivative term, and a balance between the source and the absorption and leakage
would exist.

Nominal constants and one-group cross-sections for a fast reactor are given in
Table 6.1.

In a reactor at a measurable power, the source neutrons are emitted in fission.
To determine s, let X ¢ be the fission cross-section for the fuel. If there are v neutrons
produced per fission, then the source is

s = I)Zf(b.

Here we are assuming that there is no nonfission source of neutrons present in the
reactor—a good approximation for a reactor except at very low power levels.

If the fission source does not balance the leakage and absorption terms, then
the right-hand side of Eq. (6.1) is nonzero. To balance the equation, we multiply
the source term by a constant 1/k, where k an unknown constant. If the source is
too small, then k is less than 1. If it is too large, then k is greater than 1. Eq. (6.1)
may now be written as

DV?¢ — .0 + %v‘): ¢ =0. (6.2)

TABLE 6.1 NOMINAL ONE-GROUP CONSTANTS FOR A FAST REACTOR*

Element or

Isotope o, oy o, Oy v n
Na 0.0008 0 0.0008 33

Al 0.002 0 0.002 3.1

Fe 0.006 0 0.006 2.7 — —
235y 0.25 1.4 1.65 6.8 2.6 2.2
238y 0.16 0.095 0.255 6.9 2.6 0.97
239p 0.26 1.85 2.11 6.8 2.98 2.61

*From Reactor Physics Constants, 2nd ed., Argonne National Laboratory report ANL-5800, 1963.
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The equation may be rewritten as an eigenvalue equation by letting

1 /1
B? = B(Ezf—2a>

where B? is defined as the geometric buckling. Then Eq. (6.2) may be written as
Vi = —B%p, (6.3)

Finally, this expression for the leakage term may be substituted into Eq. (6.2) and
the diffusion equation rewritten as

—DB%¢p — T, + %vzﬂp =0 (6.4)
or
V¢ + B*¢p = 0. (6.5)

This important result is known as the one-group reactor equation. The one-group
equation may be solved for the constant k:

N VEf(ﬁ _ v Ef

" DB2+XxX,¢6 DB2+%,

(6.6)

Note that this equation does not give a value for k since B? is still unknown.

Physically, Eq. (6.6) may be interpreted as follows. The numerator is the num-
ber of neutrons that are born in fission in the current generation, whereas the de-
nominator represents those that were lost from the previous generation. Since all
neutrons in a generation are either absorbed or leak from the reactor, then the nu-
merator must also equal the number born in the previous generation. But this is the
definition of the multiplication factor from Section 4.1 for a finite reactor. We may
now define the multiplication factor for a reactor as the birth rate, v (¢, divided
by the leakage rate plus the absorption rate, DB?¢ + X,¢, of the neutrons.

The source term in the one-group equation may be written in terms of the fuel
absorption cross-section using the following. Let X, be the one-group absorption
cross-section of the fuel, and let n be the average number of fission neutrons emit-
ted per neutron absorbed in the fuel.! The source term is then given by,

s = nZ.p. (6.7)

'If the fuel consists of more than one species of fissile nuclide or a mixture of fissile and
fissionable nuclides, then 7 should be computed as in Section 3.7 using Eq. (3.55).
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This may also be written as,

=,
s=n zeaqs = nf .0, (6.8)
a
where
2:al:'
= 6.9
f=3 (6.9)

is called the fuel utilization. Since X, is the cross-section for the mixture of fuel
and coolant, whereas X r is the cross-section of the fuel only, it follows that f is
equal to the fraction of the neutrons absorbed in the reactor that are absorbed by
the fuel.

The source term in Eq. (6.8) can also be written in terms of the multiplication
factor for an infinite reactor. For this purpose, consider an infinite reactor having
the same composition as the bare reactor under discussion. With such a reactor,
there can be no escape of neutrons as there is from the surface of a bare reactor. All
neutrons eventually are absorbed, either in the fuel or the coolant. Furthermore, the
neutron flux must be a constant, independent of position. The number of fissions in
one generation is simply related to the number of neutrons born in one generation
by v, the number of neutrons produced per fission. Since all neutrons born must
eventually be absorbed in the system, this must be equal to X,¢, the number of
neutrons absorbed per cm?®/sec everywhere in the system. Of these neutrons, the
number fX,¢ are absorbed in fuel and release nf X,¢ fission neutrons in the next
generation. The number of neutrons born in this new generation can again be re-
lated to the fission rate by v. Sooner or later, all of these neutrons must in turn be
absorbed in the reactor. Thus, the absorption of ¥,¢ neutrons in one generation
leads to the absorption of 1fX,¢ in the next. Now according to the discussion in
Section 4.1, the multiplication factor is defined as the number of fissions in one
generation divided by the number in the preceding generation. Since in an infinite
medium these are related to the absorption rate, it follows that,

ky, = M e _
ot

where the subscript on k., signifies that this result is only valid for the infinite
reactor.

nf. (6.10)

Example 6.1

Calculate f and ko, for a mixture of 23U and sodium in which the uranium is present
to lw/o.
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Solution. From Eq. (6.9), f is

Z:aF‘ _ EaF
Ea EaF + 2:aS '

where X r and X ;s are the macroscopic absorption cross-sections of the uranium and
sodium, respectively. Dividing numerator and denominator by X,g gives

1 1
1 + Xas/ TaF B 1 + Nso,s/Nf — O'aF,

f

where Ng and Ns are the atom densities of the uranium and sodium. Next let por and
ps be the number of grams of uranium and sodium per cm?® in the mixture. Then

Ns _ ps Mr
Ne  pr Ms’
where Mg and Mg are the gram atomic weights of uranium and sodium. Since 1w/o

of the mixture is fuel, this means that,

PF

=0.01
PE + Ps
or
£ _ g9,
PF

Using the values of o, given in Table 6.1, the value of f is given by

235 0.0008

T=1499x == = 1.49
f X S X Tes

and
f =0.671.[Ans.]
The value of k, is
o =1nf=22x0.671 =1.48.

Since this is greater than unity, an infinite reactor with this composition would be
supercritical. [Ans.]

Since n and f are constants that only depend on the material properties of the

reactor, the value of k., is the same for a bare reactor as for an infinite reactor of
the same composition. The source term in Eq. (6.8) can therefore be written as,

s = koo Tah. (6.11)

Introducing Eq. (6.11) and Eq. (6.3) into the one-group reactor equation, Eq.

(6.4) gives,
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k 19
“DB - T+ 3= -2
k v ot

If the reactor is just critical (i.e., k = 1), then the right-hand side is zero and

—DB%¢p + (koo — 1)T,¢ = 0. (6.12)
Dividing by D yields
o — 1
—BX+ —¢ =0, (6.13)
where,
D
L? = — 6.14
> (6.14)

is the one-group diffusion area. Equation (6.13) may be solved for the buckling,
B2, for a critical reactor

koo — 1

2 _
B* = Iz

(6.15)

It is shown in the next sections that the one-group diffusion equation, together
with the usual boundary conditions on ¢, not only determines the shape of the flux
in the reactor, but also leads to a condition that must be satisfied for the reactor to
be critical.

6.2 THE SLAB REACTOR

As the first example of a bare reactor, consider a critical system consisting of an
infinite bare slab of thickness a as shown in Fig. 6.1. The reactor equation in this

§ Z

7

-

! A e o
l/ ' ¢ Figure 6.1 The infinite slab
r a I reactor.
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case 1is

¢
— + B¢ =0, 6.16
5+ B (6.16)
where x is measured from the center of the slab.
To determine the flux within the reactor, Eq. (6.16) must be solved subject to
the boundary condition that ¢ vanishes at the extrapolated faces of the slab—that
is,at x = a/2 and at x = —a /2 where @ = a + 2d. Then the boundary conditions

become
a a
¢ (5) =¢ (—5) = 0. (6.17)

It may also be noted that, because of the symmetry of the problem, there can
be no net flow of neutrons at the center of the slab. Since the neutron current density
is proportional to the derivative of ¢, this means that

dp
dx

at x = 0. The condition given by Eq. (6.18) is equivalent to requiring that ¢ be an
even function—that is,

0 (6.18)

¢(—x) = ¢(x), (6.19)

and has a continuous derivative within the reactor. [In any problem where it is clear
that the flux is a well-behaved function, Eq. (6.19) is often easier to apply than Eq.
(6.18).]

In any case, the general solution to Eq. (6.16) is

¢(x) = Acos Bx + Csin Bx, (6.20)

where A and C are constants to be determined. Placing the derivative of Eq. (6.20)
equal to zero at x = 0 gives immediately C = 0, so that ¢ reduces to

¢(x) = Acos Bx.

Next, introducing the boundary condition given by Eq. (6.17) ata /2 or —a /2
(it makes no difference which since the cosine is an even function) gives

a Ba
¢ (5) = A cos (—2—) =0. (6.21)

This equation can be satisfied either by taking A = 0, which leads to the trivial
solution ¢ (x) = 0, or by requiring that
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Ba
cos <7> =0. (6.22)

This, in turn, is satisfied if B assumes any of the values B,,, where

B, == (6.23)
a

and n is an odd integer, as can readily be seen by direct substitution into Eq. (6.22).
The various constants B, are known as eigenvalues, and the corresponding
functions cos B, x are called eigenfunctions. It can be shown that if the reactor
under consideration is not critical, the flux is the sum of all such eigenfunctions,
each multiplied by a function that depends on the time. However, if the reactor is
critical, all of these functions except the first die out in time, and the flux assumes

the steady-state shape of the first eigenfunction or fundamental—namely,

¢(x) = Acos Bjx = A cos (g) (6.24)
a
This is the flux in a critical slab reactor.
The square of the lowest eigenvalue B? is called the buckling of the reactor.
The origin of this term can be seen by solving the equation satisfied by the flux—
namely,

d*¢ 2
) + Bj¢ =0, (6.25)
for B12 The result is
1 d?
312 = —— —¢
¢ dx?

The right-hand side of this expression is proportional to the curvature of the flux
in the reactor, which, in turn, is a measure of the extent to which the flux curves or
buckles. Since in the slab reactor

B2 = (2)2 (6.26)
a
the buckling decreases as a increases. In the limit, as a becomes infinite, 312 =0,
¢ is a constant and has no buckle.

It should be observed that the value of the constant A in Eq. (6.24), which de-
termines the magnitude of ¢, has not been established in the prior analysis. Mathe-
matically, this is because the reactor equation (Eq. [6.5] or [6.16]) is homogeneous,
and ¢ multiplied by any constant is still a solution to the equation. Physically the
reason that the value of A has not been established is that the magnitude of the flux
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in a reactor is determined by the power at which the system is operating, and not
by its material properties.

To find an expression for A, it is necessary to make a separate calculation of
the reactor power. In particular, there are ;¢ (x) fissions per cm3/sec at the point
x, where X/ is the macroscopic fission cross-section. If the recoverable energy is
E joules per fission? (with a recoverable energy of 200 MeV, Ex = 3.2 x 107!
joules), then the total power per unit area of the slab, in watts/cm?, is

a/2
P =ERrXy ¢ (x)dx. (6.27)
—a/2
Note that the integration is carried out over the physical dimensions of the reactor
and not to the extrapolated boundary. Inserting the expression for ¢ (x) from Eq.
(6.20) and performing the integration gives

p 25EREfA sin(%)

(6.28)
T
The final formula for the thermal flux in a slab reactor is then
xP X
P = T, sin(z) (7)-
which, if d is small compared to a, reduces to
T TX
= ——— cos | — 6.29
) = 5ores, < () (©29)

6.3 OTHER REACTOR SHAPES

It is not possible, of course, to construct a reactor in the form of an infinite slab.
Therefore, it is necessary to generalize the results of the preceding section for re-
actors of more realistic shapes. This can easily be done for the following reactors:
sphere, infinite cylinder, rectangular parallelepiped, and finite cylinder. These re-
actors, together with the coordinate systems used to describe them, are shown in
Fig. 6.2. It should be noted that each of these reactors is bare; reflected reactors are
discussed in Section 6.6.

Sphere

Consider first a critical spherical reactor of radius R. The flux in this reactor is a
function only of r, and the reactor equation is

2In Lamarsh’s book on reactor theory, Eg, when expressed in joules, was denoted by y .
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|
T

~—R
(d)

Figure 6.2 (a) The spherical reactor; (b) the infinite cylindrical reactor;
(c) the parallelepiped reactor; (d) the finite cylindrical reactor.

1 d ,do N
— —r°—+ B¢ = 6.30
2ar ar T ¢=0. (6.30)
where use has been made of the Laplacian in spherical coordinates. The flux must
satisfy the boundary condition ¢ (R) = 0 and remain finite throughout the interior
of the reactor.
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By substituting ¢ = w/r into Eq. (6.30) and solving the resulting equation
for w as is done in Section 5.6, the general solution to Eq. (6.30) is easily found to
be

6= AsinBR + CcosBR
- r ro

where A and C are constants. The second term becomes infinite when r goes to
zero. Since the flux is a physical quantity and must be finite everywhere, C must
be placed equal to zero. Thus, ¢ becomes

in BR
¢ =22 (6.31)
r

The boundary condition ¢(§ ) = 0 can be satisfied by taking B tobe any one
of the eigenvalues
nw
Bn = _R?‘_,
where n is any integer. However, as explained in the preceding section, only the
first eigenvalue is relevant for a critical reactor. Thus, with n = 1, the buckling is

2
T
312 = <?) (6.32)
and the flux becomes
i R
¢ = AM' (6.33)
r

The constant A is again determined by the operating power of the reactor—
namely,

where dV is the differential volume element. In view of the geometry of the prob-
lem, dV is given by

dV =4nrtdr
and Eq. (6.34) becomes

R
P=47rEREf/ rPe(r)dr.
0

Introducing the flux from Eq. (6.33) and carrying out the integration gives
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R|R . (=R 7R
P=4nEgr¥fA— | —sin| —< )| — Rcos | —~
7 lx R R

If d is small, the flux in the sphere may therefore be written as

P sin(rrr/ﬁ)

=B R v

(6.35)

Infinite Cylinder

Next consider an infinite critical cylindrical reactor of radius R, which is just criti-
cal. In this reactor, the flux depends only on the distance r from the axis. With the
Laplacian approximation to cylindrical coordinates described in Appendix III, the
reactor equation becomes

or, when the differentiation in the first term is carried out,

d*¢ 1d¢ 5
—+-—+ B¢ =0. 6.36
dr? + r dr + B¢ (6.36)
Besides satisfying this equation, ¢ must also satisfy the usual boundary conditions
including ¢ (R) = 0.
Equation (6.36) is a special case of Bessel’s equation,

2 2
d_¢+1d_¢+<32_m_>¢,=0, (6.37)

dr? r dr r2

in which m is a constant. Since Eq. (6.37) is a second-order differential equation, it
has two independent solutions. These are denoted as J,,(Br) and Y,,,(Br) and are
called ordinary Bessel functions of the first and second kind, respectively.> These
functions appear in many engineering and physics problems and are widely tabu-
lated.

Comparing Eq. (6.36) with Eq. (6.37) shows that, in the present problem, m is
equal to zero. The general solution to the reactor equation can therefore be written
as

¢ = AJo(Br) + CYo(Br),

where A and C are again constants. The functions Jo(x) and Yy(x) are plotted in
Fig. 6.3. It is observed that Yy(x) is infinite at x = 0, while Jy(0) = 1. Therefore,

3 A short table of Bessel functions is given in Appendix V.
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X2

x, = 2.405

-05 F To — o

J—atx=0

-10%

Figure 6.3 The Bessel functions Jo(x) and Yp(x).

since ¢ must remain finite within the reactor, C must be taken to be zero. Thus, ¢
reduces to

¢ = AJo(Br). (6.38)
The boundary condition ¢ (R) = 0 now becomes
#(R) = AJo(Br) = 0. (6.39)

As shown in Fig. 6.3, the function Jy(x) is equal to zero at a number of values
of x, labeled x;, x,, , 5o that Jo(x,) = 0. This means that Eq. (6.39) is satisfied
provided B is any one of the values

Xn

BnZT,
R

which are the eigenvalues of the problem. However, since in a critical reactor only
the lowest eigenvalue is important, it follows that the buckling is

2 2
2.405
sz(x_j) =( = ) (6.40)
R R

This one-group flux is then

2.405r) (6.41)

¢=AJO( —
R

The constant A is again determined by Eq. (6.34), where, for the infinite
cylinder, dV = 2mnrdr. Thus, the power per unit length of the cylinder is
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R
P = 2nEREf/ ¢(r)rdr
0

k- 72.405
=27tEREfA/ J()( R r)rdr.
0

The integral can be evaluated using the formula

/ Jo(XNx'dx’ = xJy (x),
which gives for small d
P =2mErX;R*AJ;(2.405)/2.405 = 1.35ER X R*A.

The final expression for the flux is then

_ 0.738P  (2.405r
T Ern, R\ R

(6.42)

Finite Cylinder

An interesting flux distribution is obtained for the case of a finite cylinder of height

H and radius R. In this reactor, the flux depends on the distance r from the axis and

the distance z from the midpoint of the cylinder. With the Laplacian appropriate to

cylindrical coordinates described in Appendix III, the reactor equation becomes
13 9p 3%

- —r— B¢ =0,
r or 8r+32+ ¢

or, when the differentiation in the first term is carried out,

d’¢ 193¢ 3%

4+ -4+ T 4+ B? 0. 6.43

or? + r or + 922 +Be= ( )
Besides satisfying this equation, ¢ must also satisfy the usual boundary conditions
including ¢ (R, z) = 0 and ¢ (r, H/2) = 0. The solution is obtained by assuming
separation of variables with

¢(r,z) = R(r)Z(2).
Upon substitution into Eq. (6.43), one obtains
1190 BR 10%2Z B?

Rr Br or +2822

Since this equation must be satisfied for any r or z combination, the first and second
terms must be constants. One can then write
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@R + LdR + B =0
dr? ' r dr o
which is Bessel’s equation of the first-kind order zero as before. Further,
4 +B’Z=0
dz? o
The buckling B? is
B’> = B’ + B’

whose solution is
Z(z) = Acos B,z + C sin; Bz,

is the same as for the infinite slab reactor. The solution must satisfy the boundary
conditions and be positive definite. The solution obtained is then the product of the
slab and infinite cylinder solutions with the required boundary conditions. Thus,

2.405r) Tz
— | co

¢(r9 Z) :AJO( Ty
where H = H + 2d and R = R + d. The constant A may be determined as before
using Eq. (6.34) if the reactor power is known.

Rectangular Parallelepiped

The derivation of the flux distribution in the parallelepiped reactors is somewhat
lengthy, but may be obtained in a manner similar to the finite cylinder. Values of
the buckling and flux for this reactor geometry are given in Table 6.2, which also
summarizes the results obtained earlier for the slab, sphere, infinite cylinder, and
finite cylinder.

TABLE 6.2 BUCKLINGS, B2, AND FLUXES FOR CRITICAL BARE REACTORS (ASSUMING d IS

SMALL)
Geometry Dimensions Buckling Flux A Q
Infinite slab Thicknessa  (Z) : Acos (Z£) 1.57P/aERZ, 1.57
Rectangular 2 2 2
b .4 .4 .4 x zy 2 . b .

parallclepiped 2 <2 X € By +(E)+(%) Acos(Z*)cos (3)cos ()  3.87P/VERZL; 3.88
Infinite cylinder ~ Radius R (2d2)? Aldy (322 0.738P/R®Ex%;  2.32
Finite cylinder Radius R

Height H (285)? 4 (x)? Ady (2205 cos () 3.63P/VERE,  3.64

Sphere

R
Radius R (z)* Alsin () P/4R*ERX, 329
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Maximum-to-Average Flux and Power

The maximum value of the flux, ¢max, in a uniform bare reactor is always found
at the center of the reactor. Since the power density is also highest at the center, it
is of some interest to compute the ratio of the maximum flux to its average value
throughout the reactor. This ratio, which is denoted by €2, is a measure of the overall
variation of the flux within a reactor and is an indication of the extent to which the
power density at the center of the system exceeds the average power density.

Consider the case of a bare spherical reactor. The value of ¢nax is obtained
by taking the limit of Eq. (6.35) as r goes to zero. Thus,

sin(zrr/R) P
= = . 6.44
Omx = TERT, RPN 7 4ER % R? (649
The average value of ¢ is given by
1
v = v / odV, (6.45)

where the integral is carried out over the volume of the sphere. However, this inte-
gral is proportional to the reactor power—that is,

P= EREf/qde,

and so

P

¢av = m,

(6.46)
which is a valid result for all geometries. Dividing Eq. (6.44) by Eq. (6.46) gives,
for the particular case of a sphere,

2

_ fm T 399 (6.47)
Gav 3

Values of €2 for other geometries are given in Table 6.2.

For reasons to be discussed in the next two Chapters, it is important that the
flux distribution in an actual reactor be as uniform—that is, as flat—as possible.
The values of 2 in Table 6.2 would be quite unacceptable for a real reactor. How-
ever, it must be borme in mind that these values were derived for bare reactors.
In such systems, the flux undergoes large changes from the reactor center to its
surface. As is shown in Section 6.6, with reflected reactors, the flux does not fall
to low values at the core-reflector interface, and the flux in these reactors (and all
power reactors are reflected) is considerably flatter. The flux is made still flatter in

Q
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most modern reactors by nonuniformly distributing the fuel in the core and by the
addition of absorbers (see Section 7.6).

Example 6.2

A bare spherical reactor of radius 50 cm operates at a power level of 100 megawatts
= 108 joules/sec. © r =0.0047 cm~! What are the maximum and average values of
the flux in the reactor?

Solution. The maximum value of ¢ can be found directly from Eq. (6.44). Introduc-
ing numerical values gives

_ 7 x 108
T 4 x 3.2 x 10~ x 0.0047 x (50)3

¢max

= 4.18 x 10" neutrons/cm?-sec. [Ans.)
The average value of the flux follows from Eq. (6.47):

Prmax _ 4.18 x 107
Q 329

= 1.27 x 10" neutrons/cm?-sec. [Ans.]

¢av =

6.4 THE ONE-GROUP CRITICAL EQUATION

It was seen earlier that a necessary condition for each of the reactors to be critical
is that B2 must equal the first eigenvalue B12 But for a critical reactor, Eq. (6.6)

gives k as
_ v)Zf
~ %,+DB?
Solving for B> when k = 1 gives
Xr— X,
B2 = va’ (6.48)
or the critical buckling, BZ, must be
z
1)2 f -1
B’ = ) (6.49)
T,

The right-hand side is a function of the material properties of the system. The right
side must be equal to the square of the first eigenvalue B?, which depends only on
the dimensions and geometry of the reactor. Using the definition for k., and L2,
this becomes
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koo — 1
L2

This equation determines the conditions under which a given bare reactor is critical.
For instance, if the physical properties of the reactor are specified, then the left-hand
side of Eq. (6.50) is known and the dimensions of the reactor must be adjusted so
that B? on the right satisfies the equation. However, if the dimensions are specified,
then 312 is known and the properties of the reactor must be adjusted so that the
left-hand side of the equation is equal to the right. In this way, the critical size or
critical mass of fuel may be determined. An example of this procedure follows.

= B? (6.50)

Example 6.3

A fast reactor assembly consisting of a homogeneous mixture of 23°Pu and sodium
is to be made in the form of a bare sphere. The atom densities of these constituents
are Ng = 0.00395 x 10%* for the 2°Pu and Ny = 0.0234 x 102 for the sodium.
Estimate the critical radius R, of the assembly.

@lution.}ntroducing 312 = (m/ 1}‘)2 from Eq. (6.32) into Eq. (6.50) and solving for
R gives R, the critical radius to the extrapolated boundary:

Therefore, it is necessary to compute ko, and L2 to find R.
Using the cross-sections in Table 6.1 gives

Tar = 0.00395 x 2.11 = 0.00833 cm™',
Xas = 0.0234 x 0.0008 = 0.000019 cm™
X, = Zgr + Xgs = 0.00835.

Then from Eq. (6.9)

_0.00833
~0.00835
and
koo = nf =~ 2.61.
To compute L2 = D/ X, requires the value of D. This in turn is given by (see
Eq. [5.10])

1

D=—,
38,

where ¥;; is the macroscopic transport cross-section. From the values of oy, given in
Table 6.1,
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Ty = 0.00395 x 6.8 +0.0234 x 3.3 =0.104 cm™",

so that
1
D=——=321lcm
3x0.104
and
d=2.13D = 6.84 cm.
Finally,
3.21
L= = 384 cm’
0.00835 cm

Inserting ko, and L? into the prior expression for R then gives

~ 384
RC =T m =49.5cm

R.= R, —d =42.7cm. [Ans.]

The reverse of this problem—namely, the calculation of the critical composi-
tion or mass of a reactor whose size is given—is somewhat more complicated, at
least for a fast reactor, and is delayed until the discussion of thermal reactors in the
next section.

To return to Eq. (6.50), this may be rearranged and put into the following
form,

koo
1+ B2L?
where the subscript denoting the first or critical eigenvalue has been omitted, and
where it is understood that, from this point on, B? refers to the buckling for a
critical reactor. Equation (6.51) is known as the one-group critical equation for a
bare reactor.

It is instructive to examine the physical meaning of the critical equation. For
this purpose, consider a critical bare reactor of arbitrary geometry. The number of
neutrons absorbed in this reactor per second is Z, | v #dV However, the number
that leak from the surface of the reactor per second is given by [, J ndA, where
J is the neutron current density at the surface, n is a unit vector normal to the

surface, and the integral is evaluated over the entire surface. From Fick’s law and
the divergence theorem,

=1, (6.51)

/J ndA =/ div JdV = —D/ VZipdV. (6.52)
A |4 v
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However, from the reactor equation (see Eq. [6.5]), this can be written as

—D/ VipdV = DB2/ A% (6.53)
\2 \4

Neutrons may either leak from the reactor or be absorbed within its interior—
there is no other alternative. Therefore, the relative probability, Py, that a neutron
is absorbed—that is, will not leak—is equal to the number absorbed in the reactor
per second divided by the sum of that number and the number of neutrons that leak.
From the results of the preceding paragraph, it follows that

B X, [, ¢dV %,
%, [,0dV+DB2[,$dV  X,+ DB?

Dividing numerator and denominator by ¥, gives

1
14 B2L?’

where the definition of L? has been used. Equation (6.54) is the one-group formula
for the nonleakage probability for a bare reactor.

Comparing Eqgs. (6.51) and (6.54) shows that the critical equation can be writ-
ten as

P

P (6.54)

koo PL = 1. (6.55)

This result has the following interpretation. A total of X, fv ¢ dV neutrons are
absorbed in the reactor per second, and this leads to the release of

nf X, / ¢dV =kooXopdV
14

fission neutrons. Owing to leakage, however, only Pk, X, fv ¢ dV of these are
absorbed in the system to initiate a new generation of neutrons. From the definition
of k, the multiplication factor of the reactor, it follows that

¢ — PrkeTa [, #dV
X, [, ¢dV

Thus, the left-hand side of the critical equation is actually the multiplication factor
for the reactor, and the critical equation follows by merely placing k = 1.

Example 6.4

What is the average probability that a fission neutron in the assembly described in
Example 6.3 is absorbed within the system?

Solution. The probability in question is the nonleakage probability given in Eq.
(6.54). Using the values R = 48.5 cm and L? = 384 cm? from the example gives
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1

- 1+ (%) x 384

P; = 0.38. [Ans.]
Thus, there is a 38% chance that a neutron will be absorbed and a 62% chance that
it will escape.

6.5 THERMAL REACTORS

Thermal reactors are sufficiently distinctive to warrant separate discussion. It is
recalled that these systems contain fuel, coolant, various structural materials, and a
moderator to slow down the fission neutrons to thermal energies. For convenience,
in this section, all the materials in the reactor other than fuel are called moderator.
In short, the reactor is assumed to consist only of fuel and moderator.

The Four-Factor Formula

To begin with, consider an infinite reactor composed of a homogeneous fuel-
moderator mixture. If ¥, is the macroscopic thermal absorption cross-section of
the mixture, that is,

fa = faF + faM (6.57)

where T.r and T v are t_he cross-sections of the fuel and moderator, respectively,
then there is a total of X,¢7 neutrons absorbed per cm?/sec everywhere in the
reactor, where ¢7 is the thermal flux (see Section 5.9). Of this number, the fraction

faF _ faF
Ea faF + faM

is absorbed by the fuel. The parameter, f, which was called the fuel utilization in
Section 6.1, is known as the thermal utilization in thermal reactors.

There are f faqbr neutrons absorbed per cm?/sec in fuel. As a resul,
nr f Xa¢r fission neutrons are emitted per cm’/sec, where 7y is the average
number of neutrons emitted per thermal neutron absorbed in fuel. The parameter
nt is computed from the integral

_ [(E)or(E)$(E) dE
= o (E)B(E)dE

where ¢ (E) is the Maxwellian flux given by Eq. (5.49). Values of nr are given in
Table 6.3, where it is observed that 7 is a slowly varying function of temperature.

In thermal reactors containing large amounts of fissionable but nonfissile ma-
terials such as 238U, a small fraction of the fissions is induced by fast neutrons

f= (6.58)

(6.59)
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TABLE 6.3 VALUES OF 57, THE AVERAGE NUMBER OF
FISSION NEUTRONS EMITTED PER NEUTRON
ABSORBED IN A THERMAL FLUX, AT THE
TEMPERATURE T

T, °C 233U 235U 239Pu
20 2.284 2.065 2.035
100 2.288 2.063 1.998
200 2.291 2.060 1.947
400 2.292 2.050 1.860
600 2.292 2.042 1.811
800 2.292 2.037 1.785
1000 2.292 2.033 1.770

interacting with the nonfissile nuclides. These fast fissions can be taken into ac-
count by introducing a factor €, called the fast fission factor, which is defined as
the ratio of the total number of fission neutrons produced by both fast and ther-
mal fission to the number produced by thermal fission alone. It follows from this
definition that the total number of fission neutrons produced per cm?/sec in an infi-
nite thermal reactor is equal to €nr f £,¢7. The value of € for reactors fueled with
natural or slightly enriched uranium ranges from about 1.02 to 1.08.

As already noted, there can be no leakage of neutrons from an infinite reactor;
all of the fission neutrons must eventually be absorbed somewhere in the reactor. In
a thermal reactor, most of the neutrons are absorbed after they have slowed down to
thermal energies. However, some neutrons may be absorbed while slowing down
by nuclei having absorption resonances at energies above the thermal region. If p
is the probability that a fission neutron is not absorbed in any of these resonances,
then, of the ens f T ¢ fission neutrons produced per cm’/sec, only penr f Tabr
actually succeed in slowing down to thermal energies. The parameter p is known
as the resonance escape probability and is one of the most important factors in the
design of a thermal reactor.

From the foregoing discussion, it follows that the absorption of Y .47 ther-
mal neutrons leads to the production of pens fX,¢r new thermal neutrons, all of
which must eventually be absorbed in an infinite reactor. The absorption of this
generation of thermal neutrons leads to another generation of thermal neutrons,
and so on. The multiplication factor of the reactor is therefore

_ penr fTadr
2:a¢)T

where the subscript on k, again signifies that the equation is valid only for infinite

systems. Since ko, is the product of four factors—nr, f, p, and e—Eq. (6.60) is

called the four-factor formula. It may be noted that the order of the factors in the
right-hand side of Eq. (6.60) has been rearranged to conform with normal usage.

koo = 17 fpe, (6.60)
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Criticality Calculations

The one-group method, at least in the form given earlier in this Chapter, gives
only rough estimates of the critical size or composition of a thermal reactor. This is
due to the fact that, although most of the fission neutrons are ultimately absorbed at
thermal energies, they may diffuse about over considerable distances while slowing
down. Such fast-neutron diffusion must be taken into consideration. To this end, as
discussed in Section 5.10, it is usual to describe a thermal reactor by at least two
neutron groups: one group for the fast neutrons—those with energies above the
thermal region—and a second group for the thermal neutrons.

In such a two-group calculation, it can usually be assumed that there is no
absorption of neutrons in the fast group; resonance absorption is taken into account
by the introduction of the resonance escape probability. Neutrons are then lost from
the fast group only as a result of scattering into the thermal group. In particular,
following the discussion in Section 5.10, there are ;¢ neutrons scattered per
cm?/sec out of the fast group, where ¢, is the fast flux. Also, in a thermal reactor,
it can be assumed that the bulk of the fissions is induced by thermal neutrons; the
few fissions induced by fast neutrons are accounted for in the fast fission factor. It
follows that 1y feX,¢r = (koo/ p) Zadr fission neutrons are emitted per cm?®/sec,
and these neutrons necessarily appear as source neutrons in the fast group. The
source density for the fast group is therefore

koo —
1 = ;.oza¢T-
p

Substituting this expression into the group diffusion equation (see Eq. [5.45]) gives
the following equation for the fast group:

Koo —
D\Vi¢ — 19 + ?Em =0. (6.61)

I'n the absence of resonance absorption, all of the X;¢; neutrons per cm?/sec
scattered out of the fast group would appear as source neutrons in the thermal flux
equation. With resonance absorption present, however, only pX,;¢; neutrons per
cm?/sec actually succeed in entering the thermal group. Thus, the thermal source
term is

st = pXidr.
Introducing this expression into the thermal diffusion equation then gives
DV2¢r — Toér + pZiy = 0. (6.62)

Equations (6.61) and (6.62) are the two-group equations describing a bare thermal
reactor.
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It is not difficult to show that, in a bare reactor, all group fluxes have the same
spatial dependence, which is determined by the one-group reactor equation. Thus,
for a bare thermal reactor, the two-group fluxes may be written as

¢ = A19, (6.63)
¢r = Ax9, (6.64)
where A; and A, are constants and ¢ satisfies the equation
V3¢ + B2y = 0. (6.65)
Substituting the last three equations into Egs. (6.61) and (6.62) yields
Knp —
—(D;B? + 1) A, +j‘°2,,A2 =0 (6.66)
and
pXiA — (DB*+X,)A, =0. (6.67)

Equations (6.66) and (6.67) are a set of homogeneous linear algebraic equations in
the two unknowns, A; and A,.

According to Cramer’s rule,* Egs. (6.66) and (6.67) have nontrivial solutions
only if the determinant of the coefficients multiplying A; and A, vanishes—that is,
if

—(D1B* + £1) =% _
2} -(DB*+%,) |

“Consider the set of homogeneous linear equations:

anx; anx; ayxy =0,
ayx, anx; anxy =0,
anyiXx;  anz2x ayyxy =0,

where a,,, are constants. Cramer’s rule states that there is no solution other than x; = x, =
xy = 0 unless the determinant of the coefficients a,,, vanishes—that is,

a ap an
Qy axn aN | _ 0
ayi  anz anNnN

When this equation is satisfied, the equations in the original set are not independent. That is, although
there appear to be N distinct equations in the set, at least one of these equations can be written as a
combination of other equations in the set. Since there are N unknowns, but only N — 1 independent
equations, it is possible to determine only N — 1 of the xs in terms of the remaining x.
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Multiplying out the determinant gives
keoZaZi — (DB* + E,)(D1B*> + %)) = 0,

or, on rearranging,
koo 2:lfa _
(D1B2+ %1)(DB? + %,)
Dividing numerator and denominator by X, X, yields finally
k
= (6.68)

(1+ B2L2)(1 + B’tr)

In this expression,
D
LI =— (6.69)
T3,
is the thermal diffusion area discussed in Section 5.9, and 77 is the parameter called
neutron age, which was defined in Section 5.10 as
D,
= —. 6.70
Tr T ( )
Equation (6.68) is the two-group critical equation for a bare thermal reactor.
(6.71)

1

The factor
Pr=————
"7 1+ B2L2

in this equation was shown in Section 6.4 tobe the probability that a thermal neutron

will not leak from the reactor. Also, it is not difficult to show that
1
(6.72)

Pr= ———
F 1+BZTT

is the probability that a fission neutron will not escape from the reactor while slowing
down. Therefore, by the argument given in Section 6.4, it follows that the left-hand

side of Eq. (6.68) is the multiplication factor of the reactor—that is,
(6.73)

k = koo Pr PF,

and the critical equation follows by writing k = 1.
Since all reactors are designed in such a way that there is as little leakage
of neutrons as possible, both Pr and Pr are ordinarily very close to unity. The
quantities B? LZT and B2ty are therefore small. When the denominator of the critical
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equation, Eq. (6.68), is multiplied out, the term B4L2T 77 can often be ignored. The
resulting expression is

koo
2 =1
1+ BX(L% + 17)
or
k
—— =1, (6.74)
1+ B2M?
where
M} =L% +1r (6.75)

is called the thermal migration area.

It is observed that Eq. (6.74) is identical in form to the critical equation (Eq.
[6.51]) in a one-group calculation. For this reason, Eq. (6.74) is known as the mod-
ified one-group critical equation—modified in the sense that L? in the one-group
equation has been replaced by M%. Furthermore, from Eqgs. (6.64) and (6.65), it
follows that the thermal flux is given by the same equation as in a one-group
calculation—namely,

Vi¢r + B*¢r =0, (6.76)

where B? is the buckling given in Table 6.2. Thus, the only difference between
an ordinary one-group calculation and a modified one-group calculation of a bare
thermal reactor is that, in the latter, L2 is replaced by M%; the flux and the buckling
are the same as before.

It may be noted that if 77 is much less than L2, Eq. (6.74) reduces to the one-
group critical equation, Eq. (6.51). In this case, the reactor is well described by
one-group theory. A comparison of the values of t7 and L2T in Tables 5.2 and 5.3
shows that, with the exception of water, 77 is in fact less than L:", for the common
moderators; it is much less than L2 for D,0 and graphite. Therefore, it would be
quite wrong to use an ordinary one-group calculation, omitting t7, for a water-
moderated reactor. Somewhat less error would be involved in such a computation
of a D,0 or graphite-moderated system, provided the value of L2, with fuel mixed
in with the moderator, is still substantially larger than tr.

Applications

The prior results can now be applied to the practical problem of determining the
critical composition or critical dimensions of a bare thermal reactor. For simplicity,
the discussion is limited to reactors that do not contain resonance absorbers or
nuclei that undergo fast fission. In short, the reactor is assumed to consist of a
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homogeneous mixture of a fissile isotope such as 23°U and moderator. In this case,
p = € = 1. Then according to Eq. (6.60), ko, reduces to

koo = n1f. (6.77)

Reactors with resonance absorption and fast fission are treated in Section 6.8.

Itis recalled that there are two situations to be considered: (a) the physical size
of the reactor is specified and its critical composition must be determined, or (b)
the composition of the reactor is specified and its critical size must be determined.
These problems are each taken up in turn.

Case 1. Size Specified Withsize given, B2 can be immediately computed
from the appropriate formula in Table 6.2. The composition must then be adjusted
so that ko, and MZ have the values necessary to satisfy the critical equation, Eq.
(6.74).

It is first convenient to introduce the parameter Z defined by

b3} Nro,
7 — _AF _ anF , (6.78)
Y Am Nuoam

where, as usual, the subscripts F and M denote the fuel and moderator, respectively.
Then from Eq. (6.58), the thermal utilization can be written as

Z
= —. 6.79
f Z+1 ( )
In view of Eq. (6.77), ko takes the form
nrZ
koo = . 6.80
T Z+1 (6-80)

Consider next the thermal diffusion area, which is one of the two factors
entering into M% (see Eq. [6.75]). From Egq. (6.69),

D

L%:Ea

where D and T, refer to the homogeneous mixture of fuel and moderator. However,
D is essentially equal to Dy, the diffusion coefficient for the moderator, since the

concentration of the fuel in the moderator is ordinarily small for homogeneous
thermal reactors. Thus, L2 becomes
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Dividing numerator and denominator by %,y and using the definition of Z from
Eq. (6.78) gives

2 Liu
Ly = ——, 6.81
T z+1 ©81)
where L2, is the thermal diffusion area of the moderator. On solving Eq. (6.79)
for Z and substituting into Eq. (6.81), the resultis

Ly = (1 — Ly (6.82)

The age tr, like D, depends primarily on the scattering properties of the
medium. In the homogeneous type of reactor under consideration, very little fissile
material is necessary to reach criticality. Furthermore, the scattering cross-sections
of fissile atoms are not significantly larger than those of the ordinary moderators.
It is possible, therefore, to ignore the presence of the fuel altogether and use for 77
the value of the age for the moderator alone, t7Mm, Which is given in Table 5.3.

Introducing Eqgs. (6.80) and (6.81) into the critical equation (Eq. 6.74) then
gives

nrl _
Z+ 1+ BX(L2y + Ztrm + Trm)

1.

When this equation is solved for Z, the result is found to be

7 1+ B%(L3y + trm)
nr — 1 — B%trm

(6.83)

This is the value of Z, which leads to a critical reactor with the specified value
of B?

To find the total mass of fuel required for criticality using this value of Z—
that is, the critical mass—the procedure is as follows. From Eq. (6.78), the atom
density of the fuel is

EaM

Np =Z—
O gF

Num. (6.84)

The total number of fuel atoms in the reactor is NgV, where V is the reactor vol-
ume, and the total number of moles of fuel is NgV /N4, where N4 is Avogadro’s
number. If ME is the gram atomic weight of the fuel, it follows that mg, the fuel
mass, is given by

NpV Mg
= 6.85
me N, ( )
_ 7TaMVMr (6.86)

EaFNA
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However, the total mass of the moderator is

_ NuVMy

mm
Ny

’

so that Eq. (6.86) can also be written as

EaMMF

mg =727 mm. (6.87)

0 orMwm

Introducing the formulas given in Chapter 5 for o, and o, (see Eq. [5.59]) gives
finally

adam(Eo) MF m
8aF(T)oar(Eo) My
where the non-1/v factor of the moderator has been taken to be unity and the cross-
sections are evaluated at the energy £y = 0.0253 eV. Because the fuel concentration

is normally so small, the moderator mass can be computed using its ordinary density
as shown in the following example.

mg = M> (6.88)

Example 6.5

A bare spherical thermal reactor, 100 cm in radius, consists of a homogeneous mixture
of 2°U and graphite. The reactor is critical and operates at a power level of 100 thermal
kilowatts. Using modified one-group theory, calculate (a) the buckling; (b) the critical
mass; () koo; (d) L%; (e) the thermal flux. For simplicity, make all computations at
room temperature.

Solution.

1. From Table 6.2, B, = (7/R)? = (7/100)?
3.14 x 1072, [Ans.]

2. According to Tables 5.2, 5.3, and 6.3, L%,, = 3500 cm?, nr = 2.065, and
Trm = 368 cm? Then from Eq. (6.83),

988 x 107* cm™?, and B =

_ 14988 x 107%(3500 + 368) 6.87
T 2065—1—9.88 x 10-* x 368

Using the values o,m(Eg) = 0.0034 b, 6,r(T) = 681 b, g,(T) = 0.978 in Eq.
(6.88) gives

V4

6.87 x 0.0034 x 235
0.978 x 681 x 12

mg = my = 6.87 x 10"4mM.

The density of graphite is approximately 1.60 g/cm?, so the total mass of
graphite in the reactor is my = %n R? x 1.60 = 6.70 x 106 g = 6, 700 kg. It
follows that the critical mass is mg = 6.87 x 10~* x 6, 700 = 4.60 kg. [Ans.]
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3. From Eq. (6.79),

and
koo = nr f =2.065 x 0.873 = 1.803. [Ans.]
4. From Eq. (6.82),
L3 = (1 — f)LZy = (1 — 0.873) x 3500 = 444 cm.” [Ans.]
5. The thermal flux is given by

sin Br
T = )
r

where, according to Table 6.2, A = P/4R2ER§f. Here P = 100 kW= 10°
joules/sec and Ex = 3.2 x 107!! joule. The value of $=; = Nggo s can be
found by noting from Eq. (6.85) that

N
Nf = TECA A
V Mg
so that
meNagoy
Y= -4t
oxs V M
mFNA

. T Ep).
VI x 0.886g sr(T)or(Eo)

Using the values gsr(T) = 0.976 and o(Ep) = 582 b gives ¢ X = 1.41 x
1073 cm~! The constant A is then

10°

A= =5.54 x 1013
4% 10° x 3.2 x 10-11 x 1.41 x 10-3 x
and the flux is for d small
in B
br(r) = 5.54 x 1082227 [4ns]

The maximum value of ¢r occurs at r = 0 and is equal to ¢7(0) =
5.54 x 10'3B = 1.74 x 10'2 neutrons/cm?-sec.

Case 2. Composition Specified When the composition is given and the
critical dimensions must be found, the parameters k», and M2 can be computed
directly. The value of B? can then be obtained from Eq. (6.74)—namely,

koo — 1

B? =
M3

(6.89)
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If the geometry of the reactor is specified, the dimensions can then be determined
from the appropriate formula for B? in Table 6.2. Thus, for a cubical reactor of side
a and d small, a = w+/3/B; for a sphere, the critical radius is R = 7/B.

However, if itis only specified that the reactor is, say, a finite cylinder, then
the buckling formula in the table only provides a relationship between its height H
and radius R, which must be satisfied if the reactor is critical. Each combination of
H and R leads to a different reactor volume and hence a different critical mass. It is
not difficult to show that this mass is smallest when H and R satisfy the relationship
H = 1.82R. The cross-section through the axis of such a cylinder is almost square.
The parallelepiped with least volume, as might be expected, is a cube.

Example 6.6

A 5-watt experimental thermal reactor is constructed in the form of a cylinder. The
reactor is fueled with a homogeneous mixture of 23U and ordinary water with a
fuel concentration of 0.0145 g/cm3 Because of its low power, the system operates at
essentially room temperature and atmospheric pressure. (a) Calculate the dimensions
of the cylinder that has the smallest critical mass. (b) Determine the critical mass.

Solution.

1. The ratio of the number of atoms of 23°U per cm? to water molecules per cm?

1S

Ne _ peMly
Nu  omME’

where pr and py are the densities of 23U and water in the mixture, respec-
tively, and Mr and My are their gram atomic and molecular weights. Intro-
ducing these values gives

Np _ 0.0145 x 18

= —1.11x1073
Nas 1 x 235 x

The average thermal absorption cross-sections of fuel and moderator are
¢o,r = 0.886g,(20°C)o,r(Eg) = 0.886 x 0.978 x 681 = 590 b
and
¢oam = 0.886 x 2 x ggy(Eo) = 0.886 x 2 x 0.332 = 0.588 b.
Then from Eq. (6.78),
590

N
= NePoer 10 220
Nmooam 0.588

The thermal utilization is
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and
oo = N7 f = 2.065 x 0.526 = 1.0862.

According to Table 5.2, L2, for water is 8.1 cm?, so that from Eq. (6.82),
LZT for the fuel-moderator mixture is

L3 =1 - f)L2y, = (1 —0.526) x 8.1 = 3.84 cm?
The neutron age from Table 5.3 is 27 cm?, and hence
M} = L3 + 17 = 3.84 + 27 = 30.8 cm?
Then from Eq. (6.89),

koo —1  1.0862—1

= =280 x 103 cm™2
M2 308 xoem

B? =

From Table 6.2, B> = (2.405/R)? + (w/H)?> However, for minimum
critical mass, it is necessary that H = 1.82 R. This means that

2.405\2 T \2 8.763
2 —
B _( R ) +(1.82R> TR

Solving for R? gives

_ 8763 8.763
~ B2 280x1073

Thus, R =55.9cmand H = 101.7 cm. [Ans.]

2. The reactor volume is 7 RZH = 7 x (55.9)% x 101.7 = 9.98 x 10° cm® Since
there are 0.0145 g/cm? of 23°U, the fuel mass is

R? =3.13 x 103

mg = 0.0145 x 9.88 x 10° = 1.45 x 10* g = 14.5 kg. [Ans.]

6.6 REFLECTED REACTORS

It is pointed out in Chapter 4 that the neutron economy is improved when the core
of a reactor is surrounded by a reflector—that is, by a thick, unfueled region of
moderator. The neutrons that otherwise would leak from the bare core now pass
into the reflector, and some of these diffuse back into the core. The net result is that
the critical size, and hence mass of the system is reduced.

Criticality calculations for reflected reactors are now considered within the
framework of the one-group diffusion theory. It is recalled that this method is
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applicable to calculations of fast reactors and thermal reactors, such as those mod-
erated by D,0 or graphite, for which 77 « L2.. Reflected water reactors for which
Tr 3> L2 are treated separately later in this section.

As a specific example, consider a spherical reactor consisting of a core of ra-
dius R surrounded by an infinite reflector. In the following analysis, parameters that
refer to the core and reflector are denoted by the subscripts ¢ and r, respectively.

According to the one-group theory, the flux in the core ¢, satisfies the equa-
tion (see Eq. [6.5])

V2¢e + B*¢. =0, (6.90)
where for a critical reactor
koo — 1
2 _ Moo
B° = L2 (6.91)

Since there is no fuel in the reflector, the flux in this region satisfies the one-group
diffusion equation
1
V¢, — —¢, = 0. 6.92

¢ 12 ¢ (6.92)
To find the flux throughout the reactor and the conditions for criticality, it is neces-
sary to solve Egs. (6.90) and (6.92) for ¢. and ¢, subject to boundary conditions.

The general solution to Eq. (6.90) is derived in Section 6.3 and is
sin Br cos Br

¢(_‘=A +C ’
r r

where A and C are constants. Since ¢. must be finite everywhere, even at the center
of the reactor (at r = 0), it is necessary to place C = 0 so that ¢, reduces to
sin Br

¢ =A PR (6.93)

The general solution to Eq. (6.92) is

e—r/L, er/L,
r = A/ + C/ ’
¢ r r

where A’ and C’ are constants. However, ¢, must remain finite as r goes to infinity,
and C’ must therefore be taken to be zero. The flux in the reflector is then

, e_r/Lr
b = A . (6.94)

r

The functions ¢. and ¢, must also satisfy the interface boundary condi-
tions (see Section 5.5)—namely, continuity of neutron flux. Similarly, the radial
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component of the current at the core-reflector interface—that is, at r = R, must
also be continuous. Written out in detail, these conditions are

¢c(R) = ¢,(R) (6.95)
and
J:(R) n=J,(R) n
or
D:¢.(R) = D,¢,(R), (6.96)

where the prime indicates differentiation with respect to r.
Introducing Egs. (6.93) and (6.94) into Eq. (6.95) gives

in BR —~R/L,
st =t — (6.97)

Next, differentiating Egs. (6.93) and (6.94) and inserting the results into Eq. (6.96)
yields

B cos BR sin BR 1 1
AD - =—AD, [ — + =) e’/ 6.98
( R 2 > (RL, +R>e ©3%)

Equations (6.97) and (6.98) are homogeneous linear equations in the unknowns A
and A’; they have nontrivial solutions only if the determinant of the coefficients
vanishes. Multiplying out this determinant (which is equivalent to dividing one
equation by the other) gives

1 11
D.(BcotBR——)=-D,(—+—

For computational purposes, it is convenient to rearrange this equation in the fol-
lowing form:

D, (R
BRcotBR —1= D. (Lr + 1) (6.99)

Equation (6.99) must be satisfied for the reactor to be critical. For example, if
the composition of the core is given, then B? is known from Eq. (6.91), and R can
be calculated from Eq. (6.99). However, if R is specified, B> must be computed
from Eq. (6.99), and the critical composition of the core can be determined by
using Eq. (6.91). The only complicating feature of these calculations that is not
present with bare reactors is that Eq. (6.99) is a transcendental equation.

It is instructive to consider the solution of Eq. (6.99) graphically. For instance,
suppose that the composition of the core, and hence B, is specified. The critical
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Figure 6.4 A plot of the two sides
of Eq. (6.99).

core radius can then be found by plotting the left-hand side (LHS) and the right-
hand side (RHS) of Eq. (6.99) separately as functions of BR. This is shown in
Fig. 6.4. The LHS has an infinite number of branches, each of width =, while
the RHS is a straight line of slope —D,/D.BL,’ that intersects the vertical axis
at —D,/D.. Every value of BR corresponding to an intersection of the LHS and
RHS is a root or solution to Eq. (6.99), and since there are an infinite number of
intersections, there are also an infinite number of solutions. However, as explained
earlier in this Chapter, only the first solution is relevant to a critical reactor, the
higher roots corresponding to solutions that die out in time. With the value of BR
obtained from the first intersection and with B known, the critical radius can be
immediately determined.

It should be noted in Fig. 6.4 that the first intersection of LHS and RHS occurs
at a value of BR that is less than 7. If the reactor is bare instead of reflected, BR is
exactly equal to 7. Therefore, it follows that the critical core radius is less for the
reflected reactor than for the bare reactor of the same composition—a conclusion
that is anticipated on physical grounds.

Incidentally, it may be noted that, in the special case in which the moderator
in the core and reflector are the same, D, = D, and Eq. (6.99) reduces to

1
BcotBR = _Z_' (6.100)

r

5As a function of BR,

RHS:—& BR+1
D. \ BL,
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This equation is not transcendental in R. Thus, if B is known, R can be calculated
directly. This case is illustrated in Example 6.8.

Having obtained the condition for criticality, it is now necessary to return to
Egs. (6.97) and (6.98) and find the values of the constants A and A’ that determine
the flux. These equations are not independent, however, but are related through Eq.
(6.99). It is possible, therefore, to find A’ in terms of A or A in terms of A’, but
both constants cannot be found independently. For example, from Eq. (6.97), A’ is

A’ = Aef/Lr sin BR, (6.101)

where BR is the known solution to Eq. (6.99). The constant A, which fixes the
magnitude of the flux throughout the reactor, is determined by the reactor power.
As in Section 6.3, this is given by

P= ERZf/gbch (6.102)

where the integral extends over the reactor core—the power-producing region. In-
serting ¢, from Eq. (6.93) and using the volume element dV = 4xr? dr gives

R
P :47tEREfA/ rsin Brdr
0

ATERY ;A
- #—(sin BR — BRcos BR).

When this is solved for A, the result is

A P B?
"~ 4mERX(sinBR — BRcos BR)’

(6.103)

The prior procedure—solving the core and reflector equations, obtaining an
equation that must be satisfied for criticality, and evaluating the flux constants in
terms of the reactor power—can be carried through analytically for only a few
reactors—namely, the fully reflected parallelepiped and cylinder. In practice, the
properties of these reactors are often estimated from calculations of spherical reac-
tors of the same composition and volume.

It may be noted that the analysis of reflected reactors is carried out in this
section without regard for whether the reactors are fast or thermal. The various
formulas derived earlier are therefore valid for both types of systems. To use these
formulas in calculations of thermal reactors, it is merely necessary to replace each
reactor parameter with its appropriate thermal averaged value. The one-group flux
is then the thermal flux provided the one-group approximation holds. This is illus-
trated in the next example.
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Example 6.7

The core of a thermal reactor is a sphere 300 cm in radius that contains a homoge-
neous mixture of 23°U and D, 0. This is surrounded by an infinite graphite reflector.
Calculate for room temperature (a) the critical concentration of 23U in grams per
liter; (b) the critical mass.

Solution.

1. To find the fuel concentration, the value of B must first be found from Eq.
(6.99). Introducing the values from Table 5.2, D, = 0.84 cm, D, = 0.87 cm,
R =300cm, and L, = L7, = 59 cm, gives

0.84
BRcotBR=1— — @ +1)=—488.
0.87 \ 59
Solving, graphically or otherwise, for BR yields BR = 2.64 and
2.64
B=="—=980x102cm™!
300
Next, letting
7 = NFEaF ,
NMGaM
it follows as in Section 6.5 that
nrZ
koo =
*TzZ+1

and
L3 =(1— f)L2y = L}y/(Z+1).
Inserting these expressions into the definition of B2, specifically
B? — koo — 1
L7

and solving for Z gives
7 1+ BZLZTM‘
nr — 1

Introducing the values B = 8.80 x 10~3cm™!, L%, = 9.4 x 103 cm?, and
nr = 2.065 then gives

_ 14(8.80x107%)? x 9.4 x 10°
h 2.065 — 1

From the definition of Z and the usual formula for computing atom den-
sity, it is easy to see that the ratio of the physical densities of fuel to moderator

z =1.622
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is given by

pr _ MO _ Mraam(Eo)
oM MuG .F Mngar(20°C)oar(Ep)’

where My is the molecular weight of D, and the absorption cross-sections are
taken at Eo = 0.0253 eV. Using the values Mg = 235, 0,,,(Eg) = (faM/N) X
VAT =93 x 107 x 1.128/.03323 = 3.16 x 1073 (taking into account the
0.25 w/o H; in D,0), My = 20, g,r(20°C) = 0.978, and g,r(Ep) = 681 b,
gives

PF 235 x 3.16 x 1073 _s
P 1622 —9.04 x 10
P 20 x 0.978 x 681 x

The density of D, is 1.1 g/cm? so that

oF =9.04 x 1075 x 1.1 = 9.94 x 1075 g/cm® = 0.0994 g/l. [Ans.]

2. The critical mass is

4
mg = Vpg = 3% X (300)3 x 9.94 x 1073
=1.124 x 10* g = 11.24 kg. (Ans.]

Example 6.8

A large spherical thermal reactor, moderated and reflected by an infinite reflector of
graphite, is fueled with 2>>U at a concentration of 2 x 10™* g/cm® (a) Calculate the
critical radius of the core. (b) Compute what the critical radius is if the reactor is bare.
Make calculations at room temperature.

Solution.

1. Since the moderator and reflector are the same, the radius of the reactor is
determined by Eq. (6.100),

1

’

Tr

Bcot BR = —

where L7, is the thermal diffusion length of the reflector and B is found from

koo — 1

B =
L},

First, it is convenient to compute Z:

7 — NeOar _ pEMmTar _ prMm8ar(20°C)oar (Eo)
Nvoam  oMMEG oM PMMEoam(eo) '
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Substituting pp = 2 x 107 g/ecm?, py = 1.6 g/lem?®, Mg = 235, My = 12,
84r(20°C) = 0.978, aur(Eg) = 681 b, oam = 3.4 x 1073 b, gives

Z_2x10—4x 12 x 0.978 x 681
T 1.6x235 x3.4x 1073

=1.25.
Then

z
— = 0.556,
f Z+1

koo 2.065 x 0.556 = 1.148,
L2, (1 — f)L3y, = (1 —0.556) x 3500 = 1554 cm?,
and
2 _ 11481
1554

sothat B = 9.76 x 1073 cm™!
From Eq. (6.100),

=952 %107

] 1
t BR — =— =
co BLy, _ 976 x 10-3 x 59

BR 2.62,

—1.74,

and finally

262 262

R=2%2_ _ 202 e [Ans.
B 976x103 cm. [Ans.]

. If the reactor is unreflected and since d is small, the radius Ry is given by

B =—
R
or
b4 b4

R =
=B T 976 x 103

= 322 cm. [Ans.]

Flux in a Reflected Thermal Reactor

Although the one-group method may provide reasonable values for the critical
mass, this method does not accurately predict the flux throughout the reactor, es-
pecially in the case of a thermal reactor. To do so requires a two-group or multi-
group calculation. Although such computations for a reflected reactor are beyond
the scope of this book, the results are interesting and have an important bearing on
the design of a thermal reactor.

To be specific, consider a two-group calculation of a reflected system. As

usual, the fast flux, ¢, describes the behavior of the fast neutrons; the thermal
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Fast flux, b,

| Reflector ——

Neutron flux

Thermal
flux, by

Thermal flux
bare reactor

Distance from center of reactor

Figure 6.5 Fast and thermal fluxes in a reflected thermal reactor and
the thermal flux in the equivalent reactor.

neutrons are included in the thermal flux, ¢r. One of the striking results of such a
computation is that the thermal flux is found to rise near the core—reflector interface
and exhibits a peak in the reflector as shown in Fig. 6.5. The behavior of ¢r, which
is not predicted in one-group theory, is due to the thermalization in the reflector of
fast neutrons escaping from the core. The thermalized neutrons are not absorbed
as quickly in the reflector as neutrons thermalized in the core since the reflector,
being unfueled, has a much smaller absorption cross-section. The thermal neutrons
tend to accumulate in the reflector until they leak back into the core, escape from
the outer surface of the reflector, or are absorbed.

Animportant consequence of the rise in the thermal flux in the reflector is that
it tends to flatten the thermal flux distribution in the core. This effect can be seen
in Fig. 6.5, which also shows the flux for the bare reactor. The flux in the core near
the core-reflector interface is built up by the flow of thermal neutrons out of the
reflector. Thus, a reflector not only reduces the critical size and mass of a reactor,
it also reduces the maximum-to-average flux ratio.

Reflector Savings

The decrease in the critical dimensions of a reactor core as the result of the use
of a reflector is called the reflector savings. Thus, for a spherical reactor, if Ry is
the radius of the bare core and R is the core radius with the reflector present, the
reflector savings is defined as

8§ =Ry — R. (6.104)
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For instance, for the reactor in Example 6.8, the reflected core radius is 268 cm,
whereas the radius of a bare reactor of the same composition is 322 cm. The reflec-
tor savings in this case is § = 322 — 268 = 54 cm.

For a slab reactor of unreflected and reflected core thickness, dg and a, re-
spectively, the reflector savings is defined as

ap a
= 5 "3 (6.105)
where the factor ag/2 — a/2 is necessary because the slab has two sides.

If the reflector savings is known beforehand, the calculation of the critical di-
mensions of a reflected reactor requires only the solution of the far simpler problem
of the bare reactor. Thus, for the reflected sphere, it is only necessary to determine
the bare critical radius Ry; the reflected radius is then simply R = Ry — 6. Of
course, a knowledge of § requires either an analytical or experimental solution to
the reflected reactor problem. The practical importance of the reflector savings lies
in the fact that § is relatively insensitive to changes in the composition of the reac-
tor. This means that if § is determined for one reactor, then the same value of § can
be used for a different reactor of similar composition.

For two- and three-dimensional reactor configurations, the reflector savings
must be accounted for in each of the terms contributing to the buckling. Consider
the case of a fully reflected finite cylindrical reactor with reflectors on the top,
bottom, and sides of the cylinder. From Table 6.2, the buckling for the bare reactor

is given by
2.405\% /72
2 _ -
5 _< R ) +(H)

Accounting for the extrapolation distance d,

32—-(2405)2+-(f5)2
R H

where R and H are given by
R=R+d
and
H=H+2d,

respectively.
For the fully reflected case, the reflector savings must be accounted for and
these become

R=R+6
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and
H=H +25.

If the cylinder is reflected on only the bottom and not the top, then His given
by

H=H+d+S5.

For purposes of making rough calculations of reflected dimensions and/or
critical masses of thermal reactors, except those moderated or reflected with water,
the following simple formula can be used to estimate §:

8§~ =L, (6.106)

where the symbols have their usual meanings. Equation (6.106) is only valid pro-
vided the reflector is several diffusion lengths thick. In this case, the reflector is
effectively infinite; that is, an increase in reflector thickness does not reduce the
critical size of the core. In practice, virtually all reactors have reflectors that are
many diffusion lengths thick, and hence can be thought of as infinite.

As mentioned earlier, the one-group method, employed in this section to treat
reflected reactors, cannot be accurately applied to water-moderated and water-
reflected systems, because t7 is much larger than LZT. However, to handle these
types of reactors, the following empirical formula, developed by R. W. Deutsch,
may be used to obtain the reflector savings:

8 =7.2+0.10(M2 — 40.0), (6.107)

where 8 is in cm, and M2, the migration area of the core, is in cm® The use of Eq.
(6.107) is illustrated by the following example.
Example 6.9

Calculate the critical core radius and critical mass of a spherical reactor, moderated
and reflected by unit-density water. The core contains 233U at a concentration of
0.0145 g/cm? (as in Example 6.6).

Solution. From Example 6.6, M2 = 30.8 cm? and so
8§ =7.2+0.10(30.8 —40.0) = 6.3cm.

Also from that example, B> = 2.80 x 1073 cm™2 so that B = 0.0529. The bare
radius is given by
ii _ b4 _ b/
T B~ 00529

=59.4 cm,
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and the reflected radius is
R=Ro—8=59.4—63=53.1cm. [Ans.]

The critical mass is then

4
mp = 0.0145 x 3X7 X (53.1)>=9.09x 10° g
= 9.09 kg, [Ans.]

This is considerably less than the 14.5 kg for the unreflected reactor of Example 6.6.

6.7 MULTIGROUP CALCULATIONS

The one-group method gives only the roughest estimates of the properties of a crit-
ical reactor. To obtain more accurate results, it is necessary to perform multigroup
calculations of the type described in Section 5.8. To set up the multigroup equations
for a critical reactor, three new group constants must first be defined:

¥ rs = the group-averaged macroscopic fission cross-section;

v, = the average number of fission neutrons released as the result of
fissions induced by neutrons in the gth group; and

Xg = the fraction of fission neutrons that are emitted with energies in the
gth group.

The number of fissions per cm?/sec in the hth group can now be written as
X rn®n, where @y, is the flux in the Ath group. As a result of these fissions, v, X n¢s
neutrons are released. The total number of neutrons emitted as the result of fissions
in all groups is then ) _ v, X 54 ¢4, Where the sum is carried out over all groups. If
the fraction x, of these neutrons appears in the gth group, it follows that the source
term s, for the gth multigroup equation, Eq. (5.45), is

N
Sg = Xg Z W X fnn- (6.108)
h=1

Introducing this expression into Eq. (5.45) then gives

N g—1 N
ngz¢g - 2:ag‘bg - Z Eg—»h(»bg + Z z:h—>g¢h + Xg Z Vh th¢h =0.
h=g+1 =1 h=1

(6.109)

This is the gth group equation in a set of N multigroup equations.
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For the usual reactor, which has several regions of differing material proper-
ties, there is a set of equations like those represented by Eq. (6.109) for each region.
In this case, it is necessary to solve the equations in each region and satisfy bound-
ary conditions at every interface as well as at the reactor surface. This procedure
can only be carried out in a practical way with a high-speed computer, and many
computer programs have been written for solving the multigroup equations (e.g.
DIF3D).

For an infinite reactor, the fluxes are independent of position, ¢, = constant,
V2¢, = 0, and the multigroup equations reduce to a set of linear algebraic equa-
tions with constant coefficients in the unknowns ¢, ¢,, , n. Since these are
homogeneous equations, according to Cramer’s rule, there can be no solutions
other than ¢; = ¢, = = ¢n = 0 unless the determinant of the coefficients
of the fluxes is equal to zero, which is actually the requirement for the critical-
ity of the infinite system. By changing the concentration of the fuel, the value of
the determinant also changes. The concentration for which the determinant is zero
is the composition required for the system to be critical. The relative magnitudes
of the fluxes ¢, ¢, can be found by solving the multigroup linear equations
using values for the coefficients computed at the critical composition. Absolute
values of the fluxes are not obtained, however, because these depend on the reactor
power level. Nevertheless, the relative values of the flux are sufficient to estimate
the energy dependence of the flux or neutron spectrum in the reactor.

Such calculations of neutron spectra in infinite reactors are used in reactor de-
sign in the following way. Because of the complexity of the multigroup equations
for a finite, multiregion reactor, it is often too costly in computer time to utilize a
large number of groups in multigroup computations, especially in the early stages
of the design of a reactor when these computations must be carried out repeat-
edly with varying design parameters. Therefore, it is more practical to perform the
initial design calculations for the finite reactor using only a few groups, but with
multigroup calculations carried out with a large number of groups for the infinite
reactor. Only when the design of a reactor has been more or less decided on, are
large-scale, space-dependent multigroup calculations undertaken. These provide
accurate estimates of the critical mass, the flux and power distributions, and other
properties of the system.

6.8 HETEROGENEOUS REACTORS

Up to this point, it has been assumed that the reactor core consists of a homoge-
neous mixture of fissile material, coolant, and, if the reactor is thermal, moderator,
whereas in most reactors, the fuel is actually contained in fuel rods of one sort or
another. Such nonhomogeneous reactors are divided into two classes. If the neutron
mean free path at all neutron energies is large compared with the thickness of the
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fuel rods, then it is unlikely that a neutron will have more than one successive colli-
sion within any one fuel rod. In this case, the reactor core is homogeneous as far as
the neutrons are concerned and the reactor is called quasi-homogeneous. However,
if the neutron mean free path at some energy is comparable to or smaller than the
thickness of a fuel rod, then the neutrons may undergo several collisions within a
fuel rod, the fuel and moderator must be treated as separate regions, and the reactor
is said to be heterogeneous. Reactors with fuel rods in the form of thin plates are
often of the quasi-homogeneous type, especially if the fuel is highly enriched and
therefore present in the rod at low concentration. Most modern (thermal) power
reactors, however, are fueled with only slightly enriched (a few weight percent)
uranium, the fuel rods are not thin, and these reactors are heterogeneous.

From the standpoint of the neutrons, a quasi-homogeneous reactor is in fact
homogeneous. Thus, the formulas developed in the preceding sections for homo-
geneous systems can be used with quasi-homogeneous reactors. It is merely neces-
sary in the computations to use the atom densities for the equivalent homogeneous
reactors as shown in the following example.

Example 6.10

The fuel plates of a mobile thermal reactor are thin fuel sandwiches as shown in Fig.
6.6. The cladding is zirconium, and the meat is a mixture of 25U and zirconium,
containing approximately 150 atoms of zirconium for every atom of uranium. Both
the cladding and meat are 0.05 cm thick. The plates are immersed in a water moder-
ator coolant in such a way that the total volumes of the plates and the water are the
same. At room temperature: (a) What is the mean free path of thermal neutrons in
the zirconium cladding and the meat? (b) What is the value of ko, for the system?

Solution.

1. According to Table II.3, the atom density of zirconium, N, in units of 10%, is
0.0429, and its total cross-section at thermal energies is approximately 6.6 b.

Meat, 0.05 cm thick
Cladding, 0.05 cm thick  Figure 6.6 A fuel plate sandwich.
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The mean free path in the cladding is therefore
A=1/%,=1/0.0429 x 6.6 = 3.5 cm. [Ans.]

To find the mean free path in the meat, it is necessary to compute X, for
the 233U-zirconium mixture. Since the uranium is only present as an impu-
rity, the atom concentration of the zirconium in the meat is the same as in the
cladding—that is, Nz = 0.0429. The atom concentration of the 25U is then
Nas = 0.0429/150 = 2.86 x 10~* For 23U,

0, =0,+0;, =681 4+89>=690b.
Thus, for the meat®
T, = 2.86 x 107* x 690 + 0.0429 x 6.6 = 0.480 cm™~
The mean free path is then
A=1/%, =2.1 cm. [Ansl]

The mean free path in the cladding is 3.5/0.05 = 70 times larger than the
thickness of the cladding, whereas it is 2.1/0.05 = 42 times larger in the meat.
The reactor core is clearly quasi-homogeneous.

. As usual, ko, = 77 f, where 7 = 2.065 for 233U at room temperature. To

compute f, the atom densities of water, zirconium, and 25U of the equivalent
homogenized mixture must be used. Since the water and zirconium each oc-
cupy one-half the volume, their respective atom densities are just one-half their
normal values. In units of 10%;

Nw = 0.5 x 0.0334 = 0.0167,
where 0.0334 is the molecular density of unit-density water, and
Nz = 0.5 x 0.0429 = 0.0215.

The uranium is present in a volume equal to one-third of the sandwich or one-
sixth of the total volume, and its atom density there is 2.86 x 10~* so that for
the mixture

Nos =2.86 x 1074/6 = 4.77 x 107

At 0.0253 eV, the microscopic absorption cross-sections of 235U, zirconium,
and water (per molecule) are 681 b, 0.185 b, and 0.664 b, respectively. At
20°C, the non-1/v factor for 233U is 0.978. The value of f is then

SThis calculation would appear to violate the provisions of Section 3.3—that thermal scatter-
ing cross-sections must not be added. However, most of the contribution from the fuel to ¥ is from
absorption, and this can be added to scattering.
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Fe 4.77 x 1073 x 0.978 x 681
T 477 x 10-5 x 681 x 0.978 + 0.0215 x 0.185 + 0.0167 x 0.664
Thus,

= 0.6783.

koo = 2.065 x 0.6783 = 1.401. [Ans.]

Calculations for heterogeneous thermal reactors are considerably more diffi-
cult than those for homogeneous reactors. It is still possible to write koo = 17 fPp€,
and to use the equations for criticality derived earlier, but the factors in these for-
mulas must be computed with some care.

The Value of 57

Most heterogeneous reactors are fueled with natural or partially enriched uranium
in metallic or oxide form. The term fuel then refers to a mixture of 23U, 238U, and
oxygen. In either case, 17 can be found from the formula

V5T
= =t (6.110)
Xa2s + Xag
since the absorption cross-section of oxygen is essentially zero.

Example 6.11
Compute the value of n7 for natural uranium at room temperature.

Solution. It is convenient first to rewrite Eq. (6.110) in the form
V250 f25
nr = N
Tuzs + —T a2g
a N25 a

The ratio N,g/N,s = 138 for natural uranium. Then using the values v,5 = 2.42,
025 = 582D, g5 (20°C) = 0.976, 0425 = 681 b, ga25 (20°C) = 0.978, 0,28 = 2.70
b, ga28 (20°C) = 1.0017 gives

_ 2.42 x 582 x 0.976

" 681 x 0.978 4+ 138 x 2.70 x 1.0017

nr = 1.32. [Ans.]

Thermal Utilization

Thermal utilization is defined as the probability that a thermal neutron, if it is
ultimately absorbed in the core, is in fact absorbed in fuel. This, in turn, is equal
to the ratio of the number of neutrons that are absorbed in fuel per second to the
number absorbed per second in both fuel and moderator.’

"It is assumed here that the reactor core consists of only fuel and moderator. In real reactors,
cladding, structural materials, control rods, and other materials are always present.
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The number of neutrons absorbed in the fuel per second is given by

/ fansT dv
Vr

where X is the macroscopic thermal absorption cross-section of the fuel, and the
integration is carried out over the volume of the fuel Vg. This number can also be
written as

Tordr Vi,

where ¢, is the average thermal flux in the fuel. The number of neutrons absorbed
per second in the moderator is given by a similar expression, so that f becomes

T orPre Ve
YardrEVE + Tamdrm WM

By dividing the numerator and denominator of Eq. (6.111) by ¢, f can be
put in the form

f= (6.111)

T Vi
f== iad : (6.112)
EaFVF+ EaMVMg

where

¢ =dru/Pre (6.113)

is called, for reasons discussed later, the thermal disadvantage factor.

The values of ¢ and ¢y cannot be calculated exactly except by numerical
methods. However, the qualitative behavior of the flux in the fuel and moderator is
shown in Fig. 6.7. It is seen that the flux is smaller in the fuel than in the moderator.
This is to be expected on physical grounds since the absorption cross-section of the
fuel is so much higher than that of the moderator. It also follows that ¢ 7 is smaller
than ¢\, so that from Eq. (1.113), ¢ is greater than unity. This fact has important
consequences that are considered later in this section.

Moderator F}Jel Moderator
I
I

1

i Flux Figure 6.7 Neutron flux in and

near a fuel rod.

—
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Fuel Equivalent Figure 6.8 A square lattice of fuel
rods  cell rods showing an equivalent cell.

Although f cannot be calculated analytically, it is possible to derive approxi-
mate formulas for this parameter. In these approximations, an infinite array or lattice
of fuel rods is divided into unit cells as shown in Fig. 6.8. Calculations of the rate
at which neutrons are absorbed in the fuel and moderator are then carried out in
the equivalent cylindrical cell—that is, the cell whose volume is equal to that of the
noncylindrical cell. This procedure is called the Wigner—Seitz method.

The results of these calculations are usually presented in the following form:

1 TamV;

=M ME Lk, (6.114)

f XarVE
where F and E are called lattice functions. In the simplest calculations of these
functions, in which diffusion theory is assumed to be valid in both the fuel and
moderator, F and E are given by

i on(x)
Fx) = 2,0 (6.115)
and
2 2
E(y, 2) = -y [Io(y)K1(z) + KO()’)II(Z)] 6.116)
2y LK (y) — Ki(2) 11 (y)

In these formulas,
x =a/Lkp, y =a/Ln, Zz=>b/Lw,

where a is the radius of the fuel rod, b is the radius of the equivalent cell, and Lg
and Ly are the thermal diffusion lengths of the fuel and moderator, respectively.
A short list of values of Lg is given in Table 6.4. The functions I, and K,,, where
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TABLE 6.4 THERMAL DIFFUSION LENGTHS

OF FUEL
Fuel Lg, cm
Natural uranium 1.55
U304 3.7

n = 0 and 1, are called modified Bessel functions. A short table of these functions
is given in Appendix V.

Equations (6.115) and (6.116) are reasonably accurate for reactors in which
a <« b—that is, reactors in which the moderator volume is much larger than the
fuel volume. This is usually the case in large gas-cooled reactors. However, these
equations provide only rough estimates of f for reactors with more tightly packed
lattices. Most modern power reactors are of this latter type, and more complicated
formulas must be used for these systems.

It may be mentioned that, when x, y, and z are less than about 0.75, the
following series expansions can be used with good accuracy to compute F and E
for cylindrical rods:

=143 (- ()

2 2
E(y,z)=1+z—[z—l <£>—
2 [22-y> \y

Example 6.12

The core of an experimental reactor consists of a square lattice of natural uranium
rods imbedded in graphite. The rods are 1.02 cm in radius and 25.4 cm apart.® Cal-
culate the value of f for this reactor.

(%) (6.117)

1
48
3y

T+ 6.118
A

Solution. It is first necessary to determine the radius b of the cylindrical cell having
the same volume as the unit cell. Both cells are shown in Fig. 6.9. These cells are of
equal length, so for equal volumes it is necessary that

b* = (25.4)%
and so

b=254/J7 =143 cm.

8The distance between the centers of nearest rods, 25.4 cm in the example, is called the lattice
spacing or lattice pitch.
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Figure 6.9 A square lattice with
25.4-cm pitch.

For natural uranium, L7 = 1.55 cm; for graphite, L7 = 59 cm. Thus,

x = 1.02/1.55 = 0.658,
y = 1.02/59 = 0.0173,
z=14.3/59 = 0.242.

Introducing these values into Eqs. (6.117) and (6.118) gives F = 1.0532and E =
1.0557.

From Table I1.3, at 0.0253 eV, ,q = 0.0002728 cm™! and X, = 0.3668
cm~! Also, Vm/VE = (b* — a?)/a®> = 195.6. Substituting into Eq. (6.114) then
gives

1 0.0002728 x 195.6
f 0.3668

x 1.0532 4+ 1.0557 = 1.2089,

so that

f =0.8272. [Ans.]
Resonance Escape Probability

It is recalled from Section 6.5 that the resonance escape probability, as the name
implies, is the probability that a fission neutron will escape capture in resonances
as it slows down to thermal energies. Analytical-numerical methods have been de-
vised for computing p from nuclear cross-section data, but these are beyond the
scope of this text. However, many measurements of p have been carried out, and
these have shown that p can be expressed approximately by the formula

NrVel ]

_— (6.119)
IMEsmVm
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TABLE 6.5 CONSTANTS FOR COMPUTING 7*

Fuel A C

238U (metal) 2.8 38.3
280, 3.0 39.6
232Th (metal) 39 209
22ThO, 3.4 24.5

*Based on W.G. Pettus and M. N. Baldwin, Babcock and
Wilcox Company reports BAW-1244, 1962 and BAW-1286,
1963.

TABLE 6.6 VALUES OF {mZsm

Moderator MM
Water 1.46
Heavy water 0.178
Beryllium 0.155
Graphite 0.0608

Here Nf is the atom density of the fuel lump, in units of 10?4, V¢ and Vi
are the volumes of fuel and moderator, respectively, ¢y is the average increase in
lethargy per collision in the moderator (see Section 3.6), Xy is the macroscopic
scattering cross-section of the moderator at resonance energies, and / is a parame-
ter known as the resonance integral. Values of I for cylindrical fuel rods are well
represented by the following empirical expression:

I=A+C/Jap, (6.120)

in which A and C are measured constants given in Table 6.5, a is the fuel rod
radius, and p is the density of the fuel. For convenience in making calculations,
values of {M X,y are given in Table 6.6.

It should be noted that, according to Eq. (6.119), I has dimensions of cross-
section. The constants in Table 6.5, when introduced into Eq. (6.120), give I in
barns. However, a must be given in cm and p given in g/cm® Also, it should be
pointed out that, although the values of the constants A and C in Table 6.5 are given
for the pure resonance absorbers 23U and 232Th, these constants are also valid for
slightly enriched uranium and for thorium containing a small quantity of converted
233U, Small amounts of 23°U or 233U in the fuel do not significantly alter the extent
of resonance absorption in the 238U or the 2*’Th—the fuel is still essentially all
238U or 232Th, as the case may be.

Example 6.13
Calculate p for the lattice described in Example 6.12.
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Solution. The rod radius is @ = 1.02 cm, and the uranium density is 19.1 g/cm?
From Eq. (6.120), the resonance integral is therefore

I=28+383/4/1.02 x 19.1
—11.5b.

From Table I1.3, Ng = 0.0483 in units of 102* From Table 6.6, {yXam = 0.0608;
from Example 6.12, Vy/ Vg = 195.6. Introducing these values into Eq. (6.119) gives

0.0483 x 11.5
0.0608 x 195.6
= exp(—0.04670) = 0.9544. [Ans.]

Fast Fission

p = €xp

The fast fission factor, €, the ratio of the total number of neutrons emitted from both
thermal and fast fission to the number emitted in thermal fission alone, has been
calculated and measured for a large number of heterogeneous reactors. Results of
experiments with 1.50 cm diameter, slightly enriched uranium rods’® in ordinary
water are shown in Fig. 6.10. It is observed that € increases as the ratio of the
uranium volume to water increases. This would be expected physically. Thus with
more uranium metal present in the system, the probability is greater that a fission
neutron will strike a uranium nucleus before its energy falls below the fast fission

1.15
1.5 cm rods
1.10 /T,/
Amogcneous
105 / mixture
1.00
0 0.5 1.0 1.5

Metal-water volume ratio

Figure 6.10 The fast fission
factor as a function of metal-water
volume ratio.

% As noted earlier, most modern power reactors, at least those in the United States, use slightly
(2-3 w/o) enriched uranium. Since at low enrichments the 238U content of the fuel is essentially
independent of enrichment, the value of € does not depend strongly on enrichment.
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threshold in a collision with the moderator. Also shown in Fig. 6.10 are computed
values of € for a homogeneous mixture of uranium and water. It is evident from the
figure that € is not a sensitive function of the radius of the fuel rods.

Considerable additional data on €, including data on moderators other than
water, are found in the report ANL-5800 (see References).

The Value of k.

It is of interest to compare the values of the parameters in the four-factor formula
for a heterogeneous thermal reactor with those of a homogeneous mixture of the
same materials. Consider first the thermal utilization, which for the heterogeneous
system is given by Eq. (6.111) or (6.112):

Tardre Ve _ Tar Vi
TorbreVE + TambrmWM ZarVe + TamVml

where ¢ is the disadvantage factor (cf. Eq. (6.113). If the system is homogenized,
the terms T ,r¢ 5 Vi and T,mé 7y Vi give the total absorption in the fuel and mod-
erator. However, in a homogeneous system, the fluxes in the fuel and moderator are
the same—that is, ¢ = ¢ry—so that £ = 1, and therefore

Ve
Ve + ZamWum

It was shown earlier that ¢ is greater than unity for a heterogeneous reactor. From
a comparison of Egs. (6.112) and (6.121), it follows that

Jhetero < fhomo- (6.122)

The physical reason that f is smaller for the heterogeneous system thanfor its
homogenized equivalent is that, in the heterogeneous case, as noted earlier, the flux
is lower in the fuel than it is in the moderator. This depression in the flux is caused
by the fact that some of the neutrons entering the fuel from the moderator are
absorbed near the surface of the fuel, and they simply do not survive to contribute
to the flux in its interior. The outer portion of the fuel thus shields the interior, and
this state of affairs is known as self-shielding.

What is a disadvantage for the thermal utilization, however, is necessarily
an advantage as far as the resonance escape probability is concerned. Thus, al-
though self-shielding decreases the absorption of thermal neutrons in the fuel, it
also reduces the number of neutrons that are absorbed parasitically by resonance
absorbers in the fuel. Therefore, it follows that the resonance escape probability
for a heterogeneous system is larger than for the equivalent homogeneous mixture.
Furthermore, since the average absorption cross-section of the fuel at resonance
energies is much larger than the absorption cross-section at thermal energies, the

f hetero =

fhomo = (6121)
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depression in the flux of resonance neutrons is greater than it is for thermal neu-
trons. As a consequence, the decrease in f for the heterogeneous system is more
than offset by the increase in p.

The fast fission factor for a heterogeneous reactor is also larger than for the
homogeneous system, as may be seen in Fig. 6.10. This is because in the hetero-
geneous case the fission neutrons pass through a region of pure fuel, where they
are likely to induce fast fission before they encounter the moderator. The effect of
heterogeneity is not as pronounced with €, however, as it is with f and p.

In view of the fact that

(fp)hetero > (fp)homo

and

€hetero = €homo>

it follows that k., for a heterogeneous reactor is greater than for its homogeneous
equivalent.'? This result is of considerable importance in the design of certain reac-
tors. In particular, the maximum value of k, for a homogeneous mixture of natural
uranium and graphite is only 0.85, and such a reactor cannot become critical. By
lumping the fuel into a heterogeneous lattice, ko, can be made sufficiently greater
than unity that a critical reactor can be constructed using these materials.
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PROBLEMS

Note: Make all computations at room temperature, unless otherwise stated, and
take the recoverable energy per fission to be 200 MeV.

1. Calculate the fuel utilization and infinite multiplication factor for a fast reactor con-
sisting of a mixture of liquid sodium and plutonium, in which the plutonium is present
to 3.0 w/o. The density of the mixture is approximately 1.0 g/cm?

2. The core of a certain fast reactor consists of an array of uranium fuel elements im-
mersed in liquid sodium. The uranium is enriched to 25.6 ¥/, in 33U and comprises
37% of the core volume. Calculate for this core (a) the average atom densities of
sodium, 2°U, and 2*8U; (b) the fuel utilization; (c) the value of 7; (d) the infinite
multiplication factor.
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3. Abare-cylinder reactor of height 100 cm and diameter 100 cm is operating at a steady-
state power of 20 MW. If the origin is taken at the center of the reactor, what is the
power density at the point r = 7 cm, z = —22.7 cm?

4. In a spherical reactor of radius 45 cm, the fission rate density is measured as 2.5 x 10!!
fissions/cm>-sec at a point 35 cm from the center of the reactor. (a) At what steady-
state power is the reactor operating? (b) What is the fission rate density at the center
of the reactor?

5. Using the flux function given in Table 6.2 for a critical finite cylindrical reactor, derive
the value of the constant A.

6. The core of a certain reflected reactor consists of a cylinder 10-ft high and 10 ft in
diameter. The measured maximum-to-average flux is 1.5. When the reactor is operated
at a power level of 825 MW, what is the maximum power density in the reactor in
kW/liter?

7. Suppose the reactor described in Example 6.3 was operated at a thermal power level

of 1 kilowatt. How many neutrons would escape from the reactor per second? [Hint:
See Example 6.4.]

8. Show that in a one-group model, the power produced by a reactor per unit mass of
fissile material is given by

watts kW 3.2x10"0,¢N,

g _E M

where o is the one-group fission cross-section, ¢ is the average one-group flux, N4
is Avogadro’s number, and MF is the gram atomic weight of the fuel.

9. (a) Estimate the critical radius of a hypothetical bare spherical reactor having the same
composition as the reactor in Problem 6.1. (b) If the reactor operates at a thermal
power level of S00 MW, what is the maximum value of the flux? (c) What is the
probability that a fission neutron will escape from the reactor?

10. An infinite slab of moderator of thickness 2a contains at its center a thin sheet of
235U of thickness ¢. Show that in one-group theory the condition for criticality of this
system can be written approximately as

2D a
—————coth— =1,
(T}— l)LEaFt L

where D and L are the diffusion parameters of the moderator and X4 is the macro-
scopic absorption cross-section of the 233U.

11. A large research reactor consists of a cubical array of natural uranium rods in a
graphite moderator. The reactor is 25 ft on a side and operates at a power of 20 MW.
The average value of b3} Fis 2.5 x 103 cm™! (a) Calculate the buckling. (b) What is
the maximum value of the thermal flux? (c) What is the average value of the thermal
flux? (d) At what rate is 25U being consumed in the reactor?

12. Show with a recoverable energy per fission of 200 MeV the power of a 233U-fueled
reactor operating at the temperature 7 given by either of the following expressions:
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13.

14.

15.

16.

17.

18.

19.

20.

P = 4.73mpge(T) Py x 10714 MW
or
P = 7.19mpgp(T) ¢, x 10713 MW,

where mpF is the total amount in kg of >3U in the reactor, gr(7T') is the non-1/v factor
for fission, ¢, is the average 2,200 meters-per-second flux, and ¢ is the average
thermal flux.

Solve the following equations:
3x +4y + 7z =16,
x—6y+z=2,
2x + 3y + 3z =12.

Solve the following equations:

3.1x +4.0y +7.22 =0,
x —5.0y—9.0z =0,
Tx +4.5y + 8.1z 4+ 8.1z =0.

A homogeneous solution of 23*U and H,O contains 10 grams of 2**U per liter of
solution. Compute (a) the atom density of 2>>U and the molecular density of H,0O;
(b) the thermal utilization; (c) the thermal diffusion area and length; (d) the infinite
multiplication factor.

Compute the thermal diffusion length for homogeneous mixtures of 233U and the
following moderators at the given fuel concentrations and temperatures. Graphite:
N@Q5)/N(C) = 47 x 107% T = 200°C. Beryllium: N(25)/N (Be) 1.3 x
1075; T = 100°C. D,0: N(25)/N(D,0) 14 x 1075 T = 20°C. H,O0:
N(25)/N(H,0) =9.2 x 10~%; T = 20°C.

Consider a critical bare slab reactor 200 cm thick consisting of a homogeneous mix-
ture of 2°U and graphite. The maximum thermal flux is 5 x 10'? neutrons/cm?-sec.
Using modified one-group theory, calculate: (a) the buckling of the reactor; (b) the
critical atomic concentration of uranium; (c) the thermal diffusion area; (d) the value
of k; (e) the thermal flux and current throughout the slab; (f) the thermal power
produced per cm? of this slab.

The binding energy of the last neutron in '3C is 4.95 MeV. Estimate the recoverable
energy per fission in a large graphite-moderated, 2>>U-fueled reactor from which there
is little or no leakage of neutrons or y-rays.

Calculate the concentrations in grams per liter of (1) 233U, (2) 233U, and (3) 2*°Pu re-
quired forcriticality of infinite homogeneous mixtures of these fuels and the following
moderators: (a) H,O, (b) D,0, (c) Be, (d) graphite.

A bare-spherical reactor 50 cm in radius is composed of a homogeneous mixture of
235U and beryllium. The reactor operates at a power level of 50 thermal kilowatts.
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Using modified one-group theory, compute: (a) the critical mass of 233U; (b) the ther-
mal flux throughout the reactor; (c) the leakage of neutrons from the reactor; (d) the
rate of consumption of 233U.

21. The flux in a bare-finite cylindrical reactor of radius  and height H is given by

2.405
o () s ()
R H

Find A if the reactor is operated at a power of P watts.

22. It is proposed to store H,O solutions of fully enriched uranyl ( = u’ra-nil) sulfate
(33U0,80,) with a concentration of 30 g of this chemical per liter. Is this a safe
procedure when using a tank of unspecified size?

23. Show that the flux in a bare-cubical reactor of side a is
3
p=A (cos Zx)
a

24. If the reactor in Problem 6.23 is operating at P watts, show that the constant A is

P
A=

Er Xy % a3 (sin %%)3
25. A bare-thermal reactor in the shape of a cube consists of a homogeneous mixture
of 235U and graphite. The ratio of atom densities is Ne/Nm = 1.0 x 107> and the
fuel temperature is 250°C. Using modified one-group theory, calculate: (a) the critical
dimensions; (b) the critical mass; (c) the maximum thermal flux when the reactor
operates at a power of 1 kW.

26. The original version of the Brookhaven Research Reactor consisted of a cube of
graphite that contained a regular array of natural uranium rods, each of which was
located in an air channel through the graphite. When the reactor was operated at a ther-
mal power level of 22 MW, the average fuel temperature was approximately 300°C
and the maximum thermal flux was 5 x 10'2 neutrons/cm?-sec. The average values
of L2 and tr were 325 cm? and 396 cm?, respectively, and koo = 1.0735. (a) Calcu-
late the critical dimensions of the reactor; (b) What was the total amount of natural
uranium in the reactor?

27. Using one-group theory, derive expressions for the flux and the condition for criticality
for the following reactors: (a) an infinite slab of thickness g, infinite reflector on both
sides; (b) an infinite slab of thickness a, reflectors of thickness b on both sides; (c) a
sphere of radius R, reflector of thickness b.

28. The core of a spherical reactor consists of a homogeneous mixture of >*>U and
graphite with a fuel-moderator atom ratio Ng/Ny = 6.8 x 10=% The core is sur-
rounded by an infinite graphite reflector. The reactor operates at a thermal power of
100 kW. Calculate the: (a) value of koo; (b) critical core radius; (c) critical mass; (d)
reflector savings; (e) thermal flux throughout the reactor; (f) maximum-to-average
flux ratio.
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29,

30.

31.

32,

33.

34.

35.

36.

Estimate the new critical radius and the critical mass of a reactor with the same com-
position as described in Problem 6.20 when the core is surrounded by an infinite beryl-
lium reflector.

Show that the solution to the one-speed diffusion equation in an infinite cylinder made
of a nonmultiplying media is

¢ = AKo+ Cl,

where K and / are modified bessel functions.

An infinite-cylindrical reactor core of radius R is surrounded by an infinitely thick
reflector. Using one-group theory, (a) find expressions for the fluxes in the core and
reflector; (b) show that the condition for criticality is

Ji(BR) D, K\(R/L,)

Jo(BR) ~ L, Ko(R/L;)’

c

where Jyp and J; are ordinary Bessel functions and Ky and K| are modified Bessel
functions.

The core of an infinite planar thermal reactor consists of a solution of 239py and H,0
with a plutonium concentration of 8.5 g/liter. The core is reflected on both faces by
infinitely thick H, reflectors. Calculate the: (a) reflector savings, (b) critical thickness
of the core, (c) critical mass in g/cm?.

The core of a thermal reactor consists of a sphere, 50 cm in radius, that contains
a homogeneous mixture of 2>*U and ordinary H,O. This core is surrounded by an
infinite H,O reflector. (a) What is the reflector savings? (b) What is the critical mass?
(c) If the maximum thermal flux is 1 x 10!3 neutrons/cm?-sec, at what power is the
reactor operating? [Hint: Compute M2 for core assuming the reactor is bare and of
radius 50 cm. Use this value of M2 to estimate § and then compute new M2 assuming
reactor is bare and of radius 50 + é. Iterate until convergence is obtained.]

A spherical-breeder reactor consists of a core of radius R surrounded by a breeding
blanket of thickness b. The infinite multiplication factor for the core ko, is greater
than unity, whereas that for the blanket k., is less than unity. Using one-group theory,
derive the critical conditions and expressions for the flux throughout the reactor.
Plate-type fuel elements for an experimental reactor consist of sandwiches of uranium
and aluminum. Each sandwich is 7.25 cm wide and 0.16 cm thick. The cladding is
aluminum that is 0.050 cm thick. The meat is an alloy of fully enriched uranium and
aluminum which has 20 ¥/, uranium and a density of approximately 3.4 g/cm? (a)
Estimate the mean free path of thermal neutrons in the meat and cladding in this fuel
element. (b) Is a reactor fueled with these elements quasi-homogeneous or heteroge-
neous?

The fuel sandwiches in the reactor in the preceding problem were braised into alu-
minum holders and placed in a uniform array in an ordinary water moderator. The
(total) metal-water volume ratio is 0.73, and there are 120 atoms of aluminum per
atom of uranium. Calculate: (a) the thermal utilization; (b) ko ; (c) the thermal diffu-
sion length. [Note: In part (c), compute the value of D for the homogeneous mixture
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by adding together the macroscoplc transport cross-sections of the aluminum and wa-
ter. For X, of water, use 3 LD, where D is the experimental value of D for water,
corrected of course for density.]

37. A heterogeneous uranium—water lattice consists of a square array of natural uranium
rods 1.50 cm in diameter with a pitch of 2.80 cm. Calculate the: (a) radius of the
equivalent cell; (b) uranium-water volume ratio Vg/ Viy; (c) thermal utilization; (d)
resonance escape probability; (e) fast fission factor (from Fig. 6.10); (f) koo

38. Repeat the calculations of Problem 6.37 for the case in which the uranium is enriched
to 2.5 w/o in 2P U.

39. In a hexagonal lattice (also called a triangular lattice), each fuel rod is surrounded

by six nearest neighbor rods, equally spaced at a distance equal to the pitch s of the
lattice. Show that the radius of the equivalent cell in this lattice is given by

b=0.525s.

40. Calculate ko, for a hexagonal lattice of 1.4-cm-radius natural uranium rods and
graphite if the lattice pitch is 20 cm. [Note: The fast fission factor for this lattice is
1.03.]
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The Time-Dependent Reactor

The previous Chapter was concerned with critical nuclear reactors operating at
constant power. Needless to say, reactors are not always critical. It is necessary,
for instance, for a reactor to be supercritical to start it up or raise its power level,
whereas it must be subcritical to shut it down or reduce power. The study of the
behavior of the neutron population in a noncritical reactor is called reactor kinetics.
This subject is discussed in Section 7.2.

The degree of criticality of a reactor is usually regulated by the use of control
rods or chemical shim. Control rods are pieces or assemblies of neutron-absorbing
material whose motions have an effect on the multiplication factor of the system.
Thus, if a control rod is withdrawn from a critical reactor, the reactor tends to be-
come supercritical; if a rod is inserted, the system falls subcritical. With chemical
shim, control is accomplished by varying the concentration of a neutron-absorbing
chemical, usually boric acid (H3BO3), in a water moderator or coolant. Some el-
ementary calculations of the effectiveness of control rods and chemical shim in
reactor control are given in Section 7.3.

One of the most important factors affecting criticality is the reactor temper-
ature. Several of the parameters entering into the value of k are temperature de-
pendent, and changes in T necessarily lead to changes in k. This circumstance is

327
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especially relevant to the question of reactor safety and is discussed in Section 7.4.
A related matter, the effect on k of the formation of voids within a reactor, is also
considered in Section 7.4.

Besides changing reactor power level and responding to changes in temper-
ature, control rods and/or chemical shim systems are used to compensate for the
burnup of the fuel over the lifetime of a reactor core. In this connection, it should
be noted that a reactor is initially fueled with more than the minimum amount of
fuel necessary for criticality—if this were not the case and it were fueled with only
its minimum critical mass, the reactor would fall subcritical after the first fission.
Control rods, boric acid, gadolinium, and other neutron absorbers are introduced
into the core to compensate for the excess fuel. Then as fissions occur, the fuel is
consumed, the gadolinium is depleted, and the rods are slowly withdrawn or the
H3BOj3 concentration is reduced to keep the reactor critical.

Two fission-product nuclides are formed with each fission, so there is an accu-
mulation of fission products as the fuel is consumed. Certain of these nuclides—in
particular, '3Xe and '*°Sm—have very large absorption cross-sections, and their
presence in a reactor can have a profound effect on the value of k. Most of the other
fission products have much smaller o, and tend to reduce k more gradually over
the life of the core. The generation and accumulation of fission-product poisons is
discussed in Section 7.5.

In reactors containing fertile material, the production by conversion of new
fissile material compensates to some extent for fuel burnup and fission product
formation. These changes in the properties of a reactor core with time have an
obvious effect on determining the useful life of the total energy output which can
be expected from a given core, and therefore have a bearing on overall power costs.
This interplay between fuel properties and the economics of power production,
together with the management decisions it makes necessary, form the subject of
nuclear fuel management which concludes this chapter.

7.1 CLASSIFICATION OF TIME PROBLEMS

The time dependence of the neutron population may be divided into three classes
of problems. These classes are the short, intermediate, and long time problems. The
first class of short time problems usually occurs over seconds to tens of minutes. In
this class of problems, the depletion of the fuel is small and can be ignored. Such
problems arise during reactor transient and safety analysis calculations.

The second class of problems involves time scales that are on the order of
hours to at most a day or two. Here again, the depletion of the fuel is ignored.
However, the changing characteristics of the fission products must be accounted
for.



Sec. 7.1 Classification of Time Problems 329

Finally, the long-term problems involve time periods of days to months. This
class of problems requires a detailed knowledge of the fuel depletion and the dis-
tribution of both the flux and fuel in the reactor. This problem is of major concern
for fuel-management calculations.

Long Time or Depletion Problems These problems are concerned
with the variation of the neutron flux over long periods of time. However, they can
be treated in a relatively simple manner by assuming that the changes in the flux
occur slowly over time, and hence the reactor may be treated as if it is in a se-
ries of stationary states. The problems are solved using an adiabatic approximation
where the reactor is assumed to go through several stationary configurations. These
configurations are determined by solving the steady-state time-independent case.

This type of problem is solved by assuming that the neutron production and
loss terms are balanced. The diffusion equation is written as

DV?¢ — T,¢ = A\E ¢, (7.1)

where A is an eigenvalue of the problem. It is assumed to be adjustable and is
varied to give the solution. For a time-independent solution, A must be equal to 1.
If A # 1, then something must be changed, such as the buckling so that the leakage
is changed, or the absorption or the fission cross-section so that the reaction rates
are altered.

The design problem is then to obtain an eigenvalue of A = 1 throughout the
life of the reactor. Once the condition is obtained, the reactor power will be constant
and time independent. The multiplication factor of the core will be equal to one.
One can identify A as equal to 1/k where k is the multiplication factor.

The process in reality has introduced a parameter A that is equal to one when
the problem is time independent. In doing the analysis in this manner, we have
solved an artificial problem that corresponds to the case of k = 1. Values of A other
than one are not real since the problem is then time dependent. But the value of A
does give us an understanding of what state the reactor is in. The management of
the fuel in a reactor is largely based on this type of an approach.

Short Time Problems These problems are typically encountered when
there is an action that causes the conditions in the reactor system to be perturbed.
For example, the steam demand might suddenly be altered due to a change in tur-
bine load. In a BWR, this is seen as a change in pressure in the reactor vessel. For
a PWR, the change manifests itself as an alteration in the primary system tempera-
ture. These changes lead to changes in the moderation rate of the neutrons, causing
the multiplication factor, &, to change.

The method most often used to solve short-term problems is based on the as-
sumption that the shape of the reactor flux does not change. The reactor is assumed
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to act as a point, hence the name point kinetics. Such an approach is the basis for
most analyses of reactor systems except where flux shapes are known to vary with
time.

Intermediate Time Problems This class of problems is dominated by
the changing concentration of the fission products due to their radioactive decay.
Since several of the fission products are produced in significant quantities and have
large enough thermal neutron absorption cross-sections, they become of concern
due to their absorption of thermal neutrons. Since their concentrations are varying
with time, the variation will affect the absorption term in the multiplication factor.
This change in absorption rate must then be accounted for in the calculation if the
reactor is to stay critical.

Solution methods vary depending on the need to account for the spatial vari-
ation of the fission products. If dependence of the concentration is ignored, then
the point kinetics equation may be used to solve for the time-dependent power by
properly accounting for the time variation of k.

7.2 REACTOR KINETICS

It is recalled from Chapter 3 that most of the neutrons emitted in fission appear
virtually at the instant of fission; these are the prompt neutrons. A small fraction of
the fission neutrons appears long after the fission event; these fissions are delayed
neutrons. The time behavior of a reactor depends on the various properties of these
two types of neutrons. The prompt neutrons are considered first.

Prompt Neutron Lifetime

Following their emission, the prompt fission neutrons slow down as the result of
elastic and inelastic collisions with nuclei in the system. In a fast reactor, they do
not slow down very much—only to the order of tens or hundreds of keV—before
they are absorbed or leak out of the core. In thermal reactors, however, most of them
succeed in reaching thermal energies without being absorbed or escaping from the
system. As thermal neutrons, they diffuse about in the reactor; some eventually are
absorbed and some leak out. The average time between the emission of the prompt
neutrons and their absorption in a reactor is called the prompt neutron lifetime and
is denoted by /,,.

Consider first the value of /, in an infinite thermal reactor. It can be shown
theoretically, and it has been found experimentally, that the time required for a
neutron to slow down to thermal energies is small compared to the time that the
neutron spends as a thermal neutron before it is finally absorbed. The average life-
time of a thermal neutron in an infinite system is called the mean diffusion time and
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is given the symbol ¢,. It follows, therefore, that
I, ~1y 7.2)

for an infinite thermal reactor.

It is an easy matter to calculate #;. A thermal neutron of energy E travels, on
the average, an absorption mean free path A, (E) before being absorbed. It survives,
therefore, the time

t(E) = A (E)/v(E), (7.3)

where v(E) is the neutron speed corresponding to the energy E. The mean diffu-
sion time is then the average value of ¢ (E)—that is,

tqg =t(E). (7.4)
Since A,(FE) 1/X,(E), where X,(E) is the macroscopic absorption cross-
section at the energy E, Eq. (7.3) can be written as
1
tH(E)= ———. (7.5)
X, (E)v(E)

If the absorption is 1/v, as it is at least approximately in thermal reactors, ¥,(E) =
X,(Eg)vo(E)/v(E), where Eq = 0.0253 eV and vy = 2,200 m/sec, and Eq. (7.5)
becomes

1
tH(E)= ——. (7.6)
Ya(Eo)vo
Thus, ¢ (E) is a constant, independent of E, and
1 JT

T T.(EQve 23,07

where use has been made of Eqgs. (5.55) and (5.59) with g,(T) = 1. Values of ¢,
for several moderators are given in Table 7.1.

td (M)

TABLE 7.1 APPROXIMATE DIFFUSION
TIMES FOR SEVERAL MODERATORS

Moderator g, S€c
H,0 2.1 x 10~
D,0O* 43 x 1072
Be 39 x 1073
Graphite 0.017

*With 0.25% H,O impurity.
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__ If the reactor consists of a mixture of fuel and moderator, then Y. =Xg+
Yam, and Eq. (7.7) becomes

g = ﬁ
T 20 (Tur + Tam)

(7.8)

which can also be written as

\/;T_ faM
tg =

B 2UT§QM fa]: + faM '

The first factor in this equation is the mean diffusion time for the moderator, #4v;
the second factor is equal to 1 — f, where f is the thermal utilization (see Eq. 6.58).
Thus, for the mixture,

ta = tam(1 — f). (7.9)

Example 7.1

Calculate the prompt neutron lifetime in an infinite, critical thermal reactor consist-
ing of a homogeneous mixture of 233U and unit density H,O at room temperature.

Solution. Since the reactor is critical,
koo = 77Tf =1,

so that f = 1/nr. From Table 6.3, nr = 2.065 and therefore f = 0.484. According
to Table 7.1, t, for water is 2.1 x 10~* sec. Using Egs. (7.2) and (7.8),

I, ~1t3 =2.1x 107%(1 — 0.484) = 1.08 x 10~ sec. [Ans.]

The prior results only pertain to thermal reactors. Prompt neutron lifetimes
are considerably shorter in fast reactors than in thermal reactors since the neutrons
never have an opportunity to reach thermal energies. In a fast reactor, the value of
i, is on the order of 1077 sec.

Reactor with No Delayed Neutrons

As noted at the beginning of this section, the delayed neutrons play an important
role in reactor kinetics. This is a remarkable fact since so few fission neutrons are
delayed—Iless than 1% for thermal fission in 2>°U. To understand the importance
of the delayed neutrons, it is helpful to consider first the kinetics of a reactor in
the absence of delayed neutrons—that is, assuming that all neutrons are emitted
promptly in fission. For the moment, the discussion is restricted to the infinite ther-
mal reactor.
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Next we note thatthe absorption of a fission neutron in the fission process be-
gins a new generation of fission neutrons. The mean generation time, A, is defined
as the time between the birth of a neutron and subsequent absorption-inducing fis-
sion. In the typical case of k >~ 1 and in the absence of delayed neutrons, [, is
approximately equal to A—the time between successive generations of neutrons
in the chain reaction. It follows from the definition of k., that the absorption of a
neutron from one generation leads to the absorption, /, sec later, of k., neutrons
in the next generation. Thus, if Ng(¢) is the number of fissions (which, of course,
is proportional to the number of neutron absorptions) occurring per cm?/sec at the
time ¢, then the fission rate /, seconds later will be

Np(t +1p) = koo Nrp(2). (7.10)
The first term in this equation can be expanded as

dNr(t)

Ne(t +1,) > Np@t) +1,——,

and when this is substituted back into Eq. (7.10), the result is

dANF(t) _ koo —

1
o ; NEg(t). (7.11)

The solution to this equation is

Nrp(t) = Np(0) exp (k°°l_ 1) t, (7.12)
p

where Ng(0) is the fission rate at ¢+ = 0. Equation (7.12) can also be written as

Np(t) = Np(0)e'/T (7.13)
in which
T—_tr (7.14)
T koo — 1 :

is called the reactor period—in the absence of delayed neutrons.

Example 7.2

Suppose that the reactor described in Example 7.1 is critical up to time ¢ = 0, and
then k is increased from 1.000 to 1.001. Compute the response of the reactor to this
change in koo.
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Solution. From Example 7.1, [, is approximately 10~ sec, so that from Eq. (7.14),

10~4

T=—
1.001 — 1.000

= 0.1 sec.

The flux (and power) would therefore increase as e'" where ¢ is in seconds. [Ans.]

The period computed in Example 7.2 is very short. Thus with a period of 0.1
sec, the reactor would pass through 10 periods in only 1 second, and the fission rate
(and power) would increase by a factor of ¢!? = 22,000. Had the reactor originally
been operating at a power of 1 megawatt, the system would reach a power of 22,000
megawatts in 1 sec if it did not destroy itself first—as it undoubtedly would.

Fortunately, this analysis, in which delayed neutrons have been omitted, does
not describe the kinetics of an actual reactor. As is shown presently, the delayed
neutrons considerably increase the reactor period. As a consequence, reactors can
be controlled rather easily.

Reactor with Delayed Neutrons

In an accurate reactor kinetics calculation, it is necessary to consider in detail the
production and decay of each of the six groups of delayed neutron precursors. The
resulting mathematical analysis is necessarily rather complicated. To simplify the
discussion, it is assumed for the moment that there is only one group of delayed
neutrons that appear from the decay of a single hypothetical precursor.!

Consider an infinite homogeneous thermal reactor that may or may not be
critical. Since the thermal flux must be independent of position, the time-dependent
diffusion equation for the thermal neutrons is (see Eq. [5.16]):

Tupr = (7.15)
St a®r = T .
where s7 is the source density of neutrons slowing down into the thermal energy

region, and » is the density of thermal neutrons. From Eq. (5.56),

2
¢r = ﬁnvr,
and Eq. (7.15) becomes
— d
5y — Tapr = YELT (7.16)
2ur dt

The one delayed neutron group may be thought of as an effective delayed neutron group
when an average over all six groups is taken.
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Dividing this equation through by X, and making use of Eq. (7.7) gives

ST dor
> ér =t i (7.17)

Finally, since t; >~ [, Eq. (7.17) can also be written as

ST dor
= —¢r=1,—. 7.18
Ea ¢T p dt ( )
If all of the fission neutrons were prompt, then, in view of the definition of
koo, the source density would be (see Eq. [6.11]):

ST = koofad’T-

However, the fraction B of the fission neutrons is delayed, and so only the fraction
(1 — B) is prompt. The contribution to s7 due to the prompt neutrons is then

sr (from prompt neutrons) = (1 — B)koo ZaPr-

A delayed neutron slows down very rapidly after it is emitted by its precur-
sor. It follows that the contribution to the thermal source density from the delayed
neutrons is equal to the rate of decay of the precursor multiplied by the probability
p that the delayed neutron escapes resonance capture while slowing down. Thus,

st (from delayed neutrons) = pAC,

where p is the resonance escape probability, A is the decay constant of the precur-
sor, and C is the precursor concentration in atoms/cm® Combining the prior results
gives

st = (1 — Bkoo Zatpr + pAC. (7.19)
Introducing this expression into Eq. (7.18) yields the following equation for the
thermal flux:

’C do
A — Bkoothr + ”f —r =l (7.20)

The equation determining the precursor concentration can be obtained from
the following argument. In Section 6.5, it was shown that the rate at which fission
neutrons, prompt and delayed, are produced is 7€ f £,¢7/ p. The rate at which de-
layed neutrons are produced is then Bko, X .7/ p. Now since each delayed neutron
appears as a result of the decay of a precursor, it follows that the rate of production
of the precursor is also equal to Bk, X,¢r/ p. The precursor decays, of course, at
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the usual rate AC, so that C is governed by the equation

dC _ PkeoTapr

—AC. .
T . (7.21)

Equations (7.20) and (7.21) are coupled differential equations that must be solved
simultaneously to determine ¢r or C.

Consider now a specific problem. Suppose that, up to the time ¢ = 0, the
reactor is critical and k,, = 1. A step change is then made in k., so that the reac-
tor becomes either supercritical or subcritical. It is required to determine ¢r as a
function of time aftert = 0.

This problem can be solved by assuming solutions of the form

¢ = Ae™* (7.22)
and
C = Cye”* (7.23)

where A and Cy are constants and w is a parameter to be determined. Inserting
these functions into Eq. (7.21) gives

_ BkoXaA

T p@+n)

When Cy and Eqgs. (7.22) and (7.23) are introduced into Eq. (7.20), it is found that
the constant A cancels, which leaves

Co

ABkoo

(1= koo + 2
w

-1 =wl,.

It is convenient to rewrite this equation in the following form:

ko —1 ol " w B
ko ltol, 14owl,wo+A

(7.24)

The left-hand side (LHS) of Eq. (7.24) is known as the reactivity, in this case
of the infinite reactor, and is denoted by the symbol p; thus
koo — 1

= ) 7.25
Jo . (7.25)

For a finite reactor, the reactivity is defined as

k—1
= . 7.26
Iy p (7.26)
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In terms of the reactivity, Eq. (7.24) may be written as

_wlp 4 w B
T l4owl, l4ol,o+)

o (7.27)

This result is known as the reactivity equation for one group of delayed neutrons.
Before considering the significance of the reactivity equation, it should be
noted that if a reactor is supercritical, then k > 1 and p is positive. In this situ-
ation, the reactor is said to have positive reactivity. However, when the reactor is
subcritical, k < 1, p is negative, and the reactor is said to have negative reactiv-

ity. It should be noted that, from Eq. (7.26), p is restricted to values in the range
—o0 < p < 1.

Example 7.3
What is the reactivity corresponding to a change in ko, from 1.000 to 1.001?

Solution. From Eq. (7.26)

1001 —1
T 1.001

~ 1073

Since the numerator is equal to the change in &, p is equal to the fractional change in
k. In this case, p is often expressed in percent—specifically, o = 100 x 10~* = 0.1
percent. [Ans.]

The reactivity equation, Eq. (7.27), gives a relationship between the reactivity
of a reactor and those values of w for which the functions given in Eqgs. (7.22)
and (7.23) are solutions to the differential equations, Eqgs. (7.20) and (7.21). In
short, the problem of solving the differential equations has been reduced to the
problem of finding the roots of Eq. (7.27) for a specified value of p. This can most
conveniently be done by plotting the right-hand side (RHS) of the equation as a
function of w as shown in Fig. 7.1. As indicated in the figure, this consists of three
distinct branches. The roots of the equation are then located at the intersections,
where these curves cross the horizontal lines corresponding to given values of p,
the other for negative p. It is seen that there are two roots—w; and w,—for either
+p and — p. Thus, it follows that the flux behaves as

dr = A1e”" + Are” (7.28)

where A, and A, are constants.

It is observed from Fig. 7.1 that when p is positive, w; is positive and w,
is negative. Thus, as time goes on, the second term in Eq. (7.28) dies out and the
flux ultimately increases as e*!' In contrast, when p is negative, both w; and w,
are negative, but w, is more negative than w,. Thus, the second term in Eq. (7.28)
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Figure 7.1 Plot of the reactivity equation for one group of delayed
neutrons (not to scale).

again dies out more rapidly than the first, and the flux now decreases as e®!' In
either case, positive p or negative p, the flux approaches e®'*—that is,

br — ! (7.29)

The reciprocal of w; is called the reactor period or sometimes the stable period,
and it is denoted as T —that is,

T =—. (7.30)
w1

The ultimate behavior of the flux may therefore be written as
¢r — /T (7.31)

Had the prior derivation included all six delayed neutron groups instead of
only one, the resulting reactivity equation would have been of the same form as
Eq. (7.27), but necessarily more complicated. This general reactivity equation is

wl

6
P w V\ B,’
P + 2 . (7.32)

=1+a)l,, ltol, = o+ A
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where B; and A; refer to the ith delayed neutron group. By plotting the RHS of
Eq. (7.32), it is easily shown that there are seven roots to the equation for either
positive or negative p. The flux again is given by a sum of exponentials, but there
are now seven instead of two. However, just as in the simple case of one delayed
group, with increasing time, ¢ once more approaches e/, where w; is the first root
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of the equation, whether p is positive or negative. The reactor period is again the
reciprocal of ;. Values of the period for a 2*3U-fueled reactor computed from Eq.
(7.32) are shown in Fig. 7.2 as a function of reactivity.

Example 7.4

Using Fig. 7.2, determine the period of the reactor described in Example 7.1 follow-
ing the change in ko, from 1.000 to 1.001 (the same as given in Example 7.2).

Solution. It was shown in Example 7.1 that [, 10~ sec. In Example 7.3, the
reactivity equivalent to this change in ko, was computed to be p = 10~3 Thus, the
reactor period, which may be read directly from Fig. 7.2, is 57 sec. [Ans.]

The remarkable effect of the delayed neutrons on the time behavior of a reac-
tor is evident by comparing the results of Examples 7.2 and 7.4. In the first example,
the delayed neutrons were not taken into account in the calculation, and the period
was only 0.1 sec. With the delayed neutrons included, the period was increased to
57 secs—a factor of over 500.

To turn now to the kinetics of a fast reactor, it is recalled that the prompt
neutron lifetime in this type of reactor is very short—on the order of 107 sec.
Therefore, except for very large insertions of reactivity resulting in large values of
w (short reactor periods), the quantity of wl, in Eq. (7.32) can be neglected. The
reactivity equation for fast reactors is then approximately

pzwzwjﬁki. (7.33)

i=l1

For 235U-fueled fast reactors, the period can be read from the /, = O curve in Fig.
7.2.

The Prompt Critical State

It is shown in Section 6.1 that the multiplication factor is proportional to the total
number of neutrons, prompt and delayed, emitted per fission. However, since only
the fraction (1 — ) of the fission neutrons are prompt, the multiplication factor as
far as the prompt neutrons are concerned is actually (1 — 8)k. Therefore, when

(1= Bk =1, (734)

the reactor is critical on prompt neutrons alone, the reactor is said to be prompt
critical. In this case, the period is very short, as it is in Example 7.2.

The reactivity corresponding to the prompt critical condition can be found by
inserting k = 1/(1 — B) from Eq. (7.34) into Eq. (7.26). It is easy to see that this
gives
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p=8 (7.35)

as the condition for prompt criticality. Thus, since 8 = 0.0065 for fissions induced
by thermal neutrons in 233U, a 2>U-fueled thermal reactor becomes prompt critical
with the addition of only about 0.0065, or .65% in reactivity.

Because reactors have such short periods when they are prompt critical, it is
normal practice to restrict (positive) reactivity additions to less than S. There are
some research reactors, such as the TRIGA reactor produced by General Atomics,
with intrinsic properties that cause them to shut down rapidly when they become
supercritical. When these reactors are suddenly made prompt critical, they deliver
a sharp pulse of neutrons. The Pennsylvania State University’s Breazeale Reactor,
for example, may be pulsed to a power several thousand times that of its maximum
steady-state value. Figure 7.3 shows a power pulse from this reactor. The pulse is
generated by ejecting a control rod from the reactor, which increases the reactivity
by 2.728.

The amount of reactivity necessary to make a reactor prompt critical—
namely, p = B—is used to define a unit of reactivity known as the dollar. Since
the value of 8 varies from fuel to fuel, the dollar is not an absolute unit. Values
of the delayed neutron fractions for the most important fissile and fertile isotopes
are given in Table 7.2. For example, a dollar is worth 0.0065 in reactivity for a
235U-fueled reactor, but it is worth only 8 = 0.0026 for a 233U-fueled reactor. The
reactivity equivalent to one one-hundredth of a dollar is called a cent.

Example 7.5

The reactivity of the reactor in Example 7.3 is 0.001. If the reactor is fueled with
235U, what is its reactivity in dollars?

Solution. The value of 8 is 0.0065. Thus, p is

_0.001

o= = 0.154 dollars
0.0065

= 15.4 cents. [Ans.]
The Prompt Jump (Drop)

Following a sudden change in multiplication factor, a previously critical reactor
exhibits a behavior given by Eq. (7.28)—namely,

¢= Alew|[+A2ewzt

in the one delayed-group model and by a sum of seven exponentials in the more
realistic case of six delayed groups,

¢ = A1 + Are® + .-+ Age”".
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Figure 7.3 Power pulse obtained from Penn State’s Breazeale nuclear
reactor by ejecting a control rod with a worth of 2.728. The maximum
power is 1164 MW.
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TABLE 7.2 DELAYED NEUTRON FRACTIONS

Nuclide B (thermal neutron fission) B (fast fission*)
22Th — 0.0203
3y 0.0026 0.0026
2351y 0.0065 0.0064
38 — 0.0148
23%py 0.0021 0.0020

*Fission induced by prompt neutron spectrum.

As explained earlier, all but the first term dies away quickly, and the flux then
reduces to the first term, rising or falling with reactor period T = 1/w;. Exact
calculations show that, in the case of the one delayed-group model, A; is negative
for positive p and positive for negative p. The effect of the rapid die away of
a negative term is to give a sudden rise in ¢ following the insertion of positive
reactivity as shown in Fig. 7.4. Likewise, the die away of a positive term gives a
sudden drop in ¢ for negative reactivity. To determine the overall time behavior
of a reactor, it is necessary to know the level to which the flux first rises or drops
before assuming a stable period.

The exact computations of the early response to changes in reactivity are
rather complicated, especially when all seven terms of the flux are included. A
simple, approximate result can be obtained, however, by merely assuming that the
concentrations of the delayed neutron precursors do not change over the time of the
sudden rise or drop in flux. This is the basis for the prompt jump approximation.

1st term in Eq. (7.27)

Prompt jump

&)

Figure 7.4 Time behavior of a
reactor after step insertion of
reactivity showing origin of prompt
jump.

2nd term in Eq. (7.27)
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In the discussion that follows, we consider two situations. The first is when
ko is initially equal to unity, and the second is when k # 1.

k- Equal to One In the first case, the precursor concentration is taken to
be constant at its value in the critical reactor. Then from Eq. (7.21), dC/dt = O,
thus

C— BZa¢ro
PA
where k., is placed equal to unity since the (infinite) reactor is originally critical.
Also in Eq. (7.36), ¢ is the flux prior to the change in reactivity. Introducing Eq.
(7.36) into Eq. (7.20) gives
dgr
P dr
where ko, is the multiplication factor after the change in reactivity. The solution to
this equation subject to the condition ¢ (0) = ¢r¢ is easily found to be

(1= Bk =10t Péro [l—ex [(1 = BYkoo — 11
I, 1= (1= Bk P

, (7.36)

l =[(1 = Bkeo — 1107 + B0,

¢ = Pro€xp ;
p

(7.37)

Now for (1 — B)ke < 1, that is, for reactivity less than prompt critical, the two
exponentials in Eq. (7.37) die out with a period

1, _

T 0= Bk -1 keo—1

which is the very short period given by Eq. (7.14) in the absence of delayed neu-
trons. Thus, from Eq. (7.37), it is seen that ¢ quickly assumes the value

B

T

¢r = Tm¢ro- (7.38)
On introducing ko, = 1/(1 — p) from Eq. (7.25), Eq. (7.38) becomes finally
1 —
¢r = ud’ro- (7.39)
B—pr

As a first application of Eq. (7.39), consider the case of a positive reactivity
change, such as might be required to increase the power level of a reactor. For
reasons of safety, such reactivity insertions are not usually so large as to cause a
very short reactor period. Normally, power is raised at a period no less than about
2 minutes. From Fig. 7.2, this corresponds to a reactivity of p =~ 0.0006 for a
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" 235U_fueled reactor. When this value of p is introduced into Eq. (7.39), it is seen
that ¢ =~ ¢ro. It follows that for positive reactivity insertions, the prompt jump
in the flux is usually negligible, and the flux can be assumed to increase from its
initial value on a stable exponential with a constant period.

With negative reactivity, the situation is different, for now very large (nega-
tive) reactivities can be introduced. Thus, when a reactor is scrammed, several or
all of the control rods may be quickly inserted into the system. Suppose, for in-
stance, that 20% in negative reactivity is suddenly inserted in a reactor fueled with
235U, Then substituting 8 = 0.0065 and p = —0.2 into Eq. (7.39) gives

¢r = 0.038¢r0.

Thus, the reactor flux (and the power since this is proportional to the flux) drops
quickly to about 4% of its initial value before the reactor goes on its stable period.?
Incidentally, in the one delayed-group approximation, it should be observed
in Fig. 7.1 that, as p becomes increasingly negative, the first root of the reactivity
equation approaches the value —A, the decay constant for a hypothetical one-group
of delayed neutrons. When the reactivity equation for the actual case of six delayed
neutron groups is plotted, the value of w; approaches A, the decay constant for the
longest lived precursor—namely, the precursor with a mean life of about 80 sec.
Thus, with large negative reactivity insertions, the (negative) period has the value

1

T = — = — = 80sec.
wq )\.1

This result is seen from Fig. 7.2. As shown in the figure a reactor goes on this

80-sec period with negative reactivity in excess of about .4%.

Example 7.6

A 235U-fueled reactor operating at a constant power of 500 MW is scrammed by the
sudden insertion of control rods worth 10% in reactivity. To what (fission) power
level has the reactor fallen 10 minutes later?

Solution. The power drops suddenly to the level P;, where
1 —
_ Bl —p) P,
B—p
_ 0.0065(1 + 0.10)
~0.0065+0.10

P

x 500 = 33.5 MW

2This result and the preceding discussion only pertain to the power produced as the result of
fission within the reactor. Power produced by the decay of radioactive fission products is not included.
It is shown in Chapter 8 that fission product decay power amounts to about 7% of the reactor power
when the reactor has been operated long enough for the fission products to reach equilibrium levels.
If this is the case, scramming the reactor can at most reduce the power to 7% of its initial value.
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It continues to drop according to the relation
P=petT
where T = 80 sec. After 10 minutes, the power falls to

P = 33.5¢~(10x60)/80 _ 33 5,=75
= 0.0185 MW. [Ans.]

k., Not Equal to One In the second case, ko, # 1, we assume that the
prompt neutron lifetime /, is very small, such that the neutron population jumps
quickly to its new value, but there is little change in the precursor concentration.
Using Eq. (7.20),

pAC dor
1 — Bkoo — —¢r=1,— 7.40
(1 = Bkaotdr + s ¢r=1p P (7.40)
and dividing by k., to obtain
(1-BPktr 1 pAC 1 1 d¢r
—_—t — - —¢r =l 7.41
koo T T, = (74D
On rearranging
(koo — D$r 1 pAC 1 der
- - =l,—— 7.42
o toE M elica (7.42)
and defining the reactivity in $ units as
1 (koo — 1
SR NCE) a4
B ke
gives
, 1 prxC 1 dor
g2~ _ =] — =7
o Bor + o 3, Beér pkOO dr

On solving for ¢7, this yields

_ 1 [ 1 pAC ] 1 d¢r]
C(A-pBlks Ty Tkeo dt

If the prompt neutron lifetime is small, one can show that the last term is much less
than the precursor term for p’ < 0.50$, and thus may be neglected so that

1 piC
~ X — .
A-p)B v ep

¢r

or (7.44)
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Equation (7.44) is valid both before and after a reactivity change is made. Denoting

the reactivity after the insertion as p.., then Eq. (7.44) for ¢7 the flux after becomes
1 AC

— X Pr=
(-pB vz,

¢ = (7.45)

A similar expression is obtained for the flux ¢, immediately before the change in
reactivity. The ratio of ¢7 to ¢ is then

+ 1—o0
or _1=r (7.46)
¢r 1-0p%
The power ratio is
Pt 11—y
LI iy (7.47)
P~ 1—-py

This equation is a more general form of the prompt jump approximation and is valid
forreactivities less than 0.503. Use of this expression is given in the problems.

Small Reactivities
As shown in Fig. 7.2, the curve p (w)—that is, the plot of the reactivity equation—
passes through the origin. This means that, for small reactivities, the first root of

the equation is also small. In this case, the terms containing  in the denominator
of Eq. (7.27) or (7.32) can be ignored with the result

pP = <lp + Z%) = w] (lp +Zﬂ,?,> , (748)

where f; = 1/, is the mean life of the ith precursor group. The reactor period can
now be written as

1 1 _
T=—=-—11 ik 7.49
o p<p+;ﬂt> (7.49)

Values of the sum on the Right-Hand Side of Eq. (7.49) are given in Table 7.3
for the fissile nuclides. In all cases, this sum is much larger than the usual value of
l,, and Eq. (7.49) reduces to

1 —
T =-— iti. 7.50
p}l:ﬂ (7.50)

Examples of the use of this formula are given in the problems.
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TABLE 7.3 VALUES OF THE SUM x8;1;

Nuclide XBit;, sec
2y 0.0479
By 0.0848
B9py 0.0324

7.3 CONTROL RODS AND CHEMICAL SHIM

As explained in the introduction to the chapter, control rods are used in two ways:
(a) to change the degree of reactor criticality for the purpose of raising or lowering
the power level, and (b) to keep a reactor critical by compensating for the changes
in the properties of the system that take place over its lifetime.

When a rod is used in the first manner, the effect is to place a reactor on a
stable period. In this case, the rod worth is defined as the magnitude of the reactivity
required to give the observed period. However, the worth of a rod used to keep
a reactor critical is measured in terms of the change in multiplication factor of
the system for which the rod can compensate. Despite the fundamental difference
in these two definitions of rod worth, it can be shown? that these definitions of
rod worth are essentially identical. In the present section, the worths of rods in a
number of important situations are derived.

Central Control Rod

As a first example, consider the problem of calculating the worth of a rod of radius
a inserted along the axis of a bare cylindrical thermal reactor of extrapolated radius
R and height H. The calculations are considerably simplified if it is assumed that
when the rod is withdrawn from the reactor, the hole left by the rod is filled with
core material and, contrariwise, when the rod is inserted, a cylinder of core material
is extruded.

Suppose that the reactor is just critical when the rod is out of the reactor.
The neutron flux then has the shape shown in Fig. 7.5, which is determined by the
equation

v2¢r + Bior =0, (7.51)

where B? is the usual buckling of a bare cylindrical reactor. If the rod is now fully
inserted into the reactor, the flux takes on the form indicated in Fig. 7.5, owing to
the absorption of neutrons in the rod. The shape of the flux can be found from the

3Lamarsh, J. R. Nuclear Reactor Theory, p. 499 (see references).
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| =— Control rod

Rod out

Figure 7.5 Flux in a bare reactor
with and without a central control
rod.

equation
V¢r + B’¢r =0, (1.52)

where B? is the buckling of the system with the rod present.
From modified one-group theory, the multiplication factor of the initially crit-
ical reactor is given by

koo
ko=——55 =1
1+ BfMz
while the multiplication factor of the reactor with the rod inserted is
1+ B2M2

According to Eq. (7.26), this change in the multiplication factor is equivalent to a
(negative) reactivity of
k=1 k—ko
P="% Tk

Since, by definition, the rod worth p,, is equal to the magnitude of p, it follows that

_ko—k _ (B’ BHM;]

= = 7.53
Pw = |p| k T B2 (7.53)
In the event that B ~ Bg, Eq. (7.53) can be written as
_ 2M’ByAB (7.54)
Po = Ty B2m2” '

where

AB = B — By.
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To compute p,,, it is necessary to solve Egs. (7.51) and (7.52) and determine
B} and B2, the lowest eigenvalues in each case. With the rod out, B? is given by
the formula derived in Chapter 6—namely,

,  (2405\* (m\°
Bi=l——) +t|\=
R H

The calculation of B2 is somewhat more difficult for two reasons. First, the ge-
ometry of the problem is more complicated with the rod present. Second, the rod,
especially if it is a strong absorber of neutrons, tends to distort the flux to such an
extent that diffusion theory is not valid in its vicinity. This second difficulty can be
circumvented by requiring the flux to satisfy the following boundary condition at
the surface of the rod:
1 dér = l (7.55)
¢T dr d
where d is called the extrapolation distance. This is the same procedure as was
used in Chapter 5 in connection with the diffusion of neutrons near a bare surface,
where diffusion theory also was not valid.

Values of d have been computed using advanced theoretical methods. The
results of these calculations can be expressed approximately by the following for-
mula*

—aX; +0.9354

d=2131D———F— 7.56
aX, +0.5098 (7.56)

where D is the thermal neutron diffusion coefficient and X, is the macroscopic total
cross-section, both for the reactor material surrounding the rod. Equation (7.56) is
valid for strongly absorbing rods (i.e., black rods).> Other formulas for d for less
strongly absorbing rods (i.e., grey rods) are found in the literature.

The solving of Eq. (7.52) subject to the boundary condition Eq. (7.55), as
well as the usual conditions at the surface of the reactor, is somewhat tedious and
is not given here. In particular, the calculation of B? requires the solution of a
complicated transcendental equation. However, in the case where B? is not too
different from Bg, this equation can be solved for AB. When this is substituted
into Eq. (7.54), the following result is obtained:

7.43M? R d]”
=207 o116 +1n( o ) + £ 7.57
Po = (1 + BZM2)R? [ +in (2.405a) + a] (7.57)

4B. Pellaud, Nuclear Science and Engineering 33, 169 (1968).
A black substance is defined as one that absorbs all thermal neutrons incident on it; a grey
substance absorbs some but not all such neutrons.
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Equation (7.57) gives the worth of a black control rod located at the center of a
bare cylindrical thermal reactor as computed by modified one-group theory.

Example 7.7

A; small bare reactor is a square cylinder (i.e., H = 2R) of extrapolated height (i.e.,
H = H +2d) 70 cm. The reactor consists of a mixture of ordinary water and 23U at
room temperature. What is the worth of a black control rod 1.90 cm in radius inserted
at the center of the reactor?

Solution. Tt is first necessary to compute M2 for the critical reactor. In terms of the
thermal utilization, the modified one-group critical equation is (see Section 6.5)

koo — an —
1+ BiM7 1+ B}[(1 = f)L}y + trml

’

where L"} v and 7y are the diffusion area and age for water. Solving for f gives

_ 1+ B}(Lyy + trm)

(7.58)
nr + BiL%y

The value of B? is

2.405\% /72
2 _ (=D T\ _ -3
BO_< < ) +(70) 6.74 x 10

Using this value together with L2,, = 8.1 cm?, 17y = 27 cm?, and n7 = 2.065, in
Eq. (7.58) gives

1+6.74 x 1073(8.1 + 27)

= = 0.583.
2.065 + 6.74 x 1073 x 8.1

f

This, in turn, gives for M% the value
M?% = (1 —0.583) x 8.1 + 27 = 30.4 cm?

In the present problem, the reactor consists of a very dilute solution of 25U and
water. Thus, both D and %, in Eq. (7.56) have the values for water alone—namely,
D = 0.16 cm (from Table 5.2) and ¥, = 3.443 cm™! (from Table I1.3). Introducing
these values together with @ = 1.90 cm into Eq. (7.56) gives

1.90 x 3.443 4+ 0.9354

d =2.131 x 0.16 x = 0.361 cm.
1.90 x 3.443 4+ 0.5098

Inserting the prior results for M2, Bg, and d into Eq. (7.57) then gives

7.43 x 30.4 0116 41 35 N 0.3617"
o = . n
Po= (14674 x 103 x 30.4) x (35)2 2.405 x 1.90 1.90

= 0.065 = 6.5%. [Ans.]
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Cluster Control Rods

In practice, almost no reactors are controlled with only one rod as described in the
preceding discussion. This is because the presence of a single, strongly absorbing
rod would lead to the large distortion of the flux indicated in Fig. 7.5, and this in
turn would give rise to an undesirable power and temperature distribution in the
reactor core. At the same time, reliance on only one rod to control a reactor is not
wise from the standpoint of safety since this provides no reserve control capability
in case the rod does not function properly.

Many research reactors, which operate at relatively low power—on the order
of a few megawatts or less—are controlled with a small number of rods usually ar-
ranged in a symmetric fashion about the center of the core. Formulas for the worth
of such rings of rods have been derived, but are too complicated to be reproduced
here. They are found in the references at the end of the chapter.

However, with power reactors operating as they do at high power densities
and high temperatures, it is extremely important that the neutron flux remain as
uniform as possible throughout the core. For this reason, power reactors always
contain a great many rods. There are two different types of control rod systems
in general use today. In one of these, a number of small cylindrical rods, about
the size of the fuel rods, are attached at one end by a metal plate called a spider
and move together through individual sheaths in a fuel assembly as shown in Fig.
7.6. Each group of rods so connected is known as a cluster control rod. A typical
power reactor may have 50 or 60 such clusters, each containing on the order of
20 rods, giving about 1,000 individual control rods. The rods are composed of a
strong neutron absorber. Various alloys of cadmium, indium, and silver, hafnium,
or steel containing boron have been used in some reactors—more recently, hollow
rods filled with boron carbide (B4C) powder (sometimes the boron is enriched with
the isotope '°B) have been employed.

In many power reactors, the control rod drives (i.e., the mechanisms that in-
sert or withdraw the rods) are interconnected electrically or ganged so that several
rods move simultaneously in response to a signal from the reactor operator. Con-
solidated Edison’s Indian Point Reactors Nos. 2 and 3, for example, each contain
61 cluster control rods, which are divided into four independently moving groups
or banks. As far as the reactor operator is concerned, therefore, each reactor has
only four independent control rods.

Although the reactor operator obviously must have the final control over the
operating conditions, power level, and so on, of a reactor, the ordinary movement
of the rods in most power reactors is controlled, subject to operator intervention,
by an on line computer. This computer accepts as input data the values of a num-
ber of reactor parameters, such as the pressure, temperature, power density, and so
on, which are continuously measured by various monitors located throughout the
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Figure 7.6 A cluster control rod
assembly. (Courtesy of
Westinghouse Electric
Corporation.)

system. Using these data, the computer determines what motions of the control
rods are necessary to maintain a desired pressure or temperature or to obtain the
optimum power distribution within the reactor. The results of these computations
are automatically transmitted into the required movement of the rods. Such com-
puter control over rod motion leads to longer core life. At the same time, because
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the control rods are used in an optimum manner, the total worth of the rods required
for the control of the reactor is reduced over what would be necessary if the rods
were moved all together or haphazardly.

An estimate of the worth of a large number of rods can be obtained by com-
paring the multiplication factor of the reactor with the rods inserted to the muiti-
plication factor when the rods are withdrawn. The value of k with the rods present
can be found by the Wigner—Seitz method, which was used in Section 6.8 for the
calculation of heterogeneous reactors. Thus, the reactor core is divided into unit
cells, with a control rod at the center of each cell, and the diffusion equation is
solved in the equivalent cylindrical cell. The resulting formula for p,, is

P = , (7.59)
o 1—fr

where fr is a parameter known as the rod utilization and is equal to the fraction

of the fission neutrons slowing down within a unit control cell that are absorbed in

the control rod. This, in turn, is given by the expression

1 @ =y)d
fr 2a

In this equation, a is the control rod radius; d is the extrapolation distance at the
surface of the rod; y = a/Lr, where Lt is the thermal diffusion length in the
reactor core material; z = R./Lt, where R, is the radius of the equivalent cell;
and E(y, z) is the lattice function defined by Eq. (6.116). An example of the use of
these formulas follows.

+ E(y, 2). (7.60)

Example 7.8

Suppose that the reactor described in Example 7.7 were to be controlled by 100
evenly spaced black control rods 0.508 cm in radius. Estimate the total worth of the
rods.

Solution. The cross-sectional area of the reactor is 77(35)% cm? One one-hundredth
of this is the area of one control cell. The radius R, of this cell is therefore determined
from

T R? = 7(35)%/100,
so that R, = 3.5 cm. The thermal diffusion area is given by
Ly = (1= )Ly,

and inserting f = 0.583 from Example 7.7 and L%,, = 8.1 cm? gives L% = 3.38
cm?. Thus, L7 = 1.85cm,a/Lr =0.275,and R. /Lt = 1.89.
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Using the following values of the Bessel functions:

1p(0.275) =1.019, I,(0.275) = 0.1389, I;(1.89) = 1.435;
Ko(0.275) = 1453, K,(0.275) =3.371, K,;(1.89) =0.1618;

in Eq. (6.116) gives

E(0.275,1.89) =
( % 2 x0.275 1.435 x 3.371 — 0.1618 x 0.1389

=2.971.

(1.89)2 — (0.275)? [ 1.019 x 0.1618 + 1.453 x 1.435 ]

From Eq. (7.56), the value of d is found to be

d=2131x 0.16 x 228 x3443+09354 ) o
0.508 x 3.443 + 0.5098

Introducing this into Eq. (7.60) then yields

I [(1.89)° — (0.275)%] x 0.405
fr 2 x 0.508

Thus, fg = 0.229 and

+ 2.971 = 4.365.

0.229

P = 1=055 = 0.297 = 29.7%. [Ans.]

Cruciform Rods

Another type of control rod that has been widely used in power reactors is the
cruciform rod, which consists of two crossed blades as shown in Fig. 7.7. These
rods have the advantage of fitting snugly into the comers and along the edges of
the fuel assemblies as indicated in Fig. 7.8, and they have good physical integrity.
Figure 7.8 also shows the array of 137 cruciform rods used in a 780-MWe boiling
water reactor plant. Cruciform rods are made of either solid neutron-absorbing
metal or hollow, cross-like forms filled with rods of neutron absorber—often these
rods are hollow tubes filled with B,C powder as in the cluster control rod. This
latter type of construction is used for the rod illustrated in Fig. 7.7.

Because of the complicated geometry of cruciform rods, it is not possible
to determine their worth exactly by analytic calculations. In the actual design of
reactors containing such rods, their worth is computed on fast digital computers
using two- or three-dimensional multigroup codes. However, a rough estimate of
their worth can be found from the following simple method.

To begin with, the reactor is again divided into cells, but this time the unit
cell is bounded by the blades of two rods as shown in Fig. 7.9. Next, this cell is
replaced by the simple slab geometry of Fig. 7.10, obtained by bending the blades
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Figure 7.7 A cruciform control
rod. (Courtesy of General Electric
Company.)
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at the top and bottom of the cell through 90° The value of f can then be found as
follows. First, the neutron diffusion equation in slab geometry is solved to deter-
mine the current density of neutrons flowing into the rod. Then this current density
is multiplied by the actual surface area of the blades to give the number of neu-
trons absorbed per second by the rod. Finally, this number, divided by the number
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Figure 7.8 A cruciform rod in place between four fuel assemblies and
the complete array of rods for a BWR core. (Courtesy of General Electric
Company.)
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358 The Time-Dependent Reactor Chap. 7

of neutrons slowing down in the cell, gives fr. The details of this straightforward
calculation are given in the problems at the end of the chapter. As shown there, the
final value of fr to be used in Eq. (7.59) is

4(l —a)Lt 1

IR = 20y d/Ly + coth[(m — 2a)/2L1]’

where the parameters /, a, and m are those shown in Fig. 7.9, d is the extrapolation
distance at a planar surface, and L7 is the thermal diffusion length in the core
material. If the blades are black to thermal neutrons, as they usually are, then d =
2.131D—a conclusion that can be reached either by placing a = oo in Eq. (7.56)
or by using Eq. (5.22) for a bare planar surface. The latter is equivalent to a black
planar surface since, in both cases, neutrons are irretrievably lost.

Example 7.9

Cruciform rods used for the control of a certain boiling-water reactor consist of
blades 9.75 in wide and 0.312 in thick. The rods are placed in a rectangular array,
with 44.5 cm between the centers of the nearest rods. The parameters of the core ma-
terial are L = 1.2 cm and X, = 0.20 cm. The rods are black to thermal neutrons.
Calculate the worth of the rods.

Solution. The dimensions of the rod in cm are ! = 9.75 x 2.54/2 = 12.38 cm and
a =0.312x2.54/2 = 0.396 cm. In view of Fig. 7.9, a closest distance between rods
of 44.5 cm means that m = 44.5/4/2 = 31.5 cm. The value of D for computing d is
found from

D=T%,L2 =0.20 x (1.2)> = 0.288 cm,
so that

d =2.131D = 0.614 cm.

Introducing these values into Eq. (7.60) gives

o= 4 x (12.38 — 0.396) x 1.2 1
k= (31.5 - 0.792)2 0.614 31.5-0.792
—— +coth| ——
1.2 2x1.2
= 0.0402.

To find p,,, this number is substituted into Eq. (7.59) with the result

0.0402

= —————— =0.0419 = 4.19%. .
00402 0.0419 = 4.19%. [Ans.]

Pw
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Control Rods in Fast Reactors

Only a few fast reactors have been designed or built as of this writing. Thus, it
is not possible to state with certainty what types of control rods will come into
general use as fast reactor design becomes standardized. However, rods filled with
B,4C, enriched in the isotopes '°B, are used in the French-designed Super Phénix
and appear to hold considerable promise for this type of reactor. This is because
the absorption cross-section of boron is still significant at high neutron energies,
whereas o, drops rapidly to very low values with increasing energy for most other
substances.

In any case, the absorption cross-sections of all materials, including boron,
are relatively small at the energies of importance in fast reactors. Thus, o, for
normal boron in the energy range of about 0.1 MeV to 0.4 MeV is only 0.27 b.
The absorption mean free path, A,, of neutrons of this energy in media containing
boron is therefore relatively large. With B4C, for instance, at a density of 2 g/cm?
(this is 80% of theoretical density), the atom density of boron Nz = 0.087 x 10%*
atoms/cm?’, and so A, = 1/0.087 x 0.27 = 42.6 cm. This is considerably larger
than the thickness of any control rod likely to be used in a fast reactor.

The fact that at the relevant energies A, is much larger than control rod di-
mensions means that the neutron flux inside the rod is more or less the same as
it is in the surrounding medium. Therefore, for calculational purposes, the boron
contained in the rod can be assumed to be uniformly distributed in the reactor (or
in a region thereof). This makes it possible to estimate the worth of control rods in
fast reactors by elementary means. By contrast, the situation in a thermal reactor is
just the opposite. There is a marked drop in the flux near a control rod in a thermal
reactor, making it much more difficult to analyze.

The only effect of a uniformly distributed poison on the multiplication factor
of a fast reactor is to change the value of f—the fuel utilization (see Section 6.1).
The transport properties of the reactor are little affected by the presence of the
boron. According to Eq. (6.56), the multiplication factor for a fast reactor is given
by

k=kooPL=anL’

where P, is the nonleakage probability. Thus, it follows from the definition of rod
worth in Eq. (7.53) that

kh—k fo—f
pw = = ’
k f
where the symbols without the subscript refer to the reactor with the rods inserted.

If o4k, 04c , and o,p are, respectively, the one-group macroscopic absorption
cross-sections of the fuel, the coolant (including structural material in the core),

(7.61)
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and the boron, f is
f — 2:tzF
XoF + ZaC + Z:aB
while
fom gt
2:aF + ):aC
Substituting these expressions into Eq. (7.61) gives
EaB
=" 7.62
Po 2:aF + ZaC ( )

This is the total worth of the control rods in a fast reactor.

Example 7.10

The fast reactor assembly described in Example 6.3 is to be controlled with five rods
each consisting of a hollow stainless steel tube 5 cm in inner diameter and 76 cm
long, filled with normal enrichment B,4C at a density of 2.0 g/cm?. Estimate the worth
of the rods using one-group theory.

Solution. First it is necessary to find the total number of boron atoms in all the rods.
The total volume of the rods is 5 x 7(2.5)% x 76 = 7,460 cm® The mass of B4C
in the rods is therefore 2.0 x 7,460 = 14,920 g. The molecular weight of B4C is
4 x 10.8 + 12.0 = 55.2, and so the total number of atoms of boron in the reactor is

4 x 14,920 x 0.6 x 10%*

= 649 x 10%*
55.2

The atom density of boron averaged over the whole volume of the reactor is
then
_ 649 x 10%

=33 = 2.14 x 103 x 10%* atoms/cm?
jzr(41.7)3

B

Using the value 0, = 0.27 b gives
To = 2.14 x 1073 x 0.27 = 0.000578 cm™!

Substituting this value of X,g, together with X,z = 0.00833 and X,c =
0.000019 from Example 6.3, into Eq. (7.62) gives finally

B 0.000578
~0.00833 + 0.000019
= 0.0692 = 6.97%. [Ans.]

Jo
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In actual fast reactor design, the worth of the control rods is computed using
multigroup codes and a computer. For such accurate calculations, the rods are ho-
mogenized only over those regions of the reactor where the rods are located. Also,
because the absorption cross-section increases rapidly with decreasing energy, it
is necessary to take into account the dip in the group fluxes inside the rods in the
lower energy groups.

Partially Inserted Rods

Up to this point, it has been assumed that the rods are either fully inserted or fully
withdrawn from the reactor core. In practice, some or all of the rods are inserted
at the time of startup of a reactor and are slowly withdrawn to keep the reactor
critical as the fuel is consumed and as fission product poisons accumulate. So it is
necessary to know the worth of the rods as a function of their distance of insertion.
This must also be known for rods that are more quickly inserted or withdrawn for
the purpose of changing the power level.

Let p,(x) be the worth of one or more rods that are inserted the distance x,
parallel to the axis of a cylindrical reactor core of total height H, and let p,,(H) be
the worth of these rods when fully inserted. It has been found from experiments and
can be also shown on theoretical grounds that p,,(x) and p,(H) are approximately
related by the formula

x 1 . [27x
Pow(X) = pu(H) [ﬁ — 5, sn (——)] (7.63)

This function p,(x) is shown in Fig. 7.11, where it is observed that p,(0) = 0
while x = H and p,(x) = p,(H).

1.0
Rod fully
inserted
S
< 05
)
a
Rod
withdrawn
0 Figure 7.11 The worth of a
0 0.5 10 partially inserted control rod as a

x/H function of the distance of insertion.
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3
3 :
< H
\‘ Figure 7.12 Fractional rate of
00 0.2 04 06 08 10 change of rod worth as a function
x/H of the fraction of rod insertion.

It is of some interest to compute the derivative of p,,(x)/p,(H):

I dpu®) = 1 [1 — cos (2zr_x):| (7.64)
Po(H) dx H H

This expression, which gives the fractional rate of change in reactivity per unit
distance of movement of the rods, is plotted in Fig. 7.12. As shown in the figure,
the reactivity changes very little per unit distance when the rod is first introduced
into the reactor and also just as it is fully inserted. Physically, this is because, in
these two instances, the end of the rod is moving through regions where the flux is
very small and so few additional neutrons are absorbed in the rod as a result of its
motion. However, in the region near the center of the core, the change in p,(x) is
the greatest because the flux is also greatest there.

In many reactors, the problem of changing rod worth with distance of rod
insertion is circumvented to some extent by programming the motions of the rods
so that, as one rod or bank of rods moves out of the center of the reactor where the
flux is highest, a second row or bank of rods automatically begins to be withdrawn.
In this way, the decreasing worth of one rod or group of rods is compensated by
the increasing worth of another.

Example 7.11

A bare square cylindrical reactor 70 cmin height is controlled by one control rod lo-
cated on the axis that is worth 6.5% when fully inserted (this is the reactor described
in Example 7.7). If the reactor is critical when the rod is out, how far must the rod be
inserted to introduce 1% (negative) reactivity?

Solution. Using Eq. (7.63), with p,(x) = 0.01 and p,(H) = 0.065, and letting
y =2nx/H, gives
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- > 1y
0.01 = 0.065 [Zn o sin yi|

or
0.966 = y —siny.

This is a transcendental equation that can be solved either graphically or numerically.
The solution is y = 1.91. Then, with H = 70 cm, the final result is

H 1.91 x 70
X = Y2 _ X 21.3 cm. [Ans.]
54 2T

Chemical Shim

It was pointed out in the introduction to this chapter that certain water-moderated
and water-cooled reactors can be controlled in part by varying the concentration of
boric acid (H;BO3) in the water.® Such chemical shim control cannot be used alone
to control a reactor since the process of changing H;BO3 concentration, although
done remotely and automatically at the behest of the reactor operator, cannot be
made to respond as quickly as control rods to sudden control requirements. There-
fore, chemical shim is always used in conjunction with and as a supplement to
mechanical control rods. When these two types of control mechanisms are present
in a reactor, the control rods provide reactivity control for fast shutdown and for
compensating for reactivity changes due to temperature changes’ that accompany
changes in power. The chemical shim is used to keep the reactor critical during
xenon transients® and to compensate for depletion of fuel and buildup of fission
products over the life of the core.

There are a number of reasons for using chemical shim. For one thing, it
substantially reduces the number of control rods required in a reactor. Since con-
trol rods and their drive mechanisms are expensive, this results in substantial cost
savings. Furthermore, because the H3BOs3 is more or less uniformly distributed
throughout the reactor core, changes in the reactivity of the system resulting from
changes in the concentration of the H;BO3 can be made without disturbing the
power distribution in the core.

Chemical shim affects the reactivity of a thermal reactor primarily by chang-
ing the value of the thermal utilization. The boron has comparatively little effect on
the transport properties of the core, especially in a reactor having a fairly uniform
flux distribution. The worth of a given concentration of boric acid can therefore be
computed from Eq. (7.62), which was derived from uniformly distributed boron in

5The solubility of H3BOs is 63.5 g/liter at room temperature, 267 g/liter at 100°C.
"This effect is discussed in Section 7.4.
8These are discussed in Section 7.5.
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a fast reactor. For a thermal reactor, this equation takes the form

z:aB
Po = =

e (7.65)
2aF + EtJM

where T,5, X,r, and X,y are, respectively, the macroscopic thermal average
cross-sections of the boron, fuel, and moderator (including coolant and structural
material).

Dividing the numerator and denominator of Eq. (7.65) by X, gives

f:.aB/f:.aM
Pw =

==\ (7.66)
Y/ Eam + 1

It is easily shown that the term fap/faM is equal to fo/(1 — fo), where fj is
the thermal utilization in the absence of the boron. Substituting this result into Eq.
(7.66) then gives

Ta
po=(1— fo) =22 (7.67)
2:aM

The concentration of H3BOj is usually specified in parts per million (ppm)
of water—one ppm meaning one gram of boron per 10° grams of H,O. If C is the
concentration in ppm, then the ratio of the mass of boron to the mass of water is

2B _Cx 1076

mw
The atomic weight of boron is 10.8 and the molecular weight of water is 18.0. The
ratio of the atom density of boron to the molecular density of water is therefore

NB 18.0 —6
M8 _ % Cx107F,
Now 108 =%

and the term X, /faw in Eq. (7.67) becomes

T Ngos _ 18.0x 759
Tam  Nwoaw  10.8 x 0.66

x Cx 107 =1.92C x 1073

Introducing this expression into Eq. (7.67) gives the final formula for shim worth,
P = 1.92C x 1073(1 — fp). (7.68)

Example 7.12

The thermal utilization of a certain rod-and-shim controlled PWR is 0.930 at startup
(clean and cold). At this time, the total excess reactivity in the reactor is 20.5%. If
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the control rods are worth 8.5%, what is the minimum H3BO3 concentration in ppm
and g/liter of unit-density water that is necessary to hold down the reactor—that is,
to keep it from becoming critical?

Solution. The shim must be worth 20.5 — 8.5 = 12%. Then using Eq. (7.68),

P X 10° 0.12 x 10°
C= - — 893 ppm. [Ans.
1.92(1 — fo) _ 1.92(1 — 0.930) ppm. [Ans.]

The molecular weight of H3BOs is 61.8. Therefore, the shim system must con-
tain (61.8/10.8) x 893 = 5110 g of H3BO3 per 10° g of water. At unit density, 106 g
of water occupies 10° liters. The concentration of the boric acid is thus 5,110 g per
10? liters = 5.11 g/liter. [Ans.]

It should be noted that, in this example, the control rods alone do not have
sufficient reactivity to keep the reactor from going critical at the beginning of core
life. This is actually the case in many PWRs.

7.4 TEMPERATURE EFFECTS ON REACTIVITY

As noted at the beginning of this chapter, many of the parameters that determine
the multiplication factor of a reactor depend on temperature. As a result, a change
in the temperature leads to a change in k and alters the reactivity of the system. It
is now shown that this effect has an important bearing on the operation of a reactor
and, ultimately, the safety of the system.

Temperature Coefficients

The extent to which the reactivity is affected by changes in temperature is described
in terms of the temperature coefficient of reactivity, denoted as ar. This is defined
by the relation

- dT’
where p is the reactivity and T is the temperature. Introducing the definition of p
from Eq. (7.26)—namely,

@y (7.69)

and differentiating gives

(7.70)
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In all cases of interest, k is close to unity and so Eq. (7.70) can be written approxi-
mately as

1 dk

- 771
o = ar (7.71)

This equation is more convenient than Eq. (7.69) for calculational purposes and
is often taken as the definition of ar. According to Eq. (7.71), ar is equal to the
fractional change in k per unit change in temperature and has units of (degrees) !

The response of a reactor to a change in temperature depends on the algebraic
sign of a7. Consider first the situation when ¢ is positive. Since & is always posi-
tive, dk/dT is also positive, which means that an increase in T leads to an increase
in k. Now suppose that for some reason the temperature of the reactor increases.
This increases the value of k, which, in turn, leads to an increase in the power level
of the reactor, giving rise to a further increase in the temperature, another increase
in k, and so on. Thus, with a7 positive, an increase in temperature leads to ever-
increasing temperature and power until the reactor is either shut down by outside
intervention or it melts down.

However, suppose the reactor temperature were decreased. If a7 is positive,
a decrease in T leads to a decrease in k. This reduces the reactor power, which
reduces the temperature, giving a further decrease in &, and so on, until the reactor
eventually shuts down. Thus, if ¢r > 0, an increase in T leads to meltdown, a
decrease in T to shutdown—in the absence of external intervention.

The situation is quite different when a7 is negative. In this case, dk/dT is
negative, and an increase in T gives a decrease in k. Now an increase in reactor
temperature leads to a decrease in power, which tends to decrease the temperature
and return the reactor to its original state. Furthermore, a decrease in T results in
an increase in k, so that if T goes down the power goes up and again the reactor
tends to return to its original state. Clearly, a reactor with positive a7 is inherently
unstable to changes in its temperature, whereas a reactor having a negative ar is
inherently stable.

It must be recognized that the temperature ordinarily does not change uni-
formly throughout a reactor. For instance, an increase in reactor power, is reflected
first by a rise in the temperature of the fuel since this is the region where the power
is generated. In a thermal reactor, the coolant and moderator temperatures do not
increase until heat has been transferred from the fuel to these regions. It is neces-
sary in discussing temperature coefficients to specify the component whose tem-
perature is undergoing a change. Thus, the fuel temperature coefficient is defined
as the fractional change in k per unit change in fuel temperature, the moderator
temperature coefficient is the fractional change in k per unit change in moderator
temperature, and so on.
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Because the temperature of the fuel reacts immediately to changes in reactor
power, the fuel temperature coefficient is also called the prompt temperature coef-
ficient, denoted as aprompt. The value of atpromp: determines the first response of a
reactor to changes in either fuel temperature or reactor power. For this reason, ctprompt
is the most important temperature coefficient insofar as reactor safety is concerned.
In the United States, the Nuclear Regulatory Commission (NRC) will not license a
reactor unless opromp: i Negative; all licensed reactors’ are thereby assured of being
inherently stable.

Nuclear Doppler Effect

The prompt temperature coefficient of most reactors is negative owing to a phe-
nomenon known as the nuclear Doppler effect. This effect, which admittedly is
somewhat complicated, can be explained in the following way. For the moment, the
discussion is restricted to thermal reactors.

It is recalled from Chapter 3 that neutron cross-sections exhibit resonances
at certain energies and that in the heavier nuclei these resonances are due almost
entirely to absorption, not scattering. Throughout that chapter, it is tacitly assumed
that the nuclei with which the neutrons interactare at rest in the laboratory reference
frame. In particular, the Breit—Wigner formula,

)‘38 L.y
4r (E — E,)2 +T2/4°

oy (E) =

describing a resonance of width I" at the energy E,, is based on this assumption.

In fact, however, nuclei are located in atoms that are in continual motion
owing to their thermal energy. As a result of these thermal motions, even a beam
of strictly monoenergetic neutrons impinging on a target appears to the nuclei in
the target to have a continuous spread in energy. This, in turn, has an effect on the
observed shape of a resonance. Thus, it can be shown that when the cross-section is
averaged over the motions of the nuclei, the resonance becomes shorter and wider
than when the nuclei are at rest. Furthermore, the effect becomes more pronounced
as the temperature of the target goes up, as indicated in Fig. 7.13. The change in
shape of the resonance with temperature is called Doppler broadening. In Fig. 7.13,
the unbroadened resonance for 0°K was computed from the Breit—~Wigner formula,
since at this temperature there is no thermal motion. An important aspect of the
Doppler effect is that, although the shape of a resonance changes with temperature,
the total area under the resonance remains essentially constant.

9All reactors in the United States must be licensed by the Nuclear Regulatory Commission
(NRC) except those owned by the Department of Defense, Department of Energy, or the NRC itself.
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Figure 7.13 Doppler broadening of the capture cross-section of 238U
at 6.67-eV resonance.

Consider now neutrons slowing down in a thermal reactor past a particular
resonance. The number of neutrons absorbed per cm?/sec in this resonance is given
by

F, :/q‘)(E)E,,(E)dE, (7.72)

where ¢ (E) is the energy-dependent flux, ¥,(E) is the macroscopic absorption
cross-section, and the integration is carried out over the resonance. Equation (7.72)
can also be written as

Fa =¢av/za(E)dE9

in which ¢,, is the average value of the flux in the resonance. The remaining inte-
gral is simply the total area under the resonance and, as just noted, this is a constant,
independent of temperature. Therefore, it follows that the number of neutrons ab-
sorbed in the resonance is proportional to the average flux in the resonance.

It is not difficult to see that the value of ¢,, depends on temperature. Thus,
suppose the temperature increases. Then, as explained earlier, the magnitude of
the absorption cross-section decreases due to the Doppler effect, and this, in turn,
causes ¢,y to increase. The situation is analogous to the placing of a neutron
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absorber, such as a control rod or an absorbing foil, in a medium in which neu-
trons are diffusing. If the cross-section of the absorber is increased, the neutron
flux in its vicinity goes down; but if the cross-section is reduced, the flux obviously
goes up.

Finally, since ¢,, increases with temperature and since the number of neu-
trons absorbed in the resonance is proportional to ¢,,, it must be concluded that
resonance absorption increases with increasing temperature. This, of course, de-
creases k and accounts for the negative value of the prompt temperature coefficient.

To calculate opromp: for a thermal reactor, the multiplication factor may be
written as

k = kooP = 7 fpeP, (1.73)

where P is the overall nonleakage probability (see Section 6.5). Next, the reso-
nance escape probability, p, is singled out by taking logarithms:

Ink =1Inny feP +Inp.

Differentiating with respect to the temperature and holding all parameters constant
except p then gives,
1dp

ld
(1 k) = Eﬁ(l p) = odT

or

O prompt = aprompt(p)- (7.74)
From Eq. (6.119), p is given by the formula

NVl ]
MZsmVm

where [ is the resonance integral, Vg and V) are the volumes in a unit cell of fuel
and moderator, respectively, Ng is the atom density of the fuel, X;y is the macro-
scopic scattering cross-section of the moderator, and ¢y is a constant.!? The prompt
coefficient of p can be computed by assuming that the moderator temperature re-
mains constant while the temperature of the fuel changes. Then both o\ and Vi
are constant. Furthermore, the product Ng Vg, which is equal to the total number of
fuel atoms in a fuel rod, does not change with temperature. The entire temperature
dependence of p is therefore contained in /.

Many measurements of resonance absorption have been carried out at differ-
ent temperatures, and it has been found that / can be represented by the formula

p = exp [— (7.75)

10Values of {y X;m are given in Table 6.6.
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TABLE 7.4 CONSTANTS FOR COMPUTING 5;

Fuel A’ x 10* C’ x 10?
B8y (metal) 48 1.28
280, 61 0.94
Th (metal) 85 2.68
ThO, 97 240
1(T) = I1(300K)[1 + B;(+/T — ~/300K)], (7.76)

where the temperature is in Kelvin. The temperature dependence of / is due to the
Doppler effect as explained earlier. The parameter §; is a function of the properties
of the fuel and is given approximately by

Bi=A +C'Jap. (1.77)

Here, A’ and C’ are constants given in Table 7.4, a is the rod radius in cm, and p is
the fuel density in g/cm?3
Returning to Eq. (7.75) and differentiating In p gives

NgVr dI

aprompt(p) = COprompt = mﬁ

From Eq. (7.76), however,

dI _ 1(300K)B;
daT 2T
and so
NeVeI (300K) B,
Qprompt = .
promet MEMWM 2T

This may also be written as

Bi 1
= 1 7.78
QA prompt 2\/7 n »(300K) ( )
Equation (7.78) gives the prompt temperature coefficient of a thermal reactor.

Example 7.13

The resonance escape probability for a certain natural uranium (o0 = 19.1 g/cm?)-
fueled reactor is 0.878 at 300K. The fuel rods are 2.8 cm in diameter. Compute the
prompt temperature coefficient of the reactor at an operating temperature of 350°C.
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Solution. The rod radius is 2.8/2 = 1.4 cm. From Eq. (7.77) and Table 7.4, B; is
then,

Br =48 x 107 +1.28 x 1072/1.4 x 19.1
=53 x107*

The temperature in degrees Kelvin is
T =273 + 350 = 623K.

Equation (7.78) then gives

W Sx10 (1
pemet T 2623 0.878
= —1.39 x 1073 per°’C or K."

The prompt temperature coefficient due to the Doppler effect is more difficult
to determine for a fast reactor. This is because, for one thing, at the elevated ener-
gies of interest in this type of reactor, the resonances are so close together in energy
that they overlap, and their properties are less well known. In addition, the amount
of resonance absorption depends in detail on the neutron spectrum, and this varies
from reactor to reactor. Nevertheless, methods have been developed for computing
this important temperature coefficient for fast reactors.

One additional aspect of this problem should be mentioned. In a fast reactor,
fissions as well as radiative capture occur following the absorption of neutrons in
high-energy, overlapping resonances. Thus, in a fast reactor with a fuel mixture
of, say, 23°Pu and 238U, an increase in temperature not only increases the parasitic
capture of neutrons by the 233U, but also tends to increase the fission rate of the
239pu, The Doppler effect in this case is, so to speak, a mixed blessing. Therefore,
it is necessary to ensure the safe operation of the reactor to include enough 238U
in the system so that, on balance, the Doppler effect provides a negative value of
Qprompt- This 1S not a serious restriction, however, since substantial amounts of 238y
are normally present in this type of reactor to maximize the breeding gain.

The Moderator Coefficient

Although of less immediate importance than ayrompt, the moderator temperature co-
efficient, a4, determines the ultimate behavior of a reactor in response to changes
in fuel temperature. It also determines the effect on the reactor of changes in the
temperature of the coolant entering the system. It is desirable for ameg to be nega-
tive to ensure stability during normal operation and during accident conditions.

A Celsius (centigrade) degree is the same size as a Kelvin degree.
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In a thermal reactor, an increase in the moderator temperature affects the mul-
tiplication factor in two ways: (a) the temperature at which thermal cross-sections
are computed is changed, and (b) the physical density of the moderator changes
owing to thermal expansion. Of these effects, the second is ordinarily the more
significant.

To compute a4, k is first written as in Eq. (7.73):

k = nr fpeP

The value of nr is not a function of moderator temperature. Although ¢ does de-
pend to some extent on the moderator density, it can also be taken to be independent
of T Taking logarithms of both sides of Eq. (7.73) and differentiating with respect
to T gives,

Omod = a7 (f) +ar(p) +ar(P). (7.79)

The moderator coefficient is therefore the sum of three other temperature coeffi-
cients.

Consider first a7 (f). It is recalled that f is equal to the probability that a
thermal neutron eventually is absorbed in fuel, and is given by the ratio of the
macroscopic cross-section of the fuel to that of the fuel, moderator, and coolant
taken together. If the fuel and moderator are both solids and the reactor is cooled
by a weakly absorbing gas, then a change in moderator temperature does not alter
the total number of absorbers in the system and f remains more or less constant.
In this case, a7 (f) is essentially zero.

The situation is quite different if, as in pressurized-water reactors, the fuel is
a solid, but the coolant and/or moderator are liquids. Now because the coefficients
of expansion for liquids are greater than for solids, and since the liquid in a reac-
tor is always held in a metallic vessel of some sort, an increase in the moderator
temperature results in the expulsion of some liquid from the reactor. The amount
of parasitic absorption of thermal neutrons in the moderator and coolant is thereby
reduced relative to the absorption in the fuel, with the result that f increases. It
may be concluded that, in this case, ar (f) is positive. This effect is especially pro-
nounced when a chemical shim is present because some of the boron is expelled
along with the moderator coolant.

Consider next a7 (p). In Eq. (7.75) the only factor that depends on the moder-
ator temperature is Xy Vi, which is proportional to the total number of moderator-
coolant atoms in the reactor. If the moderator is a solid, this number does not
change with temperature, and ar(p) is zero. However, with a liquid moderator,
as explained earlier, an increase in temperature leads to the ejection of some of the
moderator. This decreases the value of X\ Vv and leads to a decrease in p. Thus,
for a liquid moderator coolant, ¢ (p) is negative.
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The temperature coefficient of the nonleakage probability is also negative.
This may be seen from Eqgs. (6.71) and (6.72), from which the overall nonleakage
probability (which includes the leakage of both fast and thermal neutrons) is given
by

1
P = ,
(14 B2L2)(1 + B?tr)

(7.80)

where B? is the buckling, L2 is the thermal diffusion area, and 77 is the age of
fission neutrons to thermal. The value of B? is determined by the dimensions of
the system, which do not change significantly when the moderator temperature
changes. From the definition of L2 = D/X,, (see Eq. 5.62) and t7 = D,/ (see
Eq. 5.69), it is easy to see that both of these parameters vary inversely with the
square of the physical density p;'? of the medium provided the medium is uniform
and homogeneous. For a solid fuel and solid moderator, the values of L% and 17
depend in a complex way on the densities of these two media. However, a change
in temperature of a solid moderator has little effect on its density; P is therefore
constant and a7 (P) = 0. With solid fuel and liquid moderator coolant, L2T and 77
vary as p;", where n is a number less than 2. In this case,

P = : (7.81)

C G\’
(1 +—j) (1 +—,f)
Pq Py

where Cy and C, are constants. Now if T increases, p; decreases because of the
expulsion of liquid, and P goes down. It follows that ¢r(P) is negative.

A negative value of a7 (P) means that the leakage of neutrons increases with
increasing moderator temperature. This, in turn, is simply due to the fact that, other
things being equal, neutrons diffuse more readily through less dense media. How-
ever, there is another way to view these conclusions. Clearly a fast neutron that
does not escape from a reactor core (and is not absorbed in a resonance) must slow
down in the core. When the moderator density decreases and faster neutrons es-
cape, the number of neutrons moderated to thermal energies also decreases. Thus,
a decrease in moderator density leads to (a) a decrease in thermal neutron absorp-
tion in the moderator—a positive effect on k; and (b) a decrease in the moderation
of fast neutrons—a negative effect on k. Whether a4 is positive or negative de-
pends (aside from the effect on the resonance escape probability, which is always
negative) on whether a given moderator “absorbs more than it moderates” or “mod-
erates more than it absorbs.” In the important case of water, it can be shown that
this material moderates more than it absorbs, so that o4 is negative. However,

12The symbol p; is used in the present discussion for density rather than p to avoid confusion
with the reactivity.



374 The Time-Dependent Reactor Chap. 7

this situation can be reversed if there is too much boron present in the water as a
chemical shim leading to a positive mod- 12

The negative moderator coefficient has an important effect on the control of
a pressurized-water reactor following changes in the demand for power from the
turbine. For instance, suppose that the throttle (control valve) on the turbine is
closed somewhat in response to a reduction in load. This ultimately leads to an
increase in the temperature of the coolant water entering the reactor since less
energy is being extracted from the steam passing through the turbine. Because
mog 1S negative, this leads, in turn, to a decrease in reactor power. However, had
the load been increased, the effect would have been the reverse, and the reactor
power would have increased. In either case, the reactor automatically responds to
changes in load in the desired manner. This behavior of a reactor is called automatic
load following.

The Void Coefficient

Consider a liquid-moderated and/or liquid-cooled reactor. At a point where the
liquid boils, the volume occupied by the vapor is essentially a void since the density
of the vapor is so much less than that of the liquid. The void fraction, x, is defined
as the fraction of a given volume occupied by voids. For instance, if 25% of a
volume is occupied by vapor and the remainder is liquid, then x = 0.25.

Changing the void fraction in a reactor normally affects the reactivity of the
system. This phenomenon is described in terms of the void coefficient, oy, which
is defined as,

T dx’
where p is the reactivity and x is the void fraction. Clearly, ay is a dimensionless
number.

In view of the previous definition, it follows that, if ay is positive, an increase
in the void fraction leads to an increase in reactivity. This is obviously not a desir-
able state of affairs since an increase in reactivity gives an increase in power, which
would gives rise to additional boiling, more voids, a further increase in reactivity,
and so on, until much of the liquid is boiled away and the core melts down. By
contrast, with oy negative, an increase in x gives a decrease in reactivity and in
power, and the reactor tends to be restored to its initial condition. Therefore, it is
clearly desirable for «y to be negative.

The presence of voids alters the average density of the moderator or coolant.
In particular, if the void fraction is x, the average density of the mixture of liquid

(7.82)

oy

13Some reactors operate very early in life with a small positive temperature coefficient due to
the need for high boron concentration with the new fuel designs.
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and vapor is given by

pa = (1 —x)p1 + xpg, (7.83)

where p; and p, are the densities of the liquid and vapor, respectively. However,
P, 1s usually much less than p; (except near the critical point of the substance in
question), and so Eq. (7.83) can be written as

pa = (1 —x)p. (7.84)

As would have been expected, p,; decreases as x increases.

Since changing x changes the average density of the moderator or coolant,
the value of ay is related, in the case of thermal reactors, to the value of apoq. It is
recalled that, with a moderator coolant such as water, which moderates more than
it absorbs, a decrease in density has a negative effect on the reactivity. It follows
that this is also the case with the void coefficient. With water reactors, provided the
thermal absorption cross-section is not made too high by the addition of a chemical
shim, an increase in void fraction decreases the reactivity and «y is negative.

The negative void coefficient is used to provide boiling-water reactors with
automatic load following. This is accomplished by coupling the load demand on the
turbine to the recirculation flow system of the reactor (see Fig. 4.4). An increase
in turbine load leads to increased recirculation flow, whereas a reduction in load
results in decreased recirculation flow. In the case of increased turbine load, the
increase in the recirculation flow through the reactor initially sweeps out a portion
of the voids in the core. This reduction in void content increases the reactivity of
the system because «y is negative, and this causes the reactor to produce more
power. Eventually, a larger void content is reestablished at a higher power level.
In equilibrium, the core produces the exact power required by the turbine. Had the
turbine load been decreased, the recirculation flow would have been reduced, the
void content would have gone up, and the reactor power would have decreased,
again following turbine demand.

The situation regarding the void coefficient of sodium-cooled fast reactors is
more complex. Sodium does not absorb neutrons to any great extent, so that the
expulsion of coolant from the reactor due to the formation of voids has only a
negligible effect on the overall absorption of neutrons in the system. However, the
sodium slows down neutrons by inelastic scattering at high energy and by elastic
scattering at the lower end of the energy spectrum. The removal of sodium due
to void formation reduces these moderating effects. As a result, the neutron spec-
trum in the reactor becomes harder—that is, more energetic. It is remembered from
Chapter 4, however (see Fig. 4.2), that n, the average number of fission neutrons
released per neutron absorbed in fuel, increases rapidly with incident neutron en-
ergy for all of the fissile nuclides at fastreactor energies. Thus, as a consequence of
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the formation of voids, the average value of n goes up and the reactivity increases.
This tends to make ay positive.

Besides hardening the neutron spectrum, an increase in the void fraction in-
creases the neutron leakage because of the reduced density of the sodium. This
tends to make ay negative. Therefore, the sign of «y depends on which effect is
greater—the increase in n or the increase in neutron leakage.

In practice, the sign of ay is a function of the location where a void forms
in the reactor. Thus, if a void occurs near the center of a large reactor, the increase
in leakage from this region is of little consequence since the neutrons are merely
absorbed in another part of the system. In this region, ay is positive. In contrast, if a
void forms near the outside of the core, the additional neutrons that escape are lost
from the core (at least some of them are), and in this case ay is negative. Precisely
how large sodium-cooled fast reactors can be built to provide a negative ay in all
parts of the system or how such reactors can be controlled with positive values of
ay in some regions has not been settled as of this writing since so few fast reactors
have been built.

7.5 FISSION PRODUCT POISONING

All fission products absorb neutrons to some extent, and their accumulation in a
reactor tends to reduce its multiplication factor. Since absorption cross-sections
decrease rapidly with increasing neutron energy, such fission product poisons are
of the greatest importance in thermal reactors. This section considers only reactors
of this type.

To a good approximation, the only effect of fission product poisons on the
multiplication factor is on thermal utilization. Thus, the reactivity equivalent of
poisons in a previously critical reactor can be written as,

k—ko  f—fo
k_f’

where the parameters without a subscript refer to the poisoned reactor. In the ab-
sence of poisons, fp is given by

o= (7.85)

z:aF

f() - =",

Z:aF + Z:aM

where f,,F and T, are the macroscopic thermal absorption cross-sections of the
fuel and everything else except the fuel, respectively. With poisons present, f be-
comes,
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z:aF
faF + iaM + faP ’

where X,p is the macroscopic cross-section of the poison. From Eq. (7.85), the
reactivity due to the poisons is then,

_Soh_ Ee (7.86)
f ZaF + z:aM

o

Not surprisingly, Eq. (7.86) is essentially the same (except for sign) as the expres-
sion for the worth of a chemical shim, which is a uniformly distributed poison.
Equation (7.86) can be put in a more convenient form by writing the multi-

plication factor of the unpoisoned reactor as'*
nT PE TaF
EaF + EaM
Vpex
=P (7.88)
EaF + EaM

ﬁhere r s 1s the macroscopic fission cross-section. Solving Eq. (7.88) for T+
¥ ,m and inserting this into Eq. (7.86) gives

_EaP/ff
vpe

o= (7.89)

Equation (7.89) is in a form suitable for calculation of fission product poisoning.
Xenon-135

The most important fission product poison is !33Xe, whose thermal (2,200 m/sec)
absorption cross-section is 2.65 x 108 b and is non-1/v (the non-1/v factor is given
in Table 3.2). This isotope is formed as the result of the decay of '*I and is also
produced directly in fission. The '*I is formed in fission and by the decay of '*>Te
(tellurium-135). These processes and their half-lives are summarized next:

3sTe FT, sp BT sy AT g Ao 135Ba(stable)
T 11sec T 6.7hr T 9.2hr 2.3x 106yr

Fission Fission Fission

14 eakage of neutrons from the reactor core is ignored in the present treatment. Such leakage
has little effect on fission product poisoning.
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TABLE 7.5 FISSION PRODUCT YIELDS (ATOMS PER
FISSION) FROM THERMAL FISSION*

Isotope iy By B9py

1351 0.0475 0.0639 0.0604
B5Xe 0.0107 0.00237 0.0105
145pm 0.00795 0.01071 0.0121

*From M. E. Meek and B. F. Rider, “Compilation of Fission
Product Yields,” General Electric Company Report NEDO-12154,
1972.

Because *Te decays so rapidly to ¥, it is possible to assume that all 3]
is produced directly in fission. The effective yields of 331 and !'33Xe for the three
fissile nuclei are given in Table 7.5; the decay constants of these isotopes are shown
in Table 7.6.

Because xenon is produced in part by the decay of iodine, the xenon concen-
tration at any time depends on the iodine concentration. This, in turn, is determined
by the rate equation

Y YT pbr -, (7.90)
dt

where I is the number of 3% atoms/cm?, y; is the effective yield (atoms per fission)
of this isotope, and X is the thermal fission cross-section.

One atom of '*3Xe is formed by the decay of each atom of '*I so that the
total rate of formation of '*Xe is A;1 + yx T yr, where yx is the fission yield of
the xenon. The !33Xe disappears as the result of its natural radioactive decay and
because of neutron absorption. Therefore, the xenon rate equation is

dX _
i Al +yxXpdpr — Ax X — 0uxorX, (7.91)

where X is the 13°Xe concentration in atoms/cm? and &, x is the thermal absorption
cross-section of '*Xe. From Eq. (7.91), it may be noted that the effective decay

TABLE 7.6 DECAY CONSTANTS FOR FISSION
PRODUCT POISONING CALCULATIONS

Isotope A, sec™! A, hr!
1351 2.87 x 107 0.1035
135Xe 2.09 x 1073 0.0753

149pm 3.63 x 106 0.0131
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constant of 3°Xe is Ay + & ,x¢r and its effective half-life is

0.693

T = .
(T j2)ese ot Toxdr

In an operating reactor, the quantities & r and ¢ may be functions of time,
and the solutions to Egs. (7.90) and (7.91) depend on the nature of these functions.
However, several special solutions to these equations are now considered.

Equilibrium Xenon

Because the half-lives of '33Xe and '*I are so short and the absorption cross-
section of xenon is so large, the concentrations of these isotopes, in all reactors
except those operating at very low flux, quickly rise to their saturation or equilib-
rium values, I, and X,. These concentrations can be found by placing the time
derivatives in Eqgs. (7.90) and (7.91) equal to zero. Thus, from Eq. (7.90),

z
I, = M (7.92)
Y
and from Eq. (7.91),
Al z
= Ml +—):X ror (1.93)
Ax + Taxor
p)
— Mﬁ (7.94)
Ax + Oaxdr
The macroscopic absorption cross-section of the xenon is then
_ Y 07T
S = XooTux = (vr +vx) f¢T0ax_ (7.95)

Ax + OoxPr

The form of Eq. (7.95) can be improved by dividing the numerator and de-
nominator of the Right-Hand Side by 7 ,x. This gives

= _ W+ Yx)Z rPr

Yox = , (7.96)
‘ ¢x + ¢r
where ¢y is a temperature-dependent parameter having the dimensions of flux:
Ax 13 =2 cap—!
¢x = —— =0.770 x 10" cm™“ sec (7.97)
OaX

at T = 20°C. From Eq. (7.91), it can be seen that ¢x is the thermal flux at which
the disappearance rates of !3>Xe by neutron absorption and natural decay are equal.
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Oninserting Eq. (7.96) into Eq. (7.89), the reactivity equivalent of equilibrium
xenon is found to be
__vntvx_ ¢r
vpe  dx +¢r

There are now two situations to be considered. First, if ¢ < ¢x, Eq. (7.98) reduces
to

(7.98)

_ (yr + yx)or

7.99
vpedx ( )

and it is seen that, in this low-flux case, p increases linearly with ¢7. However, if
ér > ¢x, p takes on its maximum value

p= _Yrtyx (7.100)

 upe

To get some idea of the magnitude of the equilibrium xenon poisoning ef-
fect, suppose a reactor is fueled with 233U and contains no resonance absorbers or
fissionable material other than 23°U. In this case, p = € = 1, and Eq. (7.100) gives

vi+ vx 0.066
= — = — = —-2.73%,
L v 2.42
or about four dollars. This is the maximum reactivity due to equilibrium xenon in
a 23¥U-fueled reactor. If the reactor contains resonance absorbers, the maximum
reactivity is somewhat higher.

Xenon after Shutdown—Reactor Deadtime

Although the fission production of '3%Xe ceases when a reactor is shut down, this
isotope continues to be produced as the result of the decay of the !*°I present in
the system. The xenon concentration initially increases after shutdown, although it
eventually disappears by its own decay.

If the iodine concentration at shutdown is /o, its concentration at a time ¢ later
is given by,

(1) = Ipe ™! (7.101)

Inserting this function into Eq. (7.91) and noting that ¢ = 0 after shutdown yields
for the concentration of '*°Xe,

Al
X(t) = Xoe ™' + %

A (e — ey, (7.102)
I — /NX



Sec. 7.5 Fission Product Poisoning 381

If the xenon and iodine had reached equilibrium prior to shutdown, then Iy and X,
would be given by Eqgs. (7.92) and (7.93), and the reactivity equivalent of the xenon
becomes

_ [0 A 08 e VST A] 7.103
vPE[ ox + b1 +¢1—¢x(e ¢ T

Here, ¢; is the temperature-dependent parameter

A
¢1 = —— =1.055 x 10> cm~2 sec™! (7.104)

OaXx

at T = 20°C, and ¢7 is evaluated, of course, prior to shutdown.
Figure 7.14 shows the (negative) reactivity due to xenon buildup after shut-
down in a 2**U-fueled reactor for four values of the flux prior to shutdown. As
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br = 5x101
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\ Maximum reserve reactivity
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[¢——+—Deadtime
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01 : ] - N
=101 T~
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Time after shutdown, hr

Figure 7.14 Xenon-135 buildup after shutdown for several values of
the operating flux before shutdown.
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shown in the figure, the reactivity rises to a maximum, which occurs at about 10
hours after shutdown, and then decreases to zero. It should be noted that the (neg-
ative) reactivity rise is greatest in reactors that have been operating at the highest
flux before shutdown. This is true simply because the accumulated concentration
of 1351 at shutdown is greatest in these reactors.

The postshutdown buildup of xenon is of little importance in low-flux reac-
tors, but may be troublesome in reactors designed to operate at high flux. In partic-
ular, if at any time after the shutdown of a reactor the positive reactivity available
by removing all control rods is less than the negative reactivity due to the xenon,
the reactor cannot be restarted until the xenon has decayed. This situation is in-
dicated in Fig. 7.14, where the horizontal line represents a hypothetical reserve
reactivity of 20%. It is clear from the figure that, during the time interval from ¢,
to t,, the reactor that previously operated at a flux of 5 x 10'* cannot be restarted.
This period is known as the reactor deadtime. The existence of a deadtime can be
of major significance in the operation of any high-flux reactor, but it is of greatest
importance in mobile systems should they experience an accidental scram. This is
especially true near the end of the core life when the available excess reactivity
may be very small. In this case, the core life may be determined by the maximum
xenon override capability of the reactor.

It is not necessary to shut down a reactor for *3Xe to build up, although the
buildup is greatest in this case. Any reduction in reactor power increases the con-
centration of '33Xe because less of this nuclide is being burned up in the lower
flux. This is illustrated in Fig. 7.15(a), where the '3Xe buildup is shown following
a 50% drop in power. In a similar way, any increase in reactor power is accompa-
nied by an initial decrease in '**Xe owing to the increased burnup of the !3°Xe in
the higher flux. This is shown in Fig. 7.15(b).

In this connection, it should be noted that the power levels of some of the
reactors used by public utilities have to be changed on an almost continuing basis
in response to the changing demands for electrical power of the consuming public.
Figure 7.16(a) shows the total electrical load of the Consolidated Edison Com-
pany of New York on an average working day. As indicated in the figure, the load
drops sharply before midnight when people are going to bed, it continues to drop
throughout the night, and finally picks up again shortly before dawn. If a nuclear
power plant follows this load curve,!> the xenon reactivity in the reactor is as shown
in Fig. 7.16(b). This changing reactivity can be compensated for by adjusting the

15The minimum power that must be supplied at any time by a utility is called its base load;
the varying demand above this level is called the peak load. Utilities normally use their newest and
most efficient generating facilities to supply their base load and handle the variable peak load with
their older and less efficient equipment. A reactor that is base loaded operates at full power for long
periods of time with a more or less constant inventory of xenon.
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Figure 7.15 Xenon buildup and burnout following step changes in
power: (a) from full to half power; (b) from half to full power.

control rods or, if the reactor has a chemical shim system, by varying the boron
concentration.

Samarium-149

The thermal (2,200 m/sec) cross-section of '4°Sm is 41,000 b and is non-1/v (see
Table 3.2; the average thermal cross-section at 20°C is 58,700 b). Although this
isotope is of much less concern in a reactor than '**Xe, it is often included sepa-
rately in reactor calculations. '4°Sm is not formed directly in fission but appears as
the result of the decay of '4°Nd (neodymium-149) as follows:

NG 25 199pm £S5 1495 stable)
1.7hr 53hr
T
Fission

Because !“°Nd decays comparatively rapidly to “°Pm (promethium-149),
199Pm may be assumed to be produced directly in fission with the yield of y p atoms
per fission (see Table 7.5). The concentration P of the promethium in atoms/cm?
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Figure 7.16 (a) Nominal weekday load of Consolidated Edison Com-
pany of New York; (b) the buildup and burnout of xenon in a reactor
responding to this load.

is then determined by the equation

dPpP —

I YpEXrdr — ApP, (7.105)
where A p is given in Table 7.6. Since the samarium is stable, it disappears only as
the result of neutron capture. The relevant equation is then

j—f = ApP — T,5075, (7.106)

where S is the atom density of 4Sm, and T is its average thermal absorption
cross-section.
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Equilibrium Samarium

Since the absorption cross-section of 4°Sm is much less than that of *>Xe and
the half-life of '“°Pm is longer than those of '3°I and 13°Xe, it follows that it takes
somewhat longer for the promethium and samarium concentrations to reach their
equilibrium values than it does for xenon. Nevertheless, in all reactors except those
operating at very low flux, these isotopes come into equilibrium in, at most, a few
days’ time.

When the time derivatives in Eqgs. (7.105) and (7.106) are placed equal to
zero, these equilibrium concentrations are found to be

b3}
Py = LEZI9T (7.107)
Ap
and
b3}
S, = YP2S (7.108)
OasS
The macroscopic absorption cross-section of equilibrium 1499Sm is then
Tus = ypX . (7.109)
Substituting in Eq. (7.89), this is equivalent to the reactivity
p=-1 (7.110)

vpe

It should be particularly noted that this reactivity is independent of the flux or
power of the reactor. By contrast, it is recalled that the reactivity due to !**Xe
increases with flux. With the value of yp given in Table 7.5 for >*U, Eq. (7.110)
gives
0.0107
2.42

or about 68 cents, for a reactor in which p =€ = 1.

p = = —0.442%,

Samarium after Shutdown

After shutdown, *°Sm builds up as the accumulated '“’Pm decays. However, un-
like 1*3Xe, which undergoes S-decay, 14°Sm is stable and remains in a reactor until
the system is brought back to critical, whereon it is removed by neutron absorption.

With the concentrations of promethium and samarium at shutdown denoted
by Py and Sy, respectively, the samarium concentration at the time ¢ later is
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S(t) = So + Po(l — €*7'). (7.111)

At t — oo, the samarium concentration approaches So + Py, which it clearly
must as eventually all the promethium decays to samarium. If the promethium and
samarium are at their equilibrium concentrations prior to shutdown, Py and S are
given by Egs. (7.107) and (7.108). The postshutdown reactivity due to *°Sm can
then be written as

o= _% [1 + %T—(l _ e‘””)] , (7.112)
S
where ¢5 is defined as
Ap 13 -2 -
¢s = — = 6.180 x 10"° cm™~ sec (7.113)
048

at20°C.

Equation (7.112) is shown in Fig. 7.17 for a 2>*U-fueled reactor operated at
four different values of ¢r before shutdown. It is observed that, although the equi-
librium samarium is independent of the flux, the postshutdown samarium increases
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with increasing flux. Thus, according to Eq. (7.112), the maximum value of —p is

p=—XE <1+‘-pl>, (7.114)
Vpe os

which increases linearly with ¢r.
Other Fission Product Poisons

In addition to '33Xe and '¥Sm, many fission products are formed in a reactor. Some
of these are radioactive and have half-lives that are short compared with the average
life of a reactor core (1-2 years). Others have absorption cross-sections that are so
large that their effective half-life, 0.693/(A + 7 ,¢7), is also short compared with
core life. Such nuclides, as in the case of '*3Xe and *°Sm, quickly reach saturation
concentrations in the reactor, and these change only when the reactor power is
changed or as the flux and fuel mass change over the life of the core. The reactivity
associated with these fission products, which include among others 151§m, 153Ey,
113Cd, and '37Gd, can be calculated in the same way as !3Xe and '4Sm.

At the other extreme are the fission products that are either stable or whose
half-lives or effective half-lives are long compared with core life. The formation
of these nuclides permanently alters the neutronic properties of a reactor, and such
fission products are called permanent poisons. Studies have shown that these poisons
accumulate at an average rate of approximately 50 b/fission. If all this cross-section
is assumed to be associated with a single hypothetical nuclide having the cross-
section @, ~ 50 b, then the macroscopic cross-section of the permanent poisons
builds up according to the relation

—L2 =5,%,¢r. (7.115)

The total accumulation during a time ¢ is then
—_— t —
EPZEP/(; Ef¢7"dt. (7.116)

Once © r and ¢ are known as a function of time and space, Eq. (7.116) can be
evaluated.

It is somewhat more tedious to compute the poisoning due to nuclides whose
effective half-lives are comparable to the core lifetime—too long for the nuclides
to saturate and too short for them to be considered permanent. This involves the
calculation of many decay chains over the life of the core, and the computations
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Figure 7.18 Buildup of fission product poisons in bams of absorp-
tion cross-section per original atom of >>U. (From ANL-5800, 2nd ed.,
1963.)

are usually performed on a computer. Figure 7.18 shows the results of one such set
of calculations, which were carried out assuming that the thermal flux remains con-
stant throughout core life—admittedly not a realistic assumption for most power
reactors. Permanent poisons and !*Xe and '4°Sm were included in the calculation
that led to Fig. 7.18.

Example 7.14

Using Fig. 7.18, estimate the total reactivity due to fission product poisons in a 233U-
fueled research reactor operated at a constant thermal flux of 10'2 neutrons/cm?-sec,
1 year after startup. There is essentially no depletion of the 233U at this flux over this
period.

Solution. According to the figure, at 1 year ( = 3.16 x 107 sec), the poisoning
amounts to about 12 b per original 2>>U atom. If there were N,s atoms of 23°U per
cm’ at startup, the macroscopic thermal poison cross-section 1 year later is then

T, =0.886 x 12N,5 = 10.6Ns.
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The reactivity associated with this value of fp is given by Eq. (7.89),

T, _ 10.6Nss 10.6
VS, vossNas  2.42 x 0.886 x 582

—0.00849 = —0.849%. [Ans.]

p:

7.6 CORE PROPERTIES DURING LIFETIME

One of the most important and difficult problems in reactor design is the prediction
of the properties of a reactor core throughout its life. How these properties change
in time must be known to ensure that the reactor will operate safely throughout
the lifetime of the core. The NRC specifies safety limits for the operation of every
reactor at the time it is licensed. The reactor designer and operator must be certain
that conditions do not develop in the system that can lead to a violation of these
limits.

The changing reactor properties also determine the length of time that a given
reactor core will remain critical, producing power at the desired level. This is an
important practical consideration. It obviously makes little sense for a public util-
ity to purchase a reactor that must be shut down every month for refueling, if it
can obtain one that needs to be refueled every 2 years. However, it makes equally
little sense to buy a core that has fuel enough to remain critical for 20 years when
radiation damage is known to compromise the fuel elements in one-tenth of this
time.

Burnup-Lifetime Calculations

Computations of changing reactor properties are known as burnup calculations or
lifetime calculations. Consider a problem of this type for a thermal reactor whose
core consists of a uniform distribution of fuel assemblies, each containing the same
number of identical fuel rods. The fuel is slightly enriched uranium dioxide. For
simplicity, it is assumed that the reactor is controlled by a chemical shim system,
so there are no control rod motions. At startup, the reactor is necessarily fueled
with more fissile material than needed to become critical, and the excess reactivity
of the fuel is held down by the chemical shim.

Suppose that the reactor is first brought to critical from a clean (no fission
product poisons), cold '® (room temperature) condition. Then as the reactor heats

16Some reactors, including most PWRs, are brought to critical after the reactor has reached
its normal operating temperature. This is accomplished by pumping the water coolant through the
primary coolant system using the primary coolant pumps. The friction of the water flowing through
the system raises the temperature to the operating level. Once this temperature has been reached, the
control rods (or most of them) are withdrawn, and the reactor is brought to critical by boron dilution.



390 The Time-Dependent Reactor Chap. 7

up to its operating temperature—a process that takes several hours—the reactivity
of the system tends to drop owing to the negative temperature coefficient. This drop
in reactivity between cold and hot conditions is known as the temperature defect
of the reactor. To compensate for the temperature defect, the concentration of the
boron shim must be reduced during the startup period to keep the reactor critical.
The buildup of equilibrium !3>Xe also requires dilution of the boron.

Once the reactor is operating in a steady state at the desired power level, the
neutron flux takes on the spatial distribution of the type described in Chapter 6 and
shown in Fig. 6.5. As indicated in t